Chapter 7 Hydrodynamic Systems

The equation of motion for the fifth dimension, mass density,
appears as a generalization of the principle of the conservation of mass.
Further, in classical hydrodynamic systems five equations in five
unknowns are used. It seems logical then to expect the five equations of
motion appearing in the five-dimensional Dynamic Theory to be
generalizations of the classical equations. @ An added incentive to
investigate the possibilities of this generalization is gained when
electromagnetically contained ionized plasmas with mass conversion are
considered. For if the five equations are generalizations of the classical
hydrodynamic equations, then the use of the five-dimensional fields
allowing mass conversion should provide an entirely new viewpoint of a
controlled fusion reactor.

Since it is suspected that the five equations of motion resulting from
the application of the principle of increasing entropy to a
thermo-mechanical system are generalizations of the classical equations, it
then becomes necessary to show that this is indeed the case. This seems
possible by restricting the system so that it corresponds to the usual
system considered.

First, from the Dynamic Theory approach, the manifold required for
a description of the system is the five-dimensional manifold of space, time,
and mass density. Within this manifold the continuity equation of mass
no longer holds for the general system. We can, however, restrict our
system by first requiring that the system remain on a hypersurface within
the five-dimensional manifold. For a system so restricted, any of the five
dimensions may be considered as functions of the other four. In
particular, since by custom in hydrodynamics the mass density is
considered to be a function of space and time, we may consider the mass
density to be the variable chosen to be function of the others or

y :Y(xo,x],xz,x3)

so that

dy _(aa;jdxa :

Such a system will be constrained to be on a hypersurface
embedded within the five-dimensional manifold of space, time, and mass
density as shown and upon this hypersurface will be described in a
four-dimensional manifold of space and time.

If we further restrict our system by requiring that the total derivative
of the mass density to be zero or
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dy =0="L g
X

then
dy oy oy ;.0 ,, 0 ;
o= 2 T 2 T
dt o ox . 05 ad’
or
i-Irgmdy ov=0 ,
ot

which is the usual continuity equation. Thus, by restricting the system to
this particular hypersurface we have constrained the system to obey the
continuity equation as does a usual hydrodynamic system.

Not only does this restriction place our system within the space-time
manifold where we may compare the resulting four equations of motion
with the equations of motion in relativistic theories but, since the seven
gauge field equations must hold in the five-dimensional manifold they
must also hold on the hypersurface. This allows the new field quantities to
be expressed as functions of the (], B fields and the partial derivatives of
the mass densities. Further, it appears that the additional B field
equations may be used to determine a dependence of the E and B fields
upon the mass density and/or its changes.

Then by comparing the equations of motion obtained here for the
system restricted to the mass conservation hypersurface with the
relativistic Navier-Stokes equations it should be possible to identify the
viscous coefficients with the field quantities and perhaps see how the
viscosity depends upon these fields as I feel it does.

Since we have restricted the system to a hypersurface where the
mass density is a function of space and time, then the surface is defined by
five equations of the type

X=X )
(7.1)
Further, since x* = y/ap and x* = x4(x0, x1, x2, x3), then Eqn. (7.1) becomes
R R e
and

x4:f(u0,u1,u2,u3) .
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Since u0, ul, u?, and u3 are independent variables, the locus defined
by Eqn. (7.1) is four-dimensional, and these equations give the coordinates
xi of a point on the hypersurface when u° ul, u?2, and usd are assigned
particular values. This point of view leads one to consider the surface as a
four-dimensional manifold S embedded in a five-dimensional enveloping
space. We can also study surfaces without reference to the surrounding
space, and consider parameters u°, ul, u?2, and us as coordinates of points
in the surface.

If we assign to u° in Eqn. (7.1) some fixed value u® = u°, we obtain a
three-dimensional manifold

Y=x ) (i=0,1,2,3,4)

which is a three-dimensional manifold lying on the hypersurface S defined
by Eqn. (7.1). By assigning fixed values for any three of the four
hypersurface variables we obtain a net of curves, on the hypersurface,
which may be called coordinate curves.

Obviously the parametric representation of a hypersurface in the
form of Eqn. (7.1) is not unique, and there are infinitely many curvilinear
coordinate systems which can be used to locate points on a given
hypersurface S. Thus, if one introduces a transformation

0_—_ 0 -0 -1 -2 -3

u —u u >u >u >u ) >

I— 1y -0 -1 -2 -3

u——ulu -u u >u ) »

2_ 2 -0 -1 -2 -3

u —u u >u >u >u ) )
and

wi=u (u’uu )

where the u® (u?, ul, u? u?jd are of class C! and are such that the
Jacobian

o(u® u' v’ ')

ow’ u' u?u”)

J=

does not vanish in some region of the variables u, then one can insert the
values from Eqn. (7.2) in Eqn. (7.1) and obtain a different set of parametric
equations

= w7 u)

defining the hypersurface S. Equation (7.2) can be looked upon as
representing a transformation of coordinates in the hypersurface.
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7.1 First Fundamental Quadratic Form

The properties of hypersurfaces that can be described without
reference to the space in which the hypersurface is embedded are termed
"intrinsic" properties. A study of intrinsic properties is made to depend on
a certain quadratic differential form describing the metric character of the
hypersurface. We proceed to derive this quadratic form for our restricted
system.

It will be convenient to adopt certain conventions concerning the
meaning of indices to be used. We will be dealing with two distinct sets of
variables: those referring to the five-dimensional space in which the
hypersurface is embedded (these are five in number) and with four
coordinates u?, ul, u?, and u? referring to the four-dimensional manifold S.
In order not to confuse these sets of variables we shall use Latin letters for
the indices referring to the space variables and Greek letters for the
hypersurface variables. Thus, Latin indices will assume values O, 1, 2, 3, 4
and Greek indices will have the range of values O, 1, 2, 3. A
transformation T of space coordinates from one system X to another X will
be written as

a transformation of Gaussian hypersurface coordinates, such as described
by Eqn. (7.2) will be denoted by

A repeated Greek index in any term denotes the summation from O to 3; a
repeated Latin index represents the sum from O to 4. Unless a statement
to the contrary is made, we shall suppose that all functions appearing in
the discussion are of class C2 in the regions of their definitions.

Consider the hypersurface S defined by

i i

s=xlout ko)

where the xi! are coordinates covering the five-dimensional space in which
the hypersurface S is embedded, and a curve C on S defined by

ue=u*(t) , 1,51 <1,

where the u*'s are the Gaussian coordinates covering S. Viewed from the
surrounding space, the curve defined by Eqn. (7.4) is a curve in a
five-dimensional manifold, which we shall assume, for the present, is
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Riemannian entropy manifold of the Dynamic Theory, and its element of
arc is given by the formula

(dq’ )’ = 8 dx' dx’

(7.6)
From Eqn. (7.4) we have
i axi o
dx o du
(7.7)
where, as is clear from (7.5),
du® = du” dt .
T
Substituting from Eqn. (7.6) and Eqn. (7.7), we get
0¥ _ » ox' 0x’ a ;B
(dq )Z g,-jauOl 0, du du
= Aop du” du® .
where
_ . Ox Ox
Aal} _gij Gu"‘ 61/lB .
(7.8)

The expression for (dq?)2, namely
(dqo)z = Aup du” du” .

is the square of the linear element of C lying on the hypersurface S, and
the right hand member of (7.8) can be called the First Fundamental
quadratic form of the hypersurface. The length of arc of the curve is given
by

q?-q?;fv Vo At p’ dT

T

where

a“:‘i’i—‘ﬁ25 and q© is the specific entropy. The total change in the entropy
T

along the curve C would then be
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Y(qg-qf):Tv VoA dv

T

(7.10)

Consider a transformation of surface coordinates

—0 —1 —2 —3
ua:ua(u o ou u )

(7.11)

with a non-vanishing Jacobian

It follows from Eqn. (7.11) that

ou* —
dua:%ﬁduﬁ ,
u

and hence Eqn. (7.9) yields

ou” ou®

(g = s dy dy

If we set

o g,
Ay = Aop %% ,

we see that the set of quantities A, represents a symmetric covariant
tensor of rank two with respect to the admissible transformations Eqn.
(7.11) of hypersurface coordinates. The fact that the A,z are components of
a tensor is also evident from Eqn. (7.9), since (dq°? is an invariant and the
quantities A,z are symmetric. The tensor A, is called the covariant metric
tensor of the hypersurface.

Since the form Eqn. (7.9) is positive definite, the determinant

A:|Acxﬁ |>0

and we can define the reciprocal tensor A** by the formula A** Ag, =
The properties of surfaces concerning the study of the first
fundamental quadratic form

(dqo)Z = Aup du” du”
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constitute a body of what is known as the 'intrinsic geometry of surfaces.'
They take no account of the distinguishing characteristics of surfaces as
they might appear to observer located in the surrounding space. Two
surfaces, a cylinder and a cone, for example, appear to be entirely different
when viewed from the enveloping space, and yet their intrinsic geometries
are completely indistinguishable since the metric properties of cylinders
and cones can be described by the identical expressions for square of the
element of arc. If a coordinate system exists on each of the two surfaces
such that the linear elements on them are characterized by the same
metric coefficients A, the surfaces are called "isometric."

Thus, if our description of the restricted system is done only in terms
of the intrinsic geometry of the hypersurface we may lose sight of features
which may characterize our system when viewed from the enveloping
space. Therefore, in order to characterize the shape of the surface we must
develop a view which involves the enveloping space.

7.2 Second Fundamental Quadratic Form

An entity that provides a characteristic of the shape of the surface as
it appears from the enveloping space is the normal line to the surface. The
behavior of the normal line as its foot is displaced along the surface
depends on the shape of the surface, and it occurred to Gauss to describe
certain properties of surfaces with the aid of a quadratic form that depends
in a fundamental way on the behavior of the normal line. Before we in-
troduce this new quadratic form let us recall the definition Eqn. (7.8),

A axl 6xj

Ay =85 oy (07 =01234)(@B=0123) .
u u

We note that the foregoing formulas depend on both the Latin and
Greek indices, and we recall that the Latin indices run from O to 4 and
refer to the surrounding space, whereas the Greek indices assume values
0, 1, 2, and 3 and are associated with the embedded hypersurface.
Furthermore, the dx! and gj's are tensors with respect to the
transformations induced on the space variables xi, whereas such
quantities du® and A,z are tensors with respect to the transformation of
Gaussian surface coordinates u®. Equation (7.8) is a curious one since it
contains partial derivatives

S—X; 35 depending on both Latin and Greek indices. Since both A,z and g;j in Eqn (7.8)
u

are tensors, this formula suggests that

ox' . . .
a—xa 36 can be regarded either as a contravariant space vector or as a covariant surface
u

vector. Let us investigate this set of quantities more closely.
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Let us take a small displacement on the hypersurface S, specified by
the surface vector du”. The same displacement, as is clear from Eqn. (7.7),
is described by the space vector with components

(7.12)

The left-hand member of this expression is independent of the Greek
indices, and hence it is invariant relative to a change of the surface
coordinates u®. Since du”is an arbitrary surface vector, we conclude that

o0x'
ou*

(7.13)

is a covariant surface vector. On the other hand, if we change the space
coordinates, the du® being a surface vector, is invariant relative to this
change, so the Eqn. (7.13) must be a contravariant space vector. Hence we
can write Eqn. (7.13) as

ox'
ou*

i
Xo =

(7.14)

where the indices properly describe the tensor character of this set of
quantities.
Let A and B be a pair of surface vectors drawn from one point P of S.

FIG HERE
Then using Eqn. (7.14) they can be represented in the form
A'=xq A" and B'= x;, B*
(7.15)
The five-dimensional vector product, defined by
N=e“ 4:B;

(7.16)
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is the vector normal to the tangent plane determined by the vectors A and
B, and the unit vector n perpendicular to the tangent plane, so oriented
that A, B, and n form a right-handed system, is

- SkiinBj
|SQBA0LBB |

(7.17)

We call the vector n the unit normal vector to the hypersurface S at P.
Clearly, n is a function of coordinates (u°, ul, u2, ud), and as the point P(u°,
ul, u?, ud) is displaced to a new position P(u® + duf, u! + du!l, u2 + du?, us +
du?d), the vector n undergoes a change

(7.18)

whereas the position vector r is changed by the amount

- or
dr= du® .
our ™

Let us form the scalar product

on . or
du* 04"

d;.d;: duaduﬁ .

(7.19)
If we define

I{on or  on or
b= 55

so that Eqn. (7.19) reads
dnedr=-pdu® du®

(6.20)

the left-hand member of Eqn. (7.20), being the scalar product of two
vectors in a Riemannian space by being in the entropy manifold, is an
invariant; moreover, from symmetry with respect to o and f , it is clear
that the coefficients du® du® in the right-hand member of Eqn. (7.20) define
a covariant tensor of rank two. The quadratic form
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B=bygdu® du®” .

(7.21)

called the second fundamental quadratic form of the hypersurface, will be
shown to play an essential part in the study of hypersurfaces when they
are viewed from the surrounding space, just as the first fundamental
quadratic form

A=dredr49 or

A= Aup du® du®

did in the study of intrinsic properties of a hypersurface.

We can rewrite the formula Eqn. (7.17) in terms of the components
X, of the base vectors a,. We denote the covariant components of n by ni
and observe that its covariant components n; are given by

ok
_exd'B

ABsin®
(7.22)

and

ABsin® =¢34 4" .

(7.23)
Substituting in Eqn. (7.22) from Eqn. (7.15) and Eqn. (7.23), we get
(n,- Eop - €k X x’é)Aa B =0
and, since this relation is valid for all surface vectors, we conclude that
Ni€ap :Sjijé xlé .
(7.24)

Multiplying Eqn. (7.24) by £°*, and noting that £**¢.,,=2, we get the desired
result

:] af J K
ni— —-& EjxXaXp -

2

(7.25)
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It is clear from the structure of this formula that n; is a space vector
which does not depend on the choice of surface coordinates. This fact is
also obvious from purely geometric considerations.

7.3. Tensor Derivatives

We wish to reduce the second fundamental quadratic form eqn.
(7.21) analytically by the operation of tensor differentiation of tensor fields
which are functions of both surface and space coordinates. To do this we
shall first present the concept of tensor differentiation introduced by A. J.
McConnell".

Let us consider a curve C lying on a given hypersurface S and a
vector Al defined along C. If t is a parameter along C, we can compute
the intrinsic derivative

SS—Ai 56 of Ai, namely,
T

(7.26)

In formula eqn. (7.26) the Christoffel symbols

A

g{ ;} 58 refer to the space coordinates xi and are formed from the metric
J

coefficients gj. This is indicated by the prefix

£ 59 on the symbol. On the other hand, if we consider a surface vector A defined along the
same curve C, we can form the intrinsic derivative with respect to the surface variables,
namely,

8SOL=dAOL+a « Aﬁd_uy .
ot dt By dt

(7.27)

In this expression the Christoffel symbols
a { ﬁa } 61 are formed from the metric coefficients a o associated with the Gaussian
Y
hypersurface coordinates u,. A geometric interpretation of these formulas
is at hand when the fields Al and A® are such that

54 _ 062 and
ot

d 4%
ot
C, considered as a space curve, whereas the equation

=063. In the first equation the vectors Al form a parallel field with respect to
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S 4
ot
corresponding formulas for the intrinsic derivatives of the covariant vectors A; and A, are

=0 64 defines a parallel field with respect to C regarded as a surface curve. The

%:%_’\ k A d_xj
ot dt & ij Yt

(7.28)

and

8 A4, d A, Y du®
=—"%_g A, — .
ot dt of dt

(7.29)

Consider next a tensor field

7%, 67, which is a contravariant vector with respect to a transformation of space coordinate
xl and a covariant vector relative to a transformation of surface coordinates
u® . An example of a field of this type is the tensor

xh= % 68 introduced earlier. If

n

7. 69 is defined over a surface curve C, and the parameter along C is 1, then

7,70 is a function of 1. We introduce a parallel vector field A; along C,
regarded as a space curve, and a parallel vector field B* along C, viewed as
a surface curve, and form an invariant

O(t)=T, 4 B" .

The derivative of ¢(t) with respect to the parameter 1 is given by the
expression

dd _dT. - dA . dB*
v — RO 4l 2L po Al .
s AiB*+T BT Ai I

(7.30)

which is obviously an invariant relative to both the space and surface
coordinates. But, since the fields Aj(t) and B“(t) are parallel,

, k j o _ v
M:g N Akdiand dB =q a BBdL ,
dt ij dt dt By dt

and eqn. (7.30) becomes
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db _|dTu ) 0] yd —] 0| |
dr {dr +g{jk}ndr a{BV}Ts dr}AiB ’
(7.31)

Since this is invariant for an arbitrary choice of parallel fields A; and B?,
the quotient law guarantees that the expression in the brackets of Eqn.
(7.31) is a tensor of the same character as

7. 75. We call this tensor the intrinsic tensor derivative of

7, 76 with respect to the parameter T, and write

ST dTi R i ) k ) ) Y
Ofu _CTay o) ' Lg g * Ly dic
ot dt jk dt oy dt
If the field

7, 78 is defined over the entire hypersurface S, we can argue that, since

5 T(il anx i ik 3 i qu
—_—=—+ D Ll
50 { o T8 {jk} T4 x, a{va Ts |

is a tensor field and
Y
‘;i 80 is an arbitrary surface vector (for C is arbitrary), the expression in the bracket is a
T
tensor of the type
7., 81. We write

Y A I B I 5 .
oy = + I Xy -a L
Toy o g{jk}T Xy {OW Ts

(7.32)

and call
7., 83 the tensor derivative of

T, 84 with respect to u”.
The extension of this definition to more complicated tensors is
obvious from the structure of Eqn. (7.32). Thus the tensor derivative of
7. 85 with respect to u¥ is given by

T or étﬁ + i T Xk 5 i 5 T
wBy o -a -a oS -
S VI " N [

If the surface coordinates at any point P or S are geodesic, and the
space coordinates are orthogonal Cartesian, we see that at that point the
tensor derivatives reduce to the ordinary derivatives. This leads us to

251

(7.33)



conclude that the operations of tensor differentiations of products and
sums follow the usual rules and that the tensor derivatives of gj, A, Gijk,
eop and their associated tensors vanish. Accordingly, they behave as
constants in the tensor differentiation.

The apparatus developed in the preceding section permits us to
obtain easily and in the most general form an important set of formulas
due to Gauss. We will also deduce with its aid the second fundamental
quadratic form of a surface already encountered.

We begin by calculating the tensor derivative of the tensor

x., 87, representing the components of the surface base vectors a,. We have

o’ x'
ou*0yP

o= ot D pxia-af O sl
Xap g jk Xo XB o X5

B
from which we deduce that
xé'g = xfxﬁ .
(7.34)

Since the tensor derivative of a,; vanishes, we obtain, upon differentiating
the relation

8yXayxpt&ixuxpy, =0 .

(7.35)
Interchanging o, (3, v cyclically leads to two formulas:
&y xpax] T & xpx]a=0
(7.36)
and
gixypxat8xyxap=0 .
(7.37)

If we add Eqn. (7.36) and Eqn. (7.37), subtract Eqn. (7.35), and take into
account the symmetry relation Eqn. (7.34), we obtain

8yxapx; =0 .

This is the orthogonality relation which states that
x, 5 94 1s a space vector normal to the surface, and hence it is directed along the unit normal

ni. Consequently, there exists a set of functions by such that
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X:x,ﬁ =bap n .

The quantities b,z are the components of a symmetric surface tensor, and
the differential quadratic form

B=boy du” du®

is the desired second fundamental form.
Now since
njni=63-97, and
ni= éijni 98, then

bup = é,-j x&,ﬁ n’

but since

1 .
n,-:ESaB € ijk X xlé 100, then

:] i i J Kk
bup =—=€" Eijk Xa,p Xy X3

2

(7.38)

We now have, in Eqn.s (7.8) and (7.38), the formulas necessary to
determine the first and second fundamental quadratic forms for our
system constrained to a four-dimensional hypersurface. Our objective is to
show that by appropriately constraining our system we arrive at the
Navier-Stokes equations. Let us determine the first fundamental quadratic
form.

First recall that our system was restricted so that x* = x%(x°, x1, x2,
x3) or the mass density is a function of space and time; then we have the
relations

and
x4:f(x0,x1’x2}x3):f(ul)}uI}uZ’u,?) )
Since Eqn. (7.8) is

-2 axiaxi7~ i
A(XB_gijaua auﬁ_g,‘jx(x.XB ’
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then

A00:g00:2g04f0+g44(f0)2 ,

where
fo=5

In a similar fashion we may determine the remaining coefficients and find
that

Aa]} = éaﬁ + hg_ﬁ

(7.39)
where

haﬁ:2§a4.f[3+é44fafﬁ ca,p=0123,

(7.40)

where the h,; are functions of the partial derivatives of the mass density
with respect to space and time in addition to space and time from the
8,109 wherei=0, 1, 2, 3, 4.

Though we may use Eqn. (7.38) to determine the metric coefficients
for the second fundamental quadratic form, it is not necessary for the
current presentation.

The hypersurface which is embedded in the five-dimensional space
is a four-dimensional curvilinear space-time manifold. Thus the relativistic
hydrodynamic equations are applicable here so long as the metric
coefficients are determined as coefficients of the hypersurface quadratic
form.

The complete energy-momentum tensor for a fluid in a flat
Riemannian space-time manifold is given by

P o
" =y i i + =i’ - )
C

(7.41)
where
u’ = OZf 111, s is the arc length. Then based upon this energy momentum tensor the flow
s

of a fluid under the effect of its own internal pressure force is given by setting the
divergence of Eqn. (7.41) equal to zero, or
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7" B=0 .

(7.42)

If we reduce Eqn. (7.41) to the non-relativistic limit, the use of Eqn. (7.42)
gives us

s =7, a,Bd=123,

where 1°° = Pg*® is the three-dimensional stress tensor of an ideal fluid.
If in Eqn. (7.41) we use the fact that the metric coefficients for the
hypersurface may be written as the sum of Eqn. (7.40), then we have

T =y u“uﬁ+c—i(u‘*zjﬁ-§“ﬁ—haﬁ) )

(7.43)

where it must be remembered that the
4“4" 115 are also dependent upon this same sum. In the non-relativistic limit the effects of
this sum of metric tensors appear as a sum in the stress tensor

=P P a,Bp=123 .

(7.44)

Recall that the
& 117 refer to the three-dimensional space viewed from the five-dimensional manifold.

The h**, however, contain the information about the surface embedded in
the five-dimensional space. If we then associate the tensor

P =- pp?
(7.45)

with the viscous stresses, we are saying that the viscous stresses depend
upon the geometric character of the hypersurface.

In the limit of small displacements we write the strain velocity tensor
as

1
op = 35 (Va,ﬁ + Vﬁ,a) :

Then the first order coefficients of viscosity are related to the strain velocity
tensor and viscous stresses according to

255



of3d
P

taB =— s, +Vn,5) .

(7.46)

If we then use Eqn. (7.45) in Eqn. (7.46), we find that the relationship be-
tween the geometric character of the hypersurface and the viscous
coefficients is given by

S
cotﬁ n

- f)hoLﬁ = (VB n + Vn,é) .

(7.47)

Equation (7.47) then expresses the functional dependence of the
viscous coefficients upon the strain velocities, pressure, mass density, and
their derivatives.

7.4. Relativistic Hydrodynamics.

By viewing classical hydrodynamics to be given by the embedding of
a four-dimensional hypersurface within a five-dimensional manifold, the
association Eqn. (7.47) between the geometric properties of the
hypersurface and the viscous coefficients could be tentatively made. We
may now go back and develop this relationship more completely.

The hypersurface, which becomes embedded in the five-dimensional
manifold by the restriction that x* = x*(x0, x!, x2, x3) is a four-dimensional
relativistic manifold. Thus, for the surface we may use the relativistic
energy-momentum tensor, which is

T =y u“vu+£2(u“uv'gw) ,
c

(7.48)

where
u" z;’;i: 123 and pv =0, 1, 2, 3. The divergence of Eqn. (7.48) yields the flow
X

equations for a fluid under the effects of its own internal pressure.

However, from the viewpoint of the Dynamic Theory, the surface
metric coefficients may be written in terms of the metric coefficients of the
first four space coordinates as given by Eqn.s (7.40) and (7.41), or

Aup =8y » 0.B=0123 .

256



Thus, the square of the arc length for the entropy manifold may be written
as

(dqo)z = Aup dx* de = éaB dx” de + huB dx* de

or, if

u =% 126, then
dq

1= dapu®u® = o’ u® + hopu® UP .

Then on the hypersurface the energy momentum tensor would become

7%=y u"u’ ‘Fg(umuB -A“B)

or

"=y uo‘uBJrC—}Z(uau[3 -éaﬁ-haﬁ) .

(7.49)

Since the surface coordinates, x°, are the same as the first four coordinates
of the surrounding space, the velocities u* are the same whether
considered as surface or space vectors. The difference between the surface
view and a four-dimensional space view appears in the metric coefficients.
Thus, while the square of the arc element on the surface is unity, the
square of the arc element in the surrounding space is not, or

1= Aoy u®u®
but
éaﬁuauﬁ =1-hopu”u® .

7.5. Classical Hydrodynamics.

Suppose we consider the metric given by
g.; 132 to be a flat space then because of Eqn. (7.49) we may write

If we then form the space divergence
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this may be written as

]BY +Ae(y )} LIPR)  Lagp )-—A-(ph”) 0,
¢ ot ¢’

where h° has components h%*, = 1, 2, 3. Therefore,

5Y+A (yv)— A o(P )+—{
ot

a(Ph()O _ o
+Ae
o (Pho):|
so that if h" is a four-vector with components ,* =p* 137,
then

ﬂ-}-go(y ;)Z-lKPO\_/-Evu,OC +LZ(P/’ZV)N .
ot c ¢ c

The remaining components of the divergence are given by

10 Py P 0
av}V:__ “z 4LtV ge
T c&t{y C 03 czh

o B o B ap
. 0 {yvv +£[vv +5a5j_Ph2 -0,

2 2 2
5xﬁ C C c c

which may be rearranged to read

y{aav“ - }_ 81‘; {av YRy )} 10(Ph*’) , o(PK*)
y P ot 0P
_L{M.;_K.(pva;)} .

ot

C

If we look at the non-relativistic limit, then, by neglecting the terms P(v/c),
we get

10(Ph”)

N X )
6t+A (yv)= [c Py +Ae( Pl )}

The multiplicative factor 1/c2 on the right-hand side suggests that

o

+Zo ; =0 ,
Py (yv)

which is the assumption we chose to place our system on a particular
surface. This corresponds to a classical system where conservation of
mass is assumed. Therefore, on the surface of a curve specified by
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7"yv=0,

we must then have

o _ o) aff
. Oy FyeA __op  1o(Pr’)  o(Ph")
ot Gx“ c ot 6xﬁ

or

ol of
o__ OP 1O(PK")_ O(Ph")

Y a

ox* ¢ ot axﬁ
ol
- 0P Lotph) )+(Ph°‘ﬁ),l3 s p=123 .
ox* ¢ ot

Thus, we may write

(7.50)

Y a® :‘cm[3 ’ l3
where
P =-PgP+ ppt=-P(g" 1) .
The term
ol
i—a(f; }t’ ) 148 has been neglected in Eqn. (7.50).
C

Thus we see that the geometric character of the hypersurface,
contained in the term Ph®®, behaves as if it were a viscous effect to be
added to the normal viscous effects. Recalling Eqn. (7.41), it may be seen
that the viscous-like effects of the geometry of the hypersurface depend
upon the density gradient. If these terms exist, they must be very small in
everyday phenomena. Yet if we consider phenomenon which involve very
large density gradients, these terms could become large enough to see.

7.6. Shock Waves.

One field of physical phenomena that displays large density
gradients is shock waves. Therefore let us take a quick look at the effect of
these additional terms on the description of a shock front for a steady,
one-dimensional shock.

The total stress in a steady, one-dimensional shock would be given

ool ()]} (2).
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when gi11 = 1 and hi: is evaluated using Eqn. (7.41). However, for a steady
shock we also have the jump conditions

Yu=k; ,
kiuto =g, ,
and
o2
ka'7:k3 .

These equations represent the conservation of mass, momentum, and
energy. By using the conservation of mass relation we may write the total
stress as

du
o _P+n‘fﬁ(gj s

where

__Pkifdu
ey =1 apu’ Ldx

(7.51)

may be called the effective viscous coefficient. Since within the shock front
the velocity gradient du/dx is negative, we see that the effective viscous
coefficient acts so as to thicken the shock front when compared to the
classical viscous coefficient .

Using the second jump condition, an expression for the velocity
gradient is

du _ ayu'n 4 Pki
— =" |1+ P-k,+ ,(7.52
dx 2 Pki au'n’ Pk 1(7:52)

which may be approximated by

di 1 Pi’
< '(_][P'kz"”kzu] I-— Ijjz[P'kz"'/ﬂu] .
n apu' M

(7.53)

The effect of the correction term on the velocity gradient is seen in
Eqn. (7.53), because the multiplicative factor outside the brackets is the
classical expression for the negative velocity gradient. The effect of the
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correction term lessens the negative velocity gradient and extends the
shock front.

The effect of the correction term in Eqn. (7.51) is estimated by
considering the strong shock dependence of pressure upon shock
velocities. For instance, the shock pressure, from the jump conditions, is

P :’yUUup .

(7.54)

If the shock velocity is related linearly to the particle velocity as the
assumed solid equation of state, U = ¢, + sup, then Eqn. (7.54) becomes

U
”s U-c,).

P =

Thus, for strong shocks, P varies approximately as the square of the shock
velocity.

Consider Eqn. (7.52) or (7.53). From either of these equations, the
velocity gradient varies as the square of the shock velcoity. Using these
two conclusions in Eqn. (7.51) for the total viscosity nes and remembering
that the integration contant ki is given by -voU, the effective viscosity
varies approximately as the square of the shock velocity or, essently , as
the pressure.

The conclusion is that if the effective viscosity varies with the
pressure, an increase by the same factor of 103 must be accompanied by a
viscosity increase by the same factor of 103. This explains the apparent
discrepancy between the low and high pressure aluminum viscous effects.
For instance, the Asay-Bertholf limits are:

P = 25 GPa n > 40 poise
P 36 GPa n < 2,500 poise .

Another experiment places an upper limit of 103 poise for a shock pressure
of 40 GPa. If 102 poise is considered representative of the viscosity when P
1 10 GPa, then from Eqn. (7.51), a pressure of 103-10% GPa must be
accompanied by a viscous effect of 104-105 poise.

This total viscosity estimate is supported by numerical integration
across the shock front using the Tillotson equation of state for aluminum.
The classically predicted rise times for shocks of 40 GPa with n = 575 p
and 5x103% GPa for n = 5x10%p are duplicated by using the effective
viscosity experssion in Eqn. (7.51) with n = 1.0 p and ao . 365 g/cm*.

Thus, the Dynamic Theory correlates these data points that appear
contradictory by classical theory. Further, these data points provide an
estimate of the new universal constant appearing in the Dynamic Theory.
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This value of ap provides an estimate of other predictions of the theory in
fields other than shock waves.

7.7. Mass Conservative Electrodynamics

One of the incentives for seeking to determine whether the five
equations of motion were generalizations of the classical hydrodynamic
equations was the possibility of shedding new light upon fusion plasmas.
Now before mass conversion is accomplished the plasma must reach
certain conditions. The attainment of these conditions involve
electromagnetic fields not encountered in usual circumstances on earth. If
the Dynamic Theory is to be believed, then perhaps it may provide new
insight into the attainment of the appropriate conditions before mass
conversion begins.

The following development still assumes conservation of mass in
order to see the geometry of the hypersurface for a system under the
influence of electromagnetic fields.

Suppose we now describe the behavior of charged matter under the
influence of an electromagnetic field from the viewpoint of the Dynamic
Theory. From this viewpoint the conservation of mass has the effect of
restricting our system to a four-dimensional hypersurface which is
embedded in the five-dimensional manifold of space, time, and mass
density.

Since we desire to consider the effects of an electromagnetic field we
must consider a gauge function. When a gauge function exists, the square
of the arc length in the entropy space is related to the square of the arc
length in the sigma space by

(1Y, (1
(dg'f = &, ax’ a’ = ( j &, d dv' = [h—j (o) .
00

00

When the system is restricted to a hypersurface by the relation x* = x4(x0,
x!, %2 x3), then the entropy surface may be written as

(dqo)z = Gop du” du®

where

Ao A ox' axi, i
dup =845 o aua_gi/xaxﬁ ~

Likewise for the sigma surface

(A5 )’ = Gop du® du”
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where

P
Qap = &jj Xa Xp -

A _( 1 j
Ao — | = | Ayl .
B T B

The principle of increasing entropy requires that the equations of
motion be geodesics in the entropy space but they will appear as equations
involving forces in the sigma space. We desire to expose these forces and
therefore should work in the sigma space. Our objective then is to
determine the effect of embedding a four-dimensional surface given by x* =
x4x0, x1, %2, x3) in the sigma space and thus obtain a sigma surface
describing a system subjected to the classical conservation of mass restric-
tion.

Having previously determined the metric coefficients for the entropy
space by Eqns. (7.39) and (7.40) we may write the coefficients for the sigma
surface as

Thus, we have

Aap = hoo Gap = hoo L@aﬁ + haBJ .

However by considering the effects of the electromagnetic field as a
force we must first consider the space field tensor:

OE/E:E;V,
-E/0Bs;-ByV,
Fi=| -E>-B;0B,V

-E;B:-B,0V;
“Vo-Vi-V,-V50

If we restrict ourselves to the classical field quantities E and B and
for the moment assume that the field quantities V4 and V are zero or
negligible, then we obtain only the effects of the hypersurface viewpoint.
This assumption seems reasonable considering the interpretation of the
new field quantities are gravitational effects. Under this assumption our
field tensor becomes

OE,E-E;0
-E;0B;-B,0
Fy=|-E:-B;0B,0
-EsB:-B,00

00000
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We can now use this space field tensor to determine the appearance
of the fields when viewed from the surface. The surface field tensor will be
given by

Fop = Fj X xé .
But since x,i = 8, fori, =0, 1, 2, 3 and x,* = {,, the surface field tensor of
a purely electromagnetic space field tensor is only the four-dimensional
portion of the space field tensor since Fis =0 fori=0, 1, 2, 3, 4.

Thus when we use the relativistic energy-momentum tensor for the
surface, we have

1 1
™=y u"u’ +—2[F&‘ Fta® P Faﬁ} :
C

(7.55)

which is the relativistic energy-momentum tensor for matter under the
influence of electromagnetic fields. But since
Gop = 8o + hop 169, then Eqn. (7.55) becomes

] ] N A% A% o1
™=y u“uv"‘?{F“Oﬁ F‘”+Z(g“ +p )F BFQB}

or
T =TT,
(7.56)

where

I I
T =y u“uv+?[F“a F‘“+;g“ F "Faﬁ}

is the four-dimensional space relativistic energy momentum tensor and

Tho= [sz W F® Fup
4c

is the portion of the energy-momentum tensor which contains the

geometrical properties of the hypersurface.

From Eqn. (7.56) we can say that the Dynamic Theory has the
appearance of adding a term to the relativistic energy-momentum tensor.
This term contains the geometrical character of the surface and represents
the difference between the appearance of the energy-momentum tensor
when viewed from the surrounding space as compared to the view from the
hypersurface.
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If we take the divergence of the energy-momentum tensor Eqn.
(7.56), we have

W — gy pv
T v Trelw+Tgeow .

The additional force terms from the surface geometry are given by

(%j(hw F* Fog)v =F" .
C

But if we define

F® Foy=-161¢

as the electromagnetic energy density, where

_L 2 2
a_87: (E +B)

then the geometric energy-momentum tensor becomes

LA
T;eo: 2 é
C

and the additional forces are given by
F“:-4—T§<hw§),v
C

We may also look at the radiation pressure predicted by the
Dynamic Theory to see how the surface restriction affects the relativistic
prediction of radiation pressure.

The relativistic radiation pressure is taken as one third of the
three-dimensional Maxwell stress tensor which is the space portion of the
energy-momentum tensor, or

i
T%ZE(EQEB + By Bp)-8up &

where o, g =1, 2, 3.

To get the equivalent stress tensor for the Dynamic radiation
pressure we must add the space portion of Eqn. (7.57) so that the total
stress tensor becomes

1
TaB:Z(EaEBJFBaBB)'aaB& -4 hp§
:L(EQEB—i_BaBB)'a (8cxﬁ+h(xﬁ) .

4n
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We can then obtain the negative of the trace by

4T, :-|:L (E2+BZ)-3§ '(h11+h22+h33)§:|
4n
:—[—Zj, -(h11+h22+h33)§] :

The radiation pressure is then given by

P==[1+h;+hnths].

G [

(7.58)

The first term in Eqn. (7.58) is the classical radiation pressure in
electrodynamics. The remaining three terms give the difference between
the pressure predicted by the Dynamic Theory and the classical prediction.
To determine what this difference is let us restrict our system to again be
very near equilibrium so that the g4 = 0 for « = 0, 1, 2, 3 and g44 =
constant. Thus we have a flat space. For this space the

hw:éw[aY j

2
ap \0x*

from Eqn. (7.58) and g44 = -1. Thus

_ (Y (Y (oY
hu ha T hss an [((%CIJ +[5x3j +(5x3j] .

(7.59)

By substituting Eqn. (7.59) into Eqn. (7.58) the pressure becomes

2 2
pobl L (ﬂj +(ﬂj+(ﬂ] .
3 a(z) ax] 0 x2 ax3
However, since the classical pressure is given by

Pe=% 187, then the pressure predicted by the Dynamic Theory becomes

e (5] ) Gl

We see then that the Dynamic Theory predicts a decrease in the
radiation pressure as a result of viewing the system to be restricted to a
four-dimensional hypersurface embedded in a five-dimensional space. The
amount of this decrease in pressure depends upon the gradient of the
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mass density and the constant ap. Once the constant ap is determined,
then the deviation in predicted pressures can be specified.

This prediction should appear in attempts to use electrodynamic
forces to control ionized plasmas and perhaps there are large enough
density gradients for these predictions to show up in cosmological events.
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