Chapter 6 Electromagnetogravitic Waves

Given the system of equations, Eqn. (3.15), and the interpretations
that; E is the electric field, B is the magnetic field, V is the gravitational
field, and V4 is the gravitational potential, then the question arises as to
how the electromagnetogravitic waves may propagate.

6.1 Wave Equations

The usual assumptions such as du/oy = d¢/dy = 0 and p = O may be
used to derive the wave equations for the four field quantities. Other
assumptions used are that the media is isotropic and that J = cE and J4 =
04V4. The resulting wave equations are
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The inhomogeneous term in Eqn. (6.3) displays an interconnection
between the electric and gravitational waves. Further, this term produces
the question of whether the propagation vector for the gravitational wave
can be the same as the propagation vector for the electric wave. In
Maxwellian electromagnetism it may be shown that the propagation vector
for the electric wave must be the same as the propagation vector for the
magnetic wave. However, this is not true, in general, for this system of
equations.

6.2 Wave Solutions

Given that the propagation vectors may be different a trial solution
may be sought during which the conditions for identical propagation
vectors may be exposed.

If the waves are considered to be propagating in the positive x-
direction, then the trial solutions may be taken to be of the form
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By making the definitions
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and substituting the trial solutions, Eqn. (6.5) into the wave equations,
Eqn.s (6.1)- (6.4), we obtain the indicial relations:
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where a = 1, 2, 3, and (kc)? = pew? + i4numo.
Substituting the trial solutions into the continuity equation of Eqns.
(3.14), we find
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The ratio (E,/V,) appearing in Eqn. (6.7) indicates that we need to
know the relationship between the components of the V field and the
components of the E field. These relationships may be found by
substituting the trial solution into each of Eqn. (3.15). In this substitution,
the further limiting assumption that the electric field may be polarized so
the E, = 0 and Ex = 0 is made in order to simplify the solution. It should be
pointed out though that, in contradistinction with Maxwellian
electrodynamics, Ex is not required to be zero by the differential equations.
The differential equations require the following relationship among
the non-zero components, given the trial solutions and the imposed
restrictive assumptions:

B.=|X¢E, . (6.9)
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Thus, the imposed assumptions reduce the solution to only three non-zero
components, Ey, B;, and Vy.
If we consider the different expressions, from Eqn. (6.9), for B,, and
take the partial derivative with respect to the mass density we find
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From Eqn. (6.9) we also find
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while differentiating with respect to y-produces
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With the assumption that there is no longitudinal field component
the surviving system of equations is
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where the definition

has been used.

The partial derivative, dc /0y, appearing in Eqn. (6.14) may be found
from experiment in the following manner; because
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where T is the temperature. The conductivity, o, is the reciprocal of the

resistivity, 0, whose linear dependence upon the temperature is given by
r=ro|l+a (T-7,)|
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On the other hand, the coefficient of volume expansion is defined as
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Therefore,

Thus,
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The solution of Eqn. (6.15) is

B
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where 7o is the mass density evaluated at the temperature To.

Given the expression for do/dy, it may be seen that the system of
Egns. (6.13) and (6.14) represent six-equations in the six unknowns, Ae,
Ay, Ay, ke, kp, and ky. The system may be solved as shown in the following.

The unknown, ky, appears only in one equation; therefore, this
equation may be considered to determine ki once the solution for the other
unknowns are determined.

Eqn. (6.11) may be used to eliminate Ap, in Eqn. (6.10) leaving us
with four equations in four unknowns. Eqn. (6.10) now looks like
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Eqgn. (6.13) may be used to determine Ay by rewriting it as
_ iapc |0 A,
A= A [ y J o (6.18)
This may be used to eliminate Ay from the third of Eqn.s (6.7) leaving three
equations in three unknowns.
By differentiating the first of Eqn. (6.7) with respect to the mass
density, it becomes
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Substituting Eqns. (6.17) and (6.18) into the third Eqn. (6.7) and using
Eqn. (6.19) results, after some manipulation, in
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This is a quadratic equation in 0A./dy whose solutions are
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Therefore we have
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But from the definition of (kc)?2 we find that

d(ke )’ = idnpodo
Thus,
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Eqn. (6.21) now becomes
d A, ~d(ke)
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By using the method of substitution, recognizing that it may be put
into a homogeneous form, and realizing the solution may be complex, we
arrive at the solution of Eqn. (6.22) as
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where c2 is a constant of integration such that
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that is, co may depend upon y, €, and ® but not c.
Eqn. (6.23) is a quadratic equation in ¢z and may be solved yielding
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Because c2 does not depend upon o it is unaffected by setting o = 0, so if
Aco = Ae (G = O) then
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By substituting Eqn. (6.25) back into Eqn. (6.23) we find the sign before
the radical must be taken to be positive. Then the expression for Ae
becomes

Ae= Ao Ti4mpoch .

(6.26)
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Using Eqn. (6.26) in the system of equations, Eqn. (6.14), we may,
after a great deal of algebra, write the total solution as:

A.= Ao, Tidmpwoch
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where

h

A€0 [
5 + ER
meo’ 2|4, Ao HEQ” ]
Now we may write
ke=a.tip,,

with
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Now we have

where
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The propagation vector for the v component may be written as
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Now we have
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The system of equations, Eqns. (6.26) through (6.31), representing
the solution is an extremely complicated system and should be put on a
computer in order to fully explore all the ramifications of this solution.

6.3 Non-thermal Transmission through Media

It is the intent of this section to briefly show the effect of the solution
given above and discuss how this solution may be useful in modeling
electromagnetic interactions with biological systems. Therefore, consider
the question of component attenuation, or how the different components of
the electromagnetogravitic wave may be attenuated? A simpler question
would be, "For what frequencies will the components not be attenuated at
all?"
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From Eqn. (6.28) we find that the electric component will pass
unattenuated if c=0. This is satisfied by two conditions. The first
condition is that o = O which is the classical condition of a perfect
dielectric. The other condition is that

(6.32)

Substituting the definition for h into Eqn. (6.32) we find, after some
manipulation, that this is satisfied if
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which has only one real solution

(6.33)

new=1.7971 42, .
The complex solutions are:
e @’ =(-0.8985+ i1.0434) 4,, .

Considering the real solution and assuming A.c? to be real, we find

that
1.7971
0) c = AE() .
\/ pe

We do not yet know the dependence of A, upon y, €, . The assumption
that Aeo is linear in ® would mean that the relative strength of the
gravitational component compared with the electric component, given by

e (#)e,
()

does not depend upon frequency in free space. In Eqn. (6.33), the
assumption that

Aeo=MO
(6.34)
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implies that there are no frequencies for which B = O, and this would be
consistent with classical theory.

If now we look at the frequencies for which Bv = 0, we find, from Eqn.
(6.29), that Bv = O when ¢' = 0, or

2(Iav[3av —
! _[ Inpwo ] /
(6.35)

Substituting for the defined quantities in Eqn. (6.35), assuming n2<<pe,
and disregarding negative frequencies, we find two possible frequencies for
which By =0, or

(6.36)
and
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The magnetic component is unattenuated when By = O, or when
4npwc =204 B, -
(6.37)

The condition specified by Eqn. (6.37) represents a seventh order
polynomial in ®, therefore, the roots of this polynomial have not been
sought. It may be noted though that there are up to seven possible
frequencies for which the magnetic component is unattenuated.

Thus, for frequencies satisfying the conditions of Eqns. (6.35) and
(6.37), the gravitational or the magnetic component respectively will
experience no attenuation. Because these conditions result in polynomials
in o, then there must be frequency regions where either By < O or B» < O, or
both By and By are negative. In these regions the gravitational and/or the
magnetic component will experience an amplitude growth.

On the other hand, from Eqn. (6.32), we found that there were no
frequencies for which Be < O for o > 0. This then leads to the possibility
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that the growth in the gravitational and/or magnetic component is at the
expense of the electric component.

If then, non-thermal transmission is defined to be transmission
during which none of the wave energy is deposited in the media, we find
that our simple solution will support non-thermal transmission for
frequencies satisfying Eqn. (6.33). For this type of transmission the energy
originally in the electric component experiences an attenuation and is
transferred to the gravitational and/or the magnetic components which
experience a gain. The net result is the transmission of energy through the
media without loss, only a change in form.

We have seen that the three fundamental postulates of the Dynamic
Theory have led to the use of mass density as a fifth dimension,
fundamentally independent of space and time. The five-dimensionality of
the theory produced the eight differential equations describing the allowed
interrelationships between the five dimensional gauge fields. Other
investigations in fields allowed for fundamental particles produces the
interpretation of the V field as the gravitational field.

With the interpretation of the V field came the question of how these
waves might propagate given their specified interrelationships. In answer
to this question we've shown that for simplified, continuous media there
exist frequencies for which the electric component is attenuated while gain
in the gravitational and/or magnetic components is experienced. This
gives rise to the possibility of transmitting energy through the conductors
where no such energy transmission is allowed by Maxwellian
electromagnetism.

Even though biological systems are complex structures, is it not
possible that the five-dimensional fields of the Dynamic Theory have
applicability in describing radiation interaction with these systems? Is it
possible that a description of non-thermal effects of radiation on biological
systems may be aided through the use of the non-thermal transmission
effects discussed here? A great deal of discussion these days concentrates
on nonlinear approaches. The five dimensional waves provide a linear
description of effects which in four dimensions would appear as nonlinear.
Thus, it would seem possible to replace nonlinear four-dimensional
problems with five dimensional linear ones.

6.4 Boundary Conditions

Classical work on boundary conditions of field vectors generally
starts with Coulombs' Law. Here polarization of materials enter the
picture. Polarization can be caused by either alignment of molecules or
induced asymmetry. From these considerations the electric dipole moment
is defined as



where p is the electric dipole moment and 1 is a vector from -q to +q. The
net dipole moment per unit volume is the polarization, P, of the medium.
From this we get

I AeP dvol=¢q'

vol

where q is the net polarization charge within the volume. If the density of
the polarization charge is p'l then we have

q'=- J. p'dvol

vol

where the minus sign arises since by definition, the direction of the
polarization vector is from negative to positive, whereas the electric field is
directed from positive to negative. Thus, we arrive at

AeP=- p’
Now in order to write an equation like
AeE= 4rp

that is valid in a dielectric medium and account for both free charges and
polarization, p and p' respectively we must write

AeE=4(p+p')
(6.38)
or using Equation (3.53)
ZO(E+4nI_3):4np .

Maxwell named the quantity in parenthesis the dielectric
displacement, or

D=E+4nP .
Therefore, the equation for a dielectric media becomes
AeD= drnp .

From experiment it is found that a large class of media exhibit P
proportional to E, for field strengths not too great. Thus,

Py E
(6.40)
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where X. is the electric susceptibility of the medium.
Then

D=(1+4ny )E .

The proportionality factor between D and E is called the dielectric constant
and

e=I+4my, .
Therefore,

D=¢FE .

Thus, Equation (6.39) may be written as

Ae (e E )=4np .
(6.41)
Consider now that in the Dynamic Theory we derived the equation
KO(SE)=4TCp-aOM .
(6.42)

Thus it may be seen by comparing Equation (6.41) with Equation (6.42),
that the second term on the right hand side plays a role of gravitational
polarization charge density, or

a08(8V4):4_7tz.F’

o s
(6.43)

Then we would have

Ae(eE+4n p )=4np
or
Aeli+4n y JE+4n B J=4mp
or
Z-[E+4rc P+4n }_’gJ=4Tcp .

(6.44)
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Thus, in order to include the gravitational polarization the dielectric
displacement must be given by

D=E+4nP+4np, .

Now the dielectric polarization, P, is an averaging over a finite
volume, thus when using the Gaussian pillbox in looking at boundary
conditions it is assumed that the pillbox may contain free charges but not
polarization charges. Thus, when considering boundary conditions we
must look at the displacement vector D not the field strength E.

Therefore, consider the usual "Gaussian pillbox" of cross-sectional
area S and thickness At. Let n be the unit normal to the surface S. The
pillbox volume is V = SAt and is assumed to contain free charge but no
polarization charge, nor gravitational polarization (we may want to rethink
this assumption concerning gravitational polarization when it is better
understood.) If we integrate over the volume V we have

IZOde:4n jpdv

or, by using the divergence theorem,

IBOd;:4ﬂ Ipdv .

The left hand side may be integrated by noting that since the normal
component of D is involved there is no contribution from the sides. Thus,
since the volume V can be made sufficiently small, we have

l_)z'flz""B/'ﬁ1:(52'f12'l_)1°;11)S:475 pSAt .
If

li .
Atlm 0 (pAY)= ps 57; or free surface charge density, then
%

(D,-D,)*n=4n ps
(6.45)

relates the charge in the normal component of D across a boundary to the
surface density of free charge on that boundary. If ps = O then the normal
component D is continuous across the boundary. Equation (6.41) may
also be written as

(SZEZ+47T 1_3g2—g,fl—4n Fg])—n=4ﬂ; ps .
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This points out the need to consider the physical meaning of the
gravitational polarization but we won't go into that at this time.

The next condition that must be fulfilled at the boundary comes
from

AXE=0

for static fields so that 0B/ot = 0. (This may safely be assumed since even
for non-magnetostatic field the contribution by the 6B/ot term vanishes in
using Stokes theorem).

Now construct a rectangular path which has sides Al width At, and
for which the sides parallel a segment of the bounding surface. Then by
Stokes' theorem

IE.dZ:I(K.E).ﬁada:O .

Thus,

Edi= (E;-n )AL+ (E,.ny)AL+ contribution from ends.

Now,
A1=-h,, 63 therefore

(E>-E)-h: Al +(ends)=0 .

Since the contribution from the ends is proportional to At, the second term
vanishes in the limit as At - 0. Thus we have

(Ez'f])'ﬁzzo ,

no~(EzE1)Xﬁ:0 .

Now
Aa=He XN
so that
(E,-E))-(Aixn)=0
or

no-(E, E,)xn=0 .
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But the orientation of the rectangle is arbitrary so that

(E:-E)xn=0 .

(6.46)

Eqn. (6.42) implies that the tangential component of E must be
continuous.
For the magnetic induction field, since here

AeB=0

which is the same as in the classical case we would have
(Ez - 51) ° ﬁ = 0

or the normal component of B is continuous across the boundary.
For the tangential component we must consider the possibility of
another source term as we did for
AeE.73 For an Amperian loop current I, a directed loop area S, the magnetic dipole
moment is defined by

Averaging over a volume we obtain the magnetization, M, which is the net
dipole moment per unit volume,

M=

N
S5

From this the Amperian current density becomes
J=c AxM .
Now, in the classical case, we have, for electrostatic fields,
AxB=2(T4T)
C
where J is the Amperian current density. Thus, we could write
— — P 47-[ —
Ax(B-4n M)="2=J .
C
We can then define the magnetic intensity vector as
H=B-4n M .
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Again, experimentally, numerous materials are found such that
M=y, H
is a good approximation for the magnetization for small fields. xm is called

the magnetic susceptibility. Thus we would have

E=(I+4n Xm)H=p_E

where  is the permeability of the material.
Now in the Dynamic Theory we have, when Ml //Mt = O,

zx(ﬁ/w=47“3-ao(Va/Y“) .

(6.47)
If we define a gravitational magnetization by
s M a0 Y )
(TR VR ¢
then Eqn. (6.43) becomes
Ax B. 4n M, |_ 4—“.7
n T e
and the magnetic intensity vector should be defined by
wWH=B-4n M,
or
H=B-4n (M+31,) .
(6.48)

It may be seen from Eqn. (6.44) that the gravitational magnetization
adds to the Amperian magnetization and could lead to misinterpretations.

Now, in an analogous fashion to the dielectric displacement vector,
the boundary condition becomes

(iR

c

where K is the surface current density according to
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K =lim (JA?)
At—0
J—>®
Thus, if there is no surface current density, then
(ﬁz - E1) xn=0

or the tangential component of H must be continuous across the
boundary.

Now we need to do a similar thing for V and V4. Starting with the
equation

A.

4

V.o 1dey)_
pn ¢ ot c

we will look at the gravitational field defined at

G=

2|~

where f is the gravitational charge-to-mass ratio. Thus, we have

)
Agel \BJ)_ 4

c ot Be

J4

where the quantity (J4/fc) is the free gravitational mass density.
Now by using the divergence theorem we have

(4
.!‘E.Ea-i-é'[fﬁdv:-#r !(ﬁ}dv .

By using a Gaussian pillbox again, then for a sufficiently small box

_ o _ eS At Oy J
(G nTGrn)t be 74=-4n (B—Z]SAI .

(6.49)

For free gravitational mass density to exist on the boundary, the product J4
At must remain finite as t — 0. Therefore, in the limit

lim | j, At _
At—>0| PBc e
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Then Eqn. (6.45) becomes
(52—51).ﬁ:—4ﬂ ms -

Thus, if there is no free gravitational mass on the surface, the normal
component of the gravitational field must be continuous.

Question: The relationship between G and V is similar to that between H
and B. Is it fair then to consider a similar behavior between them? By this
[ mean since

E:uﬁ:E+4n X}ﬂﬁiﬁ+4n M
then can

:u5:5+47t Xg5:5+4n N

where xz may be called the gravitational susceptibility and N is yet
unnamed?
Now lets look at

- = B
AxV:—aoa—

For this we construct the closed rectangular path across the boundary.
Then we would have

W.di=j(Zx;).;0d'a'=aoj%(ﬁ.n[,)da

Where S is the rectangular area A1 AT and n, is the unit vector normal to
the rectangle and lies along the boundary of the surface. Performing the
line integral, we obtain

J(;dZ)Z(;IﬁJ A1+(;2'ﬁ2) Al

+ (contribution from ends)
=-ao a—B g A At
oy
But since

#,=-n, 102 and the contribution from the ends is proportional to At we have, as At — O.
(V2-V2)liox i) =0
or
ho- (Vy-v )xn=0 .
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But, since the orientation of the rectangle is arbitrary, then
( Vz - ;1) xn=0

This states that the tangential component of V, the gravitational induction,
must be continuous.

The boundary condition for the scalar, V4 is that V4 must be
continuous because it is a scalar.

It perhaps should be noted that the new physical notions that
appear in the foregoing could prove extremely important should one
consider going into materials development.

6.5 Reflection and Refraction
First we shall consider normal incidence as shown in Figure (15)

Figure 1. EMG wave propagating in the z-direction.

Applying the boundary conditions on the tangential components we
have:

0 ik 0 ikep)' — 0 ikee,'?
Eoe™ -E;je"" =E;e""™

0 ikao® 0 ik, ! — ikgp,'?
Hoe™ +HiE™ = H, "

and

0 ikao¥ 0 ikait ) =770 ks,
V()@HY _Vjetu‘/,_Vzesz,

or by using y1=y, we have

0 0 — 0 ilkyery 5 kaery
E{)_EI_Eze’(/sz; ku/,)

0 0 — 0 ik -k
H()'H] _Hze’( 2Y > Jhly1)

(6.50)
and
Vz _ V? — Vg ei(sz}'g-km“/,)
But
7_B. m,
u o
and
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By = (Mj EX .
()

Therefore, if we assume for the moment that gravitational magnetization is
Zero, or
M,=0, 112 then

e1C
HZ—(—’“ )Ez .
(O]

Note: This assumption places some, perhaps severe, restrictions upon
ov/oy 114 and we will have to come back and look at these, but for now it seems like a

reasonable assumption to allow us to proceed with reasonable simplicity.
Thus, from the first two of Eqn. (6.50) we have

0 0 0 A
Ev-Ei=E>e™

(6.51)

and

£ +E7=(’“2jEze%
kel
Where
A'Y e = k//eZY 27 k4€1y 1 -
By adding Eqn. (6.51) we find, after rearranging the terms,
2kee™
El= B
? [ke + keZ] !

(6.52)

On the other, by subtracting Eqn. (6.51) and rearranging, we have

0 _— (ke2 - kel)

0
E; [ke1+kez] Eo .

For the solution sought in the non-thermal biological section
E,=V4=V,=0. Thus, if we stay with that solution we need only look at Vy,

but
V”(Mj £
Q)]

218

Defining



Ae “ao Ck4€ H

then

Thus, the last of Eqn. (6.50) becomes

El-E)= (ij & ES

e

Using Eqn. (6.52) this becomes

AgZ Zkel 0
Ef=|1-22 "4 —|E
! |: Ae] (ke[ + keZ):| !

Comparing Eqn. (6.54) with Eqn. (6.53) we find

- kel = ke] _(j"ZJ (2k81)

el

which is only satisfied only if

Ae] = AeZ .

Equation (6.55) implies that the dependence of the electric field upon
mass density is not influenced by the type of material there.
result that is a direct consequence of the assumption previously made and
is further evidence that we must return to that assumption soon. For now

we shall forge ahead.

We shall now consider the case where the incident wave impinges
upon the boundary interface at an oblique angle 6,. The wave is polarized
so that the electric component is parallel with the interface.

For the incident wave we have
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and y,=y.e

_(_Aeoj—
- Ey -
(O]

For the reflected waves

The refracted waves are given by

= _(1) e”‘(‘“’kg-; -kaexY 5)

Ezz[ - J(%ezxfz)
1o

i 725

(6.56)

(6.57)

The tangential components of [/, H, and V, can be continuous across
the boundary only if the phases of the field vectors are all equal at the

interface.

%eo'r+k4an1:%e1°”+k4e1Y1:%eg°”+k482Y2
koo ® T ThaoV 1= kp® T FhantY 1= kpp ®F a2

%vo.r+k4voy1:%v1.r+k4vl'}'1:%vg.r+k4v2'Y2'

For each component the propagation vectors keo,
coplanar, so if r is chosen to lie in the interface and in
propagation vectors, then we have,
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ke, and ke are
the plane of the



keo Sine eo + k4eoy 1 = kel Sil’le el + k4ely 1 = k@Z Sine e2 +k4e2y 2°

For keo-ke1 we find

sin@,;=sin@,, - (Z—’j (km - k4eo)~

eo

From this we find that sinfe, = sinBe1 if y1 = 0 or if
k1= kwo- 133  Not wanting to restrict ourselves un-necessarily by assumptions, lets
continue.
For other components we have

sin@ ,; =sing ,, - (%J (k4b1 - k4ba)

bo

and
sing,=sing ,, - [Z—’J (ks - kea,)
Again using Eqn. (6.58) we find
oo SING oy~ kor SINO o, = kg, ~ Ko,
(6.59)
and
feoSINO oy~ ke SING o = Kty hoseoy,
(6.60)
However, for ke, = ke1, subtracting Eqn. (6.60) from Eqn. (6.59) yields
Vi (koo kset)=0
so that we have as a required result
kaeo™ kger-
(6.61)
In a similar fashion we have
kavo = kv
and
kavo = kavi
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With this result Eqn. (6.59) becomes

ﬁned=(§“jgned:££fd:;£gagz

e2 ker
(6.62)
Similarly, for the other components we have
b2 ko
(6.63)
and
aneﬂ—[k”)gnew;ﬁégL;gﬂggg
k2 k2
(6.64)

Because of Eqn. (6.57), we must have

eeo:eel B eblzebl h evo:evl .

Now the tangential components of [, H, and V must be continuous
at the interface. Therefore,

(E,VEJ)XI=E,xi
(H,2 Y H)XA=H,xn

(6.65)
and
(7,47 ¥ =T, i

Egn. (6.65) may be written in terms of the electric component then we
would have

(E, T E,)xn=Fg,xn,
[(Eeo xEo) + (%el XEI)]X;I = (ﬁj (%ez xEZ)xﬁ’

M,

(6.66)
and

(AeoEo + AelE])xﬁ = AeZ (EZ xﬁ)
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From the first and last of Eqn. (6.66) we have
(Aeo Eo - Ae]EI)Xﬁ = AeZ(EO + E])xﬁ
or

[(Aeo - AeZ)Eo + (Ae[ - AEZ)Ej]x ﬁ = 0

(6.67)

Since both [, and [ are perpendicular to the plane of incidence then
Eqn. (6.66) requires that

(Aeo- Ae2) E,=(Aer- A2 ) E;-
But, since Aeo = Ae1, this can be satisfied only if
Ael = AeZ-

We've seen this result before.
Now suppose we expand the triple cross products in Eqn. (6.62),
then

(i 0 %) By - Ao E ko [ o k) E - (10 B R)=
[%\J [(ﬁ s %eZ)EZ - (ﬁ s EZ)%eZ]'
All the products

(e E; ) 155 vanish, and
ek, =(-1)jkgcos0,; 156 =0, 1,2, so that

keoCOSO oo F, - ker COSO o/ ;= (hj keEs

M

If we use the fact that 0eo = 0e1, and rearrange the terms we arrive at

(EZ - E]U)COSG eo - (h](ﬁj COSe e2 ei(kMYZ-k“ﬂI)
“2 el

(6.68)

Since the electric vectors are all parallel to the boundary surface, we
must have

04 10— O ilkist sk
Eo+ Ef = E§ ¢ kwthactts)

(6.69)
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We may combine Eqn. (6.68) and (6.69) by subtraction to eliminate Ez° and
obtain

£ = [COS@ 0™ (u;kez)cose ez] £

1 0 -
COSG eo + [“’]kd] Cose e2
l"’g ke]

(6.70)

Eliminating E© we have

2 cos0 ei(kmv rkaest 3)
€0

ES=
COS0 , +[“””] cosQ .,
l"l'z kel

Equations (6.62) and (6.63) may be used to determine the refracted
angles for each component while Eqns. (6.69) and (6.70) determine the
magnitude of the reflected and refracted electric field components. The
magnitudes of the reflected and refracted magnetic and gravitational
components may be found using Eqns. (6.56) and (6.57).

(6.71)

6.6 Complex Refraction Angles

In order to solve the refraction problem when one, or both, mediums
at an interface are conductors then we must have a computer code capable
of solving the complex angle problem. Thus, we must learn how to
interpret the complex angle of refraction then how to compute it.

We may start with the equations already derived for the sine of the
refraction angles, which are

sinGEZ—(ﬁJsinee,_w )
e2 keZ
(6.62)
Sineb?_[M]Sinew‘M ,
b2 k2
(6.63)
and
Sine‘,ﬂ:(k”}sinevrw )
v2 kv2
(6.64)
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With the realization that one or more of the k's in Eqns. (6.62),
(6.63), or (6.64) may be complex then one must consider the right-hand-
side to be complex. Thus, we have the situation that sin6. for each
component, would be complex and, therefore, we must consider 02 to be
complex. Thus consider the case where

sinQ ,=x+iy

(6.72)
with
9 2 :'Y 2 + l'\{ 2
Then, by trigometric identity, we may write
sing ,=sing,,cosh B ,+icosao ,sinhf, .
(6.73)
Equating Eqns. (6.72) and (6.73), we find
sing,;cosh B, +icosg,sinhf,=x+iy .
(6.74)
From Eqn. (6.74) we find that
sing , = ——
@ cosh 3,
and
y=cosq,,sinhf3, .
(6.75)

Now op is a real angle and the expression for sincop in Eqn. (6.75)
reduces to the usual expression for the sine of the refraction angle. Thus,
we shall take oo to be the angle of refraction and it is given by Eqn. (6.75).

We must now learn how to find o2 and B2 given x and y. We may
start by rewriting Eqn. (6.75) as

x
coshf,

Sina2=

(6.76)

and
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coSqL, = — :
sinhf,

Now using Eqn. (6.76) the trigometric identity
1=5in’0 +cos’0

becomes

or

(6.77)

when coshfz and sinhf, are written in terms of exponentials.
Now suppose we define

2 - 2

w:cosh(ZBZ):M
(6.78)

where w 3 1 always. Then Eqn. (6.77) becomes

45 N 4y’
(&P +e™ 2 (0 +e -2

1= 2x° + 2y
w+1 w-1

or

This may be rewritten as
W-2w(xXr+y )+ 2(x7-y7)-1=0 .

(6.79)

Equation (6.79) is a quadratic equation in w which has the solutions
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w=(x 4y )+ (1) 4y

(6.80)

The expression under the radical is non-negative (as may be shown by a
lengthy procedure) so w is real, which must be the case from Eqn. (6.78).
Consider three cases:
Case A: x2+y2> 1
Let x2 + y2 =1 + & where &, O, then Eqn. (6.80) becomes

w=1-g+_qg?+4y .

If y = O, then because w 3 1, the positive sign must be used. If y = O, then
there is no need for Eqn. (6.80).

CaseB:x2+y2+1
Let x2 +y2 -1+ 5 where &, 0, then Eqn. (6.80) becomes

w=1-g+_57+4y" .

Again, because w 3 1, clearly the upper sign must be chosen.
Case C:x2+y2=1
Equation (6.76) now becomes

w=1+_ 2y

If y, O, the upper sign must be used. If y + O, there is no need for Eqn.
(6.80).

From Eqn. (6.80) and the above logic on how to choose the proper
sign we may obtain w from x and y. Then from w we find B2 using Eqn.
(6.78) or

_ arccoshw
’ 2
(6.81)
then by Eqn. (6.72) we may find o2 from
=arcsin al
& coshB, )
(6.82)
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Thus Eqn.s (6.80), (6.81) and (6.82) give us o2 and B2 for any x and
y. The a2 and B2 must be checked against Eqn.s (6.75) and (6.76) to
resolve any ambiguities.

6.7 Assumptions and Wave Solutions

In order to try to bring to light the significance of the variation of
material properties with respect to changes in the mass density in the
attempt to obtain wave solutions let us consider each assumption that
must be made. To do this let us begin with the form of the trial solution.

The classically assumed form for a trial solution is

exp [— i(wt - kx)]

for plane wave propagation in the x-direction. In as far as it may be
possible we would like to stay with a similar form. Thus suppose we try
the form

exp [— iwt -kx -,y )]

Once the form of the trial solution is chosen then one can look at the
eigenvalues of the differential operations since the trial form is the
exponential form. Consider the partial derivative with respect to x

0
a—{exp[—i(wt -kx-kgy )]}
X
:i[a%ﬂoc—kﬁ )] expl-itwi-ke-ky )]

if we assume that

M_y
ox

Since we desire to consider how waves of a certain frequency propagate it
seems appropriate to adopt this assumption.
Next, consider the eigenvalue of the differention

o0 .0
— > i—(kx+k,y)
ox

Ox
., ok Oks, , O
=ifx—+k+ty —+f,—
ftx Ox ! Ox ks 6x}

There is nothing thus far in our considerations that forces us to
consider only those cases for which the phase is strictly linear in x, or
where the density constant cannot depend upon space. In the classical
case I believe one can use the Maxwell equations, or the wave equations
coming from them, to show that the phase must be linear in x. The same
may prove true for these five-dimensional waves but it has not yet been
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proven. For the sake of simplicity let's make the same assumption here
and hold in abeyance any attempt to prove a linear relationship.
Therefore, lets assume

Ok _
ox

With regard to ks we have no precedence set by classical theory and
with no real feeling for the physical interpretation of k4 we are left to our
own devices. For the moment suppose we make no assumptions regarding
the dependence of ks upon space, but we might assume isotropy is mass
density. Thus, our eigenvalue for the space differential operator we have

o . Oky
— —ifk+y —=*
ox itk ax)

Now let's look at the mass density differential operator, or
Sotexp fior-ke- kit )}
—i{%ﬂcﬁm)} exp [-i(ot -k-k,y )]

if we assume

(6.83)

The assumption that the frequency should not depend upon the
mass density seems justifiable since we want to determine how a wave of a
certain frequency will propagate. Therefore, we want to control the
frequency. We should not, however, allow this desire to lock us into this
assumption.

Given the assumption Eqn. (6.83) we have

0 x0k YOk,
—(kxtkyy)=—+
6\/( Y) o oy

thky -

By analogy with the classical result that the phase of the wave depends
only linearly upon x it seems a fair assumption that we may simplify some
by assuming that

oy

0

We have no real justification for this assumption at the moment though.
However, with this assumption our mass density operator becomes
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0 . Ok
——>l(x5+k4) .

oy

If we consider the potential variation of k with respect to mass
density then we run into the dependence of k upon p and ¢ and whether
these material properties depend upon mass density. If they do, as
experiment tends to show then

& ()& (ikj o
oy o )\ oy o Jloy )
Since we desire to retain the correspondence to experiment we shall make

no assumptions concerning the dependency of k upon mass density.
The remaining operator is the time operator. For this we have

0 . . .
o Opl-ilor- k- fegy ) |} =-io expl-i(ol - k- gy )|

if we assume that

ok
ot

and

Ok
ot

From the point of view that both k and ks are determined by material
properties then these assumptions appear appropriate for static materials.
Thus the eigenvalue of the time differential operator is

0 .
5—)40) .

We have now chosen a general form for the solution we will seek.
But there are several potential components to the wave. For example,
there are the electric transverse, magnetic transverse, gravitational
transverse, electric longitudinal, and the gravitational longitudinal
components. In addition there is the scalar wave component, the
gravitational potential.

In the classical case it may be shown that the propagation constant
may be the same for both the electric and magnetic components. That is
not so with these more complex five-dimensional waves. Thus, we should
allow for the possibility that each component may have a different
propagator. With this in mind we will try to find wave solutions with the
following trial forms.
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exp/-i(wt -k X - kg )]
V o eXp[-i(Wt -k, X - kg )]
Vi=Vi0eXp[-i(Wt -k, x-kuy )] -

E:EO exp[—i(wt'kex'k4ey )]
B=p,
;:_

By using these four forms which constitute our trial solution we may
find that two, or all, of the k's must be the same but we aren't forcing them

to equality prematurely.
Now lets put our trial solutions into the field equations. Lets start

with the field equation

(ija_%zxzzo .

c) ot
(3.15b)
The x and y components of this equation require that
B.=B,=0 .
For the z component we have, after simplifying,
B. —[ij (kﬁy 8kejE}z :
w Ox
(6.84)
The second field equation is
—~—_ 0B
AxV + a()g = 0 .
(3.159)
The x and y components require that
y.=0 .
However, the z component gives us
ak4e
kety
- Ok Ox
V,-—[ Cl()cj[k4b+x_bj E, .
! w 6F kv +Y akw y
Ox
(6.85)

Now look at the field equation
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AO(SE):4TCp—aO% .

(3.15d)

We see that we face more assumptions. The first one concerns whether or
not ¢ varies with space. The classical assumption seems appropriate here
also. That is, if the medium is isotropic then

Oe

—=0 .
ox

The second assumption is that there are no free charges so that

p=0 .

The third place for a possible assumption resides in the possible
dependence of € upon mass density. However, experiment indicates that ¢
does vary with changes in mass density. Therefore, it seems inappropriate
to assume differently.

Thus, Eqn. (3.14d) requires that

akzle

_1 (ke+y 7)Ex
V4—(—] ox .(6.86)
ao _(lja‘g+ak"+k ]

ay 44

i€

From Eqn. (6.82) we see that the gravitational potential, V4, depends only
upon the longitudinal electric field component.
The fourth field equation is

1oV oE
wa

(3.15¢)

The x component of this vector equation requires
0 0
oy (koy K2 ey TR
_( ¢ j p ox ox
Vs 1
Oky

B Ok (ij@s
a YKk | L2
0 44‘5 € a

w

(6.88)
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From the y component of Eqn. (3.15g) we find

-apC ake
= 220 g+ Ey .
V_v ( w j(klic x&y) .V

(6.88)
If we compare Eqn. (6.88) with Eqn. (6.85) we must have

(kﬂrv amj G :(ke+ak46j fpt 2K |
ox oy Ox oy

(6.89)

The z component of Eqn. (3.15g) is an identity, thus we can
turn to the fifth field equation, which is

z.v+(u_8]8V4_-4nu J

c ) ot c e

(3.15h)

The usual conductivity assumptions seem appropriate here and are taken
as

J=cE ,and Ji=o 4V,

(6.90)
Therefore, Eqn. (3.15h) becomes the indicial relation
6 4v 6 44 a 4e 2 a e
O k= [k (]
|:k44 + x% - [égy_sj:” =(ue @’ +idmpuoc 4)(/&"‘7 %) .
(6.91)
when Eqns. (6.86) and (6.88) are used.
The sixth field equation is
- = (us]@f_(élnu)— ov
- —=—|J-ao—— -
c ) ot c oy
(3.15¢)
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The x component of this equation produces the indicial relation

ok, (k4+'y 861644 [k@-i-y aak"ej
ue '’ +idnpoc = [k4v+x j al il
oy Ok, (i 0e
katx o T
& 0y

+a0[k4e aailc J} .

The z component of Eqn. (3.15c¢) is an identity but the y component
gives us another indicial relation in

(6.92)

pe w’ +idnuwe =(k,+y k"e)(kb aékx‘”’)
*ahe (ha +xa’“)(k4e+x%)
oy
(6.93)
The seventh field equation
AB=0 .
(3.15a)
is an identity since Bx = 0. However, the last remaining field equation
0—8 +Ae J+aUaJ“
ot

(3.15¢)

is not satisfied identically. Rather, it requires
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OE._  Olc4V4)
(e} =-ao
ox

(6.94)

if we assume

We are once more in a dilemma created by our ignorance. We don't
know what o4 is other than a "gravitational conductivity'. Thus, it would
appear that we cannot assume that it is independent of the mass density.
Thus Eqn. (6.94) may be put into the form

oo GG 5]

(6.95)

This is an extremely curious equation. It relates the electrical
conductivity to the gravitational conductivity and includes in this relation
the variation of the dielectric constant with respect to changes in the mass
density.

In the absence of any knowledge about o4, the gravitational
conductivity, let us assume that there is a linear relationship between it
and the mass density. The only justification for this assumption comes
from the association of gravitational mass to gravitational conductivity and
also to inertial mass and hence mass density. Regardless of our lack of
knowledge lets assume

4=y -
Further, in attempting further simplification lets assume

C=Vogy -

Using these assumptions we may rewrite Eqn. (6.95) as

oo 2)- ()& ol
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The right hand side of Eqn. (6.96) is in terms of quantities which
should be available through experimentation, thereby giving us a
differential equation in the two unknowns k44 and ks.

We now have a system of equations given by the following numbered
equations: (6.84), (6.86), (6.87), (6.88), (6.89), (6.91), (6.92), (6.93), and
(6.96). These equations give the field components in terms of Ey and Ex.
However, the eight field equations cannot determine a relationship between
the longitudinal and transverse components. This is left for the energy-
momentum tensor to determine.

In order to attempt a reduction of these equations we might try the
simplifying assumptions:

%
ox
Ok _

ox

=0 ,
0,

and

akzlv
ox

=0 .

Using these assumptions let us now look at the requirements that
come from the interchangeability of substitution and differentiation. For
instance,

OB: e
B _ikb[quy ,
ox o)

when differentiation is taken first. On the other hand if we take the
substitution first then we get

aBZ:- kfc
s (s,

By comparing these two we see that
kb = ke .

When we compare the two expressions for the partial derivative of B,
with respect to the mass density we find

Aink.) _

ay i(k4b_k4e) .

Turning next to the transverse gravitational component, the partial
derivative with respect to x requires that
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This sets up something of a dilemma since ke should depend upon
both ¢ and . These in turn depend upon y. Therefore, Eqn. (6.97) is a
result that does not seem to correspond to experiment. Thus, our choice of
simplifying assumptions appears too restrictive. But which assumption is
the one that must be relaxed? An investigation into the necessity of the
assumptions made seems required prior to making advancement toward
the solutions of the electromagnetogravitic wave equations.
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