Lecture 5: Multivariate Normal Distribution.

Math 586
February 5, 2009

BLUEs/ BLUPs

These are best unbiased linear estimators/ predictors Y of unknown quantity Y.
Unbiased means that E (Y |data) = E (Y | data).

Example:
BLUP of Y; based on Y5, V3. )
Let E(Y;) =0, j =1,2,3. Note: Y] := ayY2 + a3Y3 is unbiased (why?)

Minimize mean square error:
MSE =E (Y, = Y1) = Var(Yy = Y}) = Var(ayYs + as¥s — Y;) =
= 07 + a505 + a305 + 2aza3 Cov(Ys, Y3) — 2ay Cov(Y1, Ya) — 2a3 Cov(Y, Ys)
Differentiate with respect to as:
20505 + 2a3C00(Ya, Y3) — 2Cov(Y;,Ys) = 0
Differentiate with respect to as:
2a303 + 2a5C0v(Ya, Y3) — 2Cov(Yy,Ys) = 0

Get 2 equations with 2 unknowns (kriging equations): more to come!

Question: when is the best linear predictor i.e. 171 =asYs+aszYs+ ...+ a,Y, also the
best predictor i.e. E (Y)Y, Y5,...,Y,)?

Important case: Y is Multivariate Normal.

Multivariate Normal (MVN).

Univariate:

fly) =~ 127 exp{—(y;(jf)Q} = U\}% eXp{—%(y—u)U‘Q(y—u)}

Generalize: Y e R", E(Y) = p = (1, -, fin)"




Let Var(Y) = ¥ = (0y;) be n x n matrix called variance or variance-covariance
matrix of vector Y, so that o;; = Cov(Y;,Y;). Let also det(X) = |X| be the determi-

nant.
Then

! e {—%(y — 1) BNy u)}

f(y>:\/|§|(—2

where ’ is the transposition and ¥~! = inverse matrix.

Example: when Y},Y5, ..., Y, are independent and Var(Y;) = o then ¥ = diag{o3, ..., 0} }.
In this case, can prove that the MVN density is the product of marginals.
Vice versa, if Y is MVN and its variance matrix is diagonal, then all Y7,Y5,, ..., Y, are

mutually independent.

MVN density, correlation = 0.8
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Alternative Definition: Y is MVN iff " | b;Y; is a univariate Normal for every set
of {b;}I; (not all 0’s). Often useful.
Properties of MVN

a. Each component Y; is univariate Normal with mean p; and variance o;;.

b. Any subset of vector Y is also MVN, with variance matrix being a sub-matrix
of 3.

c. If Y =(Y1,Y2) is MVN then conditional f(Y1|Y2 =y>) is also MVN.



d. E(Y1]|Y>) is linear in Ys.

e. Any linear combination of independent MVN is also MVN; i.e. for n-vector p,
and constants (1, ..., 3, (not all 0),

Y = py + Z BiYi
i=1
is n-dim. MVN.

Lemma. For any random vector Y its variance matrix X is symmetric and positive
semidefinite, i.e. for each n-vector b, b’X b > 0.
Proof: Let r.v. X =b'Y =) ".b;Y;. Then

0<Var(X) =) biVar(Y;) + > Y bib;Cov(Y;,Y;) =b Sb.
7 i jFi
Examples:
1) Let Y = (Y1, Y5, Y, Yy)'

011 012 013 014
3 — 021 022 023 024
031 032 033 034
041 042 043 044

then (Y1,Y3)" is MVN with variance matrix

o o
213 _ |: 11 13 :|

031 033

and Y, — Y3 is univariate Normal with variance ... (see Lemma above, use b =
(0,1,—1,0)").
2) Let Y = (Y1, Y2) with variance matrix

S — U% PO102
PO102 O'%

Then o
1

E(Y1]Y2 = yo) =u1+p0—2(y2—u2), (1)

Var(Y1|Ys =ys) = 07(1 — p?) (2)

Surprisingly, the conditional variance does not depend on ys!
FEzercise. Prove (1), (2) by using the ratio formula for conditional density.
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10-90% and 95% ellipse for correlation = 0.8

Broken line: E(Y1|y2)
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General case Y = (Y, Y})" with mean vector g = (g, )’ and variance matrix

Y Yo
Y =
{ 31 X ]

Then f(Y1|Y2 =y32) is MVN with mean
E (Yl ’Y2 = Y2) = My + 21222_21(}’2 - Mg)

and conditional var/covar
~1
21— Medo, Xy

does not depend on ys.
Note: if p=0then E(Y;|Ys=1ys) = 21222_21y2. If we seek B such that
E(Yl ’Yz = Y2) = By,

then B = 3,%,,. Thus, the bext unbiased estimator of Y; given y, is a linear
function of ys,.

Note: careful. Sometimes the distribution can degenerate, for example normal distri-
bution on a line y» = a + by; is not MVN. Make sure that the variance matrix X is
positive-definite, in particular |%| # 0.



