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Chapter 1

Probability in the World
Around Us

Probability theory is a tool to describe uncertainty. In science and engi-
neering, the world around us is described by mathematical models. Most
mathematical models are deterministic, that is, the model output is sup-
posed to be known uniquely once all the inputs are specified. As an example
of such model, consider the Newton’s law F' = ma connecting the force F
acting on an object of mass m resulting in the acceleration a. Once F and
m are specified, we can determine exactly the object’s acceleration.!

What is wrong with this model from practical point of view? Most ob-
viously, the inputs in the model (F' and m) are not precisely known. They
may be measured, but there’s usually a measurement error involved. Also,
the model itself might be approximate or might not take into account all
the factors influencing the model output. Finally, roundoff errors are sure to
crop up during the calculations. Thus, our predictions of planetary motions,
say, will be imperfect in the long run and will require further corrections as
more recent observations become available.

At the other end of the spectrum, there are some phenomena that seem
to completely escape any attempts at the rational description. These are
random phenomena - ranging from lotteries to the heat-induced motion of
the atoms. Upon closer consideration, there are still some laws governing
these phenomena. However, they would not apply on case by case basis, but

'Now you are to stop and think: what are the factors that will make this model more
uncertain?
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rather to the results of many repetitions. For example, we cannot predict the
result of one particular lottery drawing, but we can calculate probabilities of
certain outcomes. We cannot describe the velocity of a single atom, but we
can say something about the behavior of the velocities in the ensemble of all
atoms.

This is the stuff that probabilistic models are made of. Another example
of a field where probabilistic models are routinely used is actuarial science.
It deals with lifetimes of humans and tries to predict how long any given
person is expected to live, based on other variables describing the particulars
of his/her life. Of course, this expected life span is a poor prediction when
applied to any given person, but it works rather well when applied to many
persons. It can help to decide the rates the insurance company should charge
for covering any given person.

Today’s science deals with enormously complex models, for example, the
models of Earth’s climate (there are many of them available, at different levels
of complexity and resolution). The models should also take into account the
uncertainties from many sources, including our imperfect knowledge of the
current state of Earth, our imperfect understanding of all physical processes
involved, and the uncertainty about future scenarios of human development.?

Understanding and communicating this uncertainty is greatly aided by
the knowledge of the rules of probability.

2Not the least, our ability to calculate the output of such models is also limited by the
current state of computational science.



Chapter 2

Probability

2.1 What is Probability

Probability theory is the branch of mathematics that studies the possible
outcomes of given events together with the outcomes’ relative likelihoods
and distributions. In common usage, the word “probability” is used to mean
the chance that a particular event (or set of events) will occur expressed
on a linear scale from 0 (impossibility) to 1 (certainty), also expressed as a
percentage between 0 and 100%. The analysis of data (possibly generated
by probability models) is called statistics.

Probability is a way of summarizing the uncertainty of statements or
events. It gives a numerical measure for the degree of certainty (or degree of
uncertainty) of the occurrence of an event.

Another way to define probability is the ratio of the number of favorable
outcomes to the total number of all possible outcomes. This is true if the
outcomes are assumed to be equally likely. The collection of all possible
outcomes is called the sample space.

If there are n total possible outcomes in a sample space S, and m of those
are favorable for an event A, then probability of event A is given as

P(A)
Example 2.1. Find the probability of getting a 3 or 5 while throwing a die.

Solution. Sample space S = {1,2,3,4,5,6} and event A = {3,5}.
We have n(A) = 2 and n(S) = 6.
So, P(A) =n(A)/n(S) =2/6 = 0.3333 O

number of favorable outcomes ~ n(A)  m

" total number of possible outcomes n(S) n

9
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Axioms of Probability

All probability values are positive numbers not greater than 1,1i.e. 0 < p < 1.
An event that is not likely to occur or impossible has probability zero, while
an event that’s certain to occur has probability one.

Examples:- P(A pregnant human being a female) = 1
P(A human male being pregnant) = 0.

Definition 2.1.

Random Experiment: A random experiment is the process of observing
the outcome of a chance event.

Outcome: The elementary outcomes are all possible results of the random
experiment.

Sample Space(SS): The sample space is the set or collection of all the
outcomes of an experiment and is denoted by S.

Example 2.2.
a) Flip a coin once, then the sample space is: S = {H,T'}

b) Flip a coin twice, then the sample space is: S ={HH, HT,TH,TT}
We want to assign a numerical weight or probability to each outcome.
We write the probability of A; as P(A;). For example, in our coin toss ex-

periment, we may assign P(H) = P(T) = 0.5. Each outcome comes up half
the time.

2.2 Review of set notation

Definition 2.2. Complement

The complement of event A is the set of all outcomes in a sample that are
not included in the event A. The complement of event A is denoted by A’.

If the probability that an event occurs is p, then the probability that the
event does not occur is ¢ = (1 — p). i.e. probability of the complement of an
event = 1— probability of the event.

ie. P(A)) =1— P(A)
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Example 2.3. Find the probability of not getting a 3 or 5 while throwing a
die.

Solution. Sample space S = {1,2,3,4,5,6} and event B = {1,2,4,6}.
n(B) =4 and n(S) = 6

So, P(B) = n(B)/n(S) = 4/6 = 0.6667

On the other hand, A (described in Example 2.1) and B are complementary
events, i.e. B= A’
So, P(B)=P(A)=1—-P(A) =1-0.3333 = 0.6667 O

Definition 2.3. Intersections of Events

The event AN B is the intersection of the events A and B and consists of
outcomes that are contained within both events A and B. The probability of
this event, is the probability that both events A and B occur [but not
necessarily at the same time]. In the future, we will abbreviate intersection
as AB.

Definition 2.4. Mutually Exclusive Events

Two events are said to be mutually exclusive if AB = (i.e. they have
empty intersection) so that they have no outcomes in common.

I

Definition 2.5. Unions of Events

The event AU B is the union of events A and B and consists of the
outcomes that are contained within at least one of the events A and B. The
probability of this event P(A U B), is the probability that at least one of the
events A and B occurs.

68y
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Venn diagram

Venn diagram is often used to illustrate the relations between sets (events).
The sets A and B are represented as circles; operations between them (in-
tersections, unions and complements) can also be represented as parts of the
diagram. The entire sample space S is the bounding box. See Figure 2.1

A'B’

Figure 2.1: Venn diagram of events A (in bold) and B, represented as insides
of circles, and various intersections

Example 2.4. Set notation

Suppose a set S consists of points labeled 1, 2, 3 and 4. We denote this
by S = {1,2,3,4}.
If A={1,2} and B = {2,3,4}, then A and B are subsets of S, denoted by
A C S and B C S (B is contained in §). We denote the fact that 2 is an
element of A by 2 € A.

The union of A and B, AU B = {1,2,3,4}. If C = {4}, then AU
C = {1,2,4}. The intersection AN B = AB = {2}. The complement A" =
(3,4). O

Distributive laws
A(BUC)=ABUAC
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and
AU(BC)=(AUB)(AuC)

De Morgan’s Law
(AUB) = A'B

(AB) = A UB'

Exercises

2.1.

Use the Venn diagrams to illustrate Distributive laws and De Morgan’s law.

2.2.

Simplify the following (Draw the Venn diagrams to visualize)

a) (A

b) (AB) U A
¢) (AB)U (AB')
d) (AUBUC)B
2.3.

Represent by set notation the following events

a) both A and B occur

at least one of A, B, C occurs

)
b) exactly one of A, B occurs
c)

)

d) at most one of A, B, C occurs

2.4.

Out of all items sent for refurbishing, 40% had mechanical defects, 50% had
electrical defects, and 25% had both.

Denoting A = {an item has a mechanical defect} and

B = {an item has an electrical defect}, fill the probabilities into the Venn
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diagram and determine the quantities listed below.
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Ways to represent probabilities:

e Venn diagram

We may write the probabilities inside the elementary pieces within a Venn
diagram. For example, P(AB’) = 0.32 and

P(A) = P(AB) + P(AB') [ why?] = 0.58 The relative sizes of the pieces do
not have to match the numbers.

?

e Two-way table

This is a popular way to represent statistical data. The cells of the table
correspond to the intersections of row and column events. Note that the
contents of the table add up accross rows and columns of the table. The
bottom-right corner of the table contains P(S) =1

B B’
A 026 |0.32 | 0.58
A {011 ? 0.42
0.37 | 0.63 1

e Tree diagram

A tree diagram may be used to show the sequence of choices that lead to the
complete description of outcomes. For example, when tossing two coins, we
may represent this as follows

Second toss Outcome
First toss H HH
H
HT
TH
T TT

A tree diagram is also often useful for representing conditional probabilities
(see below).
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2.3 Types of Probability

There are three ways to define probability, namely classical, empirical and
subjective probability.

Definition 2.6. Classical probability

A classical or theoretical probability is used when each outcome in a sample
space is equally likely to occur. The classical probability for an event A is
given by

Number of outcomes in A

P(A)

- Total number of outcomes in S

Example 2.5.
Roll a die and observe that P(A) = P(rolling a 3) = 1/6.

Definition 2.7. Empirical probability

Empirical (or Statistical) Probability is based on observed data. The
empirical probability of an event A is the relative frequency of event A, that

1S

P(A) = Frequency of event A

Total frequency

Example 2.6.

Based on genetics, the proportion of male children among all children con-
ceived should be around 0.5. However, based on the statistics from a large
number of live births, the probability that a child being born is male is about
0.512. O

Example 2.7.
The following are the counts of fish of each type, that you have caught before.
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Fish Types Blue gill | Red gill | Crappy | Total
Number of times caught 13 17 10 40

Estimate the probability that the next fish you catch will be a Blue gill.
13
P(Blue gill) = 0 0325 O

The empirical probability definition has a weakness that it depends on
the results of a particular experiment. The next time this experiment is
repeated, you are likely to get a somewhat different result.

However, as an experiment is repeated many times, the empirical proba-
bility of an event, based on the combined results, approaches the theoretical
probability of the event.

Subjective Probability: Subjective probabilities result from intuition, ed-
ucated guesses, and estimates. For example: given a patient’s health and
extent of injuries a doctor may feel that the patient has a 90% chance of a
full recovery.

Regardless of the way probabilities are defined, they always follow the
same laws, which we will explore starting with the following Section.

2.4 Laws of Probability

As we have seen in the previous section, the probabilities are not always
based on the assumption of equal outcomes.

Definition 2.8. Axioms of Probability

For an experiment with a sample space S = {ej, e, ...,€,} we can assign
probabilities P(e;), P(e2), ..., P(e,) provided that

b) P(S) = Y0, Ple;) = L.

If a set (event) A consists of outcomes ey, e, ..., e}, then

P(4) =Y Ple)
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This definition just tells us which probability assignments are legal, but not
necessarily which ones would work in practice. However, once we have as-
signed the probability to each outcome, they are subject to further rules
which we will describe below.

Theorem 2.1. Complement Rule

For any event A,

P(A")=1- P(A) (2.1)
Theorem 2.2. Addition Law
If A and B are two different events then
P(AUB)=P(A)+ P(B)— P(ANnB) (2.2)

Proof. Consider the Venn diagram. P(AUB) is the probability of the sum of
all sample points in AU B. Now P(A) + P(B) is the sum of probabilities of
sample points in A and in B. Since we added up the sample points in (AN B)
twice, we need to subtract once to obtain the sum of probabilities in (AU B),
which is P(AU B). O

Example 2.8. Probability that John passes a Math exam is 4/5 and that he
passes a Chemistry exam is 5/6. If the probability that he passes both exams
is 3/4, find the probability that he will pass at least one exam.

Solution. Let M = John passes Math exam, and C = John passes Chemistry

exam.
P(John passes at least one exam) = P(M UC) =

= P(M)+ P(C) — P(MNC)=4/5+5/6 —3/4 = 53/60
0

Corollary. If two events A and B are mutually exclusive, then P(AUB) =
P(A) + P(B).
This follows immediately from (2.2). Since A and B are mutually exclusive,
P(ANB)=0.

Example 2.9. What is the probability of getting a total of 7 or 11, when two
dice are rolled?
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Solution. Let A be the event that the total is 7 and B be the event that it is
11. The sample space for this experiment is

S={(1,1),(1,2); ooy (2,1),(2,2), crrverrn (6,6)),  n(S) =36

A=1{(1,6),(2,5),(3,4), (4,3), (5,2), (6,1)} and n(A) = 6.

So, P(A) = 6/36 = 1/6.

B ={(5,6),(6,5)} and n(B) = 2

So, P(B) =2/36 = 1/18.

Since we cannot have a total equal to both 7 and 11, A and B are mutually
exclusive, i.e. P(ANB) =0.

So, we have P(AUB) = P(A)+ P(B) =1/6+1/18 = 2/9. O

Exercises
2.5.

Two cards are drawn from a pack, without replacement. What is the prob-
ability that both are greater than 2 and less than 87

2.6.

A permutation of the word ”white” is chosen at random. Find the probability
that it begins with a vowel. Also find the probability that it ends with a
consonant.

2.7.

As a foreign language, 40% of the students took Spanish and 30% took
French, while 60% took at least one of these languages. What percent of
students took both Spanish and French?

2.8.

Find the probability that a leap year will have 53 Sundays.



20 CHAPTER 2. PROBABILITY

2.5 Counting Rules useful in Probability

In some experiments it is helpful to list the elements of the sample space
systematically by means of a tree diagram, see page 15.

In many cases, we shall be able to solve a probability problem by count-
ing the number of points in the sample space without actually listing each
element.

Theorem 2.3. Multiplication principle

If one operation can be performed in n; ways, and if for each of these a
second operation can be performed in ny, ways, then the two operations can
be performed together in niny ways.

Example 2.10. How large is the sample space when a pair of dice is thrown?

Solution. The first die can be thrown in n; = 6 ways and the second in
ney = 6 ways. Therefore, the pair of dice can land in nyny = 36 possible
ways. 0

Theorem 2.3 can naturally be extended to more than two operations: if
we have nq, no,...,n, consequent choices, then the total number of ways is
ning - - Ng.

The term permutations refers to an arrangement of objects when the or-
der matters (for example, letters in a word).

Theorem 2.4. Permutations
The number of permutations of n distinct objects taken r at a time is

n!

nPT:—
(n—r)!

Example 2.11.

From among ten employees, three are to be selected to travel to three out-
of-town plants A, B, and C, one to each plant. Since the plants are located
in different cities, the order in which the employees are assigned to the plants
is an important consideration. In how many ways can the assignments be
made?
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Solution. Because order is important, the number of possible distinct assign-

ments 18

10!
103 = o= 10(9)(8) = 720.

In other words, there are ten choices for plant A, but then only nine for plant

B, and eight for plant C. This gives a total of 10(9)(8) ways of assigning
employees to the plants. O

The term combination refers to the arrangement of objects when order
does not matter. For example, choosing 4 books to buy at the store in any
order will leave you with the same set of books.

Theorem 2.5. Combinations

The number of distinct subsets or combinations of size r that can be selected
from n distinct objects, (r < n), is given by

(Z> B #'—r)' (2.3)

Proof. Start with picking ordered sets of size . This can be done in ,P, =
(71%!7“)! ways. However, many of these are the re-orderings of the same basic
set of objects. Each distinct set of r objects can be re-ordered in P, = r!
ways. Therefore, we need to divide the number of permutations , P, by 7!,

thus arriving at the equation (2.3). O

Example 2.12.

In the previous example, suppose that three employees are to be selected
from among the ten available to go to the same plant. In how many ways
can this selection be made?

Solution. Here, order is not important; we want to know how many subsets
of size r = 3 can be selected from n = 10 people. The result is

10\ 10! 10(9)(8)
(3> 3l 3(2)(1) 120

Example 2.13.
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A package of six light bulbs contains 2 defective bulbs. If three bulbs are
selected for use, find the probability that none of the three is defective.

Solution. P(none are defective) = 4
_ number of ways 3 nondefectives can be chosen (3) 1
~ total number of ways a sample of 3 can be chosen (6) 5

3

Example 2.14. -
In a poker hand consisting of 5 cards, find the probability of holding 2 aces

and 3 jacks.

Solution. The number of ways of being dealt 2 aces from 4 is (3) = 6 and
the number of ways of being dealt 3 jacks from 4 is (g) =4.
The total number of 5-card poker hands, all of which are equally likely is

52
(53) = 2,598,960

Hence, the probability of getting 2 aces and 3 jacks in a 5-card poker hand

° (6)(4)

P(C)=—2""_
(€)= 5598960

Example 2.15.

A university warehouse has received a shipment of 25 printers, of which
10 are laser printers and 15 are inkjet models. If 6 of these 225 are selected
at random to be checked by a particular technician, what is the probability
that exactly 3 of these selected are laser printers? At least 3 inkjet printers?

Solution. First choose 3 of the 15 inkjet and then 3 of the 10 laser printers.
There are (15) and (130) ways to do it, and therefore

(5) (5)
(%)

P(exactly 3 of the 6) = = 0.3083

(b) P(at least 3)

NHIoN

()

(¥) (5)
(%)

(5) (%)

+
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Theorem 2.6. Partitions

The number of ways of partitioning n distinct objects into k& groups
containing nq, ne, ..., ng objects respectively, is

n!

nl!ngl .. nk‘

k
where ) > n; =n.

Note that when there are k£ = 2 groups, we will obtain combinations.

Example 2.16.

Consider 10 people to be split into 3 groups to be assigned to 3 plants. If we
are to send 5 people to Plant A, 3 people to Plant B, and 2 people to Plant
C, then the total number of assignments is

10!

i3 - 2020 O

Exercises

2.9.

An incoming lot of silicon wafers is to be inspected for defectives by an engi-
neer in a microchip manufacturing plant. Suppose that, in a tray containing
20 wafers, 4 are defective. Two wafers are to be selected randomly for in-
spection. Find the probability that neither is defective.

2.10.

A person draws 5 cards from a shuffled pack of cards. Find the probability
that the person has at least 3 aces. Find the probability that the person has
at least 4 cards of the same suit.

2.11.

Three people enter the elevator on the basement level. The building has 7
floors. Find the probability that all three get off at different floors.

2.12.

In a group of 7 people, each person shakes hands with every other person.
How many handshakes did occur?

2.13.



24 CHAPTER 2. PROBABILITY

A marketing director considers that there’s “overwhelming agreement” in a
5-member focus group when either 4 or 5 people like or dislike the product.*
If, in fact, the product’s popularity is 50% (so that all outcomes are equally
likely), what is the probability that the focus group will be in “overwhelming
agreement” about it? Is the marketing director making a judgement error in
declaring such agreement “overwhelming”?

2.14.
A die is tossed 5 times. Find the probability that we will have 4 of a kind.

2.15.

In a lottery, 6 numbers are drawn out of 45. You hit a jackpot if you guess
all 6 numbers correctly, and get $400 if you guess 5 numbers out of 6. What
are the probabilities of each of those events?

2.16.

A fuse box contains 20 fuses of which 5 are defective. You grab 2 fuses at
random. What is the probability that both fuses are defective?

2.17.

How many distinct ways are there to permute the letters in the word PROB-
ABILITY?

2.18.

Eight tires of different brands are ranked 1 to 8 (best to worst) according
to mileage performance. If four of these tires are chosen at random by a
customer, find the probability that the best tire among the four selected by
the customer is actually ranked third among the original eight.
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Pascal’s triangle and binomial coefficients

Long before Pascal, this triangle has been described by several Oriental scholars.
It was used in the budding discipline of probability theory by the French
mathematician Blaise Pascal (1623-1662). The construction begins by writing 1’s
along the sides of a triangle and then filling it up row by row so that each number
is a sum of the two numbers immediately above it.

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 \10/ 10 5 1

A step in construction

The number in each cell represents the number of downward routes from the
vertex to that point (can you explain why?). It is also a number of ways to choose
r objects out of n (can you explain why?), that is, (?)

1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
The first 10 rows

The combinations numbers are also called binomial coefficients and are seen in
Calculus. Namely, they are the terms in the expansion

s =3 (M

Note that, if you let a = b = 1/2, then on the right-hand side of the sum you will
get the probabilities <n>

P(a is chosen r times and b is chosen n — r times) = “on
and on the left-hand side you will have 1 (the total of all probabilities).
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2.6 Conditional probability and independence

Humans often have to act based on incomplete information. If your boss
has looked at you gloomily, you might conclude that something’s wrong with
your job performance. However, if you know that she just suffered some losses
in the stock market, this extra information may change your assessment of
the situation. Conditional probability is a tool for dealing with additional
information like this.

Conditional probability is the probability of an event occurring given the
knowledge that another event has occurred. The conditional probability of
event A occurring, given that event B has occurred is denoted by P(A|B)
and is read “probability of A given B”.

Definition 2.9. Conditional probability
The conditional probability of event A given B is

P(AN B)

PUAIB) = =55

for P(B) > 0 (2.4)

Reduced sample space approach

In case when all the outcomes are equally likely, it is sometimes easier to find
conditional probabilities directly, without having to apply equation (2.4). If
we already know that B has happened, we need only to consider outcomes
in B, thus reducing our sample space to B. Then,

P(A|B) = Number of outcomes in AB

Number of outcomes in B
For example, P(a die is 3| a die is odd) = 1/3 and

P(a die is 4| a die is odd) = 0.

Example 2.17.

Let A = {a family has two boys} and B = {a family of two has at least one boy}
Find P(A|B).
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Solution. The event B contains the following outcomes: (B, B), (B,G) and
(G, B). Only one of these is in A. Thus, P(A|B) =1/3.

However, if I know that the family has two children, and I see one of
the children and it’s a boy, then the probability suddenly changes to 1/2.
There is a subtle difference in the language and this changes the conditional
probability!* O

Statistical reasoning

Suppose I pick a card at random from a pack of playing cards, without
showing you. I ask you to guess which card it is, and you guess the five of
diamonds. What is the probability that you are right? Since there are 52
cards in a pack, and only one five of diamonds, the probability of the card
being the five of diamonds is 1/52.

Next, I tell you that the card is red, not black. Now what is the probability
that you are right? Clearly you now have a better chance of being right than
you had before. In fact, your chance of being right is twice as big as it was
before, since only half of the 52 cards are red. So the probability of the card
being the five of diamonds is now 1/26. What we have just calculated is a
conditional probability—the probability that the card is the five of diamonds,
given that it is red.

If we let A stand for the card being the five of diamonds, and B stand for
the card being red, then the conditional probability that the card is the five
of diamonds given that it is red is written P(A|B).

In our case, P(A N B) is the probability that the card is the five of
diamonds and red, which is 1/52 (exactly the same as P(A), since there are
no black fives of diamonds!). P(B), the probability that the card is red, is
1/2. So the definition of conditional probability tells us that P(A|B) = 1/26,
exactly as it should. In this simple case we didn’t really need to use a formula
to tell us this, but the formula is very useful in more complex cases.

If we rearrange the definition of conditional probability, we obtain the
multiplication rule for probabilities:

P(AN B) = P(A|B)P(B) (2.5)

The next concept, statistical independence of events, is very important.

! Always read the fine print!



28 CHAPTER 2. PROBABILITY

Definition 2.10. Independence

The events A and B are called (statistically) independent if

P(AN B) = P(A)P(B) (2.6)

Another way to express independence is to say that the knowledge of B oc-
curring does not change our assessment of P(A). This means that P(A|B) =
P(A). (The probability that a person is female given that he or she was born
in March is just the same as the probability that the person is female.)

Equation (2.6) is often called simplified multiplication rule because it can
be obtained from (2.5) by substituting P(A|B) = P(A).

Example 2.18.

For a coin tossed twice, denote H; the event that we got Heads on the first
toss, and H is the Heads on the second. Clearly, P(H,) = P(Hy) = 1/2.
Then, counting the outcomes, P(H;Hy) = 1/4 = P(H,)P(H), therefore H;
and H, are independent events. This agrees with our intuition that the result
of the first toss should not affect the chances for Hy to occur. O

The situation of the above example is very common for repeated experiments,
like rolling dice, or looking at random numbers etc.

Definition 2.10 can be extended to more than two events, but it’s fairly
difficult to describe.?2 However, it is often used in this context:

If events Ay, A, ..., A; are independent, then

For example, if we tossed a coin 5 times, the probability that all are Heads
is P(Hy) x P(H3) x ... x P(Hs) = (1/2)% = 1/32. However, this calculation
also extends to outcomes with unequal probabilities.

Example 2.19.

Three bits (0 or 1 digits) are transmitted over a noisy channel, so they will
be flipped independently with probability 0.1 each. What is the probability

2For example, the relation P(ABC) = P(A)P(B)P(C) does not guarantee that the
events A, B, C are independent.
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that
a) At least one bit is flipped
b) Ezactly one bit is flipped?

Solution. a) Using the complement rule, P(at least one) = 1 — P(none). If
we denote Fj, the event that kth bit is flipped, then P(no bits are flipped) =
P(F|F,F3) = (1 —0.1)® due to independence. Then,

P(at least one) = 1 — 0.9° = 0.271

b) Flipping exactly one bit can be accomplished in 3 ways:

P(exactly one) = P(F\FyF})+P(F|FyF})+P(F|F;F;) = 3(0.1)(1—0.1)> = 0.243

It is slightly smaller than the one in part (a). O

Self-test questions
Suppose you throw two dice, one after the other.
a) What is the probability that the first die shows a 27

b) What is the probability that the second die shows a 27

d

)

¢) What is the probability that both dice show a 27
) What is the probability that the dice add up to 47
)

e) What is the probability that the dice add up to 4 given that the first
die shows a 27

f) What is the probability that the dice add up to 4 and the first die
shows a 27

Answers:
a) The probability that the first die shows a 2 is 1/6.
b) The probability that the second die shows a 2 is 1/6.

¢) The probability that both dice show a 2 is (1/6)(1/6) = 1/36 (using
the special multiplication rule, since the rolls are independent).
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d) For the dice to add up to 4, there are three possibilities—either both dice
show a 2, or the first shows a 3 and the second shows a 1, or the first
shows a 1 and the second shows a 3. Each of these has a probability
of (1/6)(1/6) 3= 1/36 (using the special multiplication rule, since the
rolls are independent). Hence the probability that the dice add up to 4
is 1/36 + 1/36 + 1/36 = 3/36 = 1/12 (using the special addition rule,
since the outcomes are mutually exclusive).

e) If the first die shows a 2, then for the dice to add up to 4 the second
die must also show a 2. So the probability that the dice add up to 4
given that the first shows a 2 is 1/6.

f) Note that we cannot use the simplified multiplication rule here, because
the dice adding up to 4 is not independent of the first die showing a
2. So we need to use the full multiplication rule. This tells us that
probability that the first die shows a 2 and the dice add up to 4 is
given by the probability that the first die shows a 2, multiplied by the
probability that the dice add up to 4 given that the first die shows a 2.
This is (1/6)(1/6) = 1/36.
Alternatively, see part (¢). O

Example 2.20. Trees in conditional probability
Suppose we are drawing marbles from a bag that initially contains 7 red and

3 green marbles. The drawing is without replacement, that is after we draw
the first marble, we do not put it back. Let’s denote the events

Ry = { the first marble isred } = Ry = { the second marble is red }

G1 = { the first marble is green }  and so on.

Let’s fill out the tree representing the consecutive choices. See Figure 2.2.
The conditional probability P(Ry | R;) can be obtained directly from reason-
ing that after we took the first red marble, there remain 6 red and 3 green
marbles. On the other hand, we could use the formula (2.4) and get
P(R.Ry)  42/90 2

(x| 1) P(R;) 7/10 ~ 3
where the probability P(RyR;) — same as P(RyRy) — can be obtained from
counting the outcomes

P(R1R2) = (1L0 - 120**19 ~oaon _ q1E
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Second marble

P(R2IR1) =6/9

First marble

P(Ry) =7/10
P(R,G,) =21/90

P(R2|G1) =7/9

P(GiR,) =7
P(G;) =3/10

P(G,|Gy) =2/ P(G1G,) =72

Figure 2.2: Tree diagram for marble choices

Now, can you tell me what P(Ry) and P(R; | R2) are? Maybe you know the
answer already. However, we will get back to this question in Section 2.7.

i

Example 2.21.

Suppose that of all individuals buying a certain digital camera, 60% include
an optional memory card in their purchase, 40% include a set of batteries,
and 30% include both a card and batteries. Consider randomly selecting a
buyer and let A={memory card purchased} and B= {battery purchased}.
Then find P(A|B) and P(B|A).

Solution. From given information, we have P(A) = 0.60, P(B) = 0.40, and
P(both purchased) = P(A N B) =0.30. Given that the selected individual
purchased an extra battery, the probability that an optional card was also
purchased is

P(ANnB) 0.30

P(A|B) = P(B) 040

=0.75

That is, of all those purchasing an extra battery, 75% purchased an optional
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memory card. Similarly

P(BNA)  0.30

P(battery | memory card) = P(B|A) = P(A) 060 = 0.50
Notice that P(A|B) # P(A) and P(B|A) # P(B), that is, the events A and
B are dependent. O
Exercises
2.19.

A year has 53 Sundays. What is the conditional probability that it is a leap
year?

2.20.
Let events A, B have positive probabilities. Show that, if P(A|B) = P(A)
then also P(B|A) = P(B).

2.21.

The level of college attainment of US population by racial and ethnic group
in 1998 is given in the following table?

Racial or Eth- Number of Percentage Percentage Percentage
nic Group Adults with with with
(Millions) Associate’s Bachelor’s Graduate or
Degree Degree Professional
Degree
Native Americans 1.1 6.4 6.1 3.3
Blacks 16.8 5.3 7.5 3.8
Asians 4.3 7.7 22.7 13.9
Hispanics 11.2 4.8 5.9 3.3
Whites 132.0 6.3 13.9 7.7

The percentages given in the right three columns are conditional percentages.
a) How many Asians have had a graduate or professional degree in 19987
b) What percent of all adult Americans has had a Bachelor’s degree?

c¢) Given that the person had an Associate’s degree, what is the probability
that the person was Hispanic?
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2.22.

The dealer’s lot contains 40 cars arranged in 5 rows and 8 columns. We pick

one car at random. Are the events A = {the car comes from an odd-numbered row}
and B = {the car comes from one of the last 4 columns} independent? Prove

your point of view.

2.23.

You have sent applications to two colleges. If you are considering your
chances to be accepted to either college as 60%, and believe the results are
statistically independent, what is the probability that you'll be accepted to
at least one?

How will your answer change if you applied to 5 colleges?

2.24.
Show that, if the events A and B are independent, then so are A’ and B’

2.25.
In a high school class, 50% of the students took Spanish, 25% took French
and 30% of the students took neither.

Let A = event that a randomly chosen student took Spanish, and B =
event that a student took French. Fill in either the Venn diagram or a 2-way
table and answer the questions:

a) Describe in words the meaning of the event AB’. Find the probability
of this event.

B | B

b) Are the events A, B independent? Explain with numbers why or why
not.

c) If it is known that the student took Spanish, what are the chances that
she also took French?
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2.26.

One half of all female physicists are married. Among those married, 50% are
married to other physicists, 29% to scientists other than physicists and 21%
to nonscientists. Among male physicists, 74% are married. Among them, 7%
are married to other physicists, 11% to scientists other than physicists and
82% to nonscientists.®> What percent of all physicists are female? [Hint: This
problem can be solved as is, but if you want to, assume that physicists comprise
1% of all population.

2.27.

Error-correcting codes are designed to withstand errors in data being sent
over communication lines. Suppose we are sending a binary signal (consisting
of a sequence of 0’s and 1’s), and during transmission, any bit may get flipped
with probability p, independently of any other bit. However, we might choose
to repeat each bit 3 times. For example, if we want to send a sequence 010,
we will code it as 000111000. If one of the three bits flips, say, the receiver
gets the sequence 001111000, he will still be able to decode it as 010 by
majority voting. That is, reading the first three bits, 001, he will interpret
it as an attempt to send 000. However, if two of the three bits are flipped,
for example 011, this will be interpreted as an attempt to send 111, and thus
decoded incorrectly.

What is the probability of a bit being decoded incorrectly under this
scheme?4

2.28. x

Give an example of events A, B, C' such that they are pairwise independent
(i.e. P(AB) = P(A)P(B) etc.) but P(ABC) # P(A)P(B)P(C). [Hint:

You may build them on a sample space with 4 elementary outcomes.]
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2.7 Bayes Rule

Events By, Bs, ..., By are said to be a partition of the sample space S if the
following two conditions are satisfied.

a) B;B; = () for each pair 1, j
b) BiUB,U---UBy =S

Consider a case when k = 2:
The event A can be written as the union of mutually exclusive events AB;
and AB,, that is

A=ABiUAB,

P(A) = P(AB;) + P(ABy)
If the conditional probabilities of P(A|B;) and P(A|Bs) are known, that is
P(AB) P(AB,)
P(By) P(B,)

P(A|B,) = and  P(A|B;) =

then
P(4) = P(A|B)P(B)) + P(A[By) P(By).

Figure 2.3: Partition By, By, ..., By and event A (inside of the oval).

Suppose we want to find probability of the form P(B;|A), which can be
written as

P(AB1) _ P(A|B1) P(Bi)

PO =T T e
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therefore
P(By)P(A|B)

P(B1)P(A|B1) + P(Bz)P(A|B)
This calculation generalizes to k > 2 events as follows.

P(B1|A) =

Theorem 2.7. Bayes Rule

If By, By, ..., By form a partition of the sample space S such that P(B;) # 0
fori=1,2,...,k, then for any event A of S,

k k
P(A) =Y P(B;NA) =Y P(B;)P(AB) (2.8)
Subsequently,
ey P(B,)P(AIB,)
P(B;|A) = PA) (2.9)

The equation (2.8) is often called Law of Total Probability.

Example 2.22.

At a certain assembly plant, three machines make 30%, 45%, and 25%, re-
spectively, of the products. It is known from the past experience that 2%, 3%,
and 2% of the products made by each machine, respectively, are defective.
Now, suppose that a finished product is randomly selected.

a) What is the probability that it is defective?

b) If a product were chosen randomly and found to be defective, what is
the probability that it was made by machine 37

Solution. Consider the following events:
A: the product is defective
By : the product is made by machine 1,
Bs : the product is made by machine 2,
Bj : the product is made by machine 3.
Applying additive and multiplicative rules, we can write
(a) P(A) = P(B1)P(A|By) + P(B2) P(A|By) + P(B3) P(A|Bs) =
= (0.3)(0.02) + (0.45)(0.03) + (0.25)(0.02) = 0.006 + 0.0135 + 0.005 = 0.0245
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(b) Using Bayes’ rule
P(Bs)P(A[Bs)  0.005

P(Bs|A) = = = 0.2041
(BslA) P(A) 0.0245
This calculation can also be represented using a tree

0.02 0.3 x 0.02 = 0.006

0.3
0.03 0.0135

0.45
0.97

0-2 0.02 0.005

Here, the first branching represents probabilities of the events B;, and the
second branching represents conditional probabilities P(A | B;). The proba-
bilities of intersections, given by the products, are on the right. P(A) is their
sum. O]

Example 2.23.

A rare genetic disease (occuring in 1 out of 1000 people) is diagnosed using
a DNA screening test. The test has false positive rate of 0.5%, meaning that
P(test positive | no disease) = 0.005. Given that a person has tested positive,
what is the probability that this person actually has the disease?

First, guess the answer, then read on.

Solution. Let’s reason in terms of actual numbers of people, for a change.
Imagine 1000 people, 1 of them having the disease. How many out of 1000
will test positive? One that actually has the disease, and about 5 disease-free
people who would test false positive.> Thus, P(disease | test positive) ~ 1/6.

3a) Of course, of any actual 1000 people, the number of people having the disease and
the number of people who test positive will vary randomly, so our calculation only makes
sense when considering averages in a much larger population. b) There’s also a possibility
of a false negative, i.e. person having the disease and the test coming out negative. We
will neglect this, quite rare, event.
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It is left as an exercise for the reader to write down the formal probability
calculation. N

Exercises

2.29.

Lucy is undecided as to whether to take a Math course or a Chemistry course.
She estimates that her probability of receiving an A grade would be % in a
math course, and % in a chemistry course. If Lucy decides to base her decision
on the flip of a fair coin, what is the probability that she gets an A?

2.30.

Of the customers at a gas station, 70% use regular gas, and 30% use diesel.
Of the customers who use regular gas, 60% will fill the tank completely, and
of those who use diesel, 80% will fill the tank completely.

a) What percent of all customers will fill the tank completely?

b) If a customer has filled up completely, what is the probability it was a
customer buying diesel?

2.31.

In 2004, 57% of White households directly and/or indirectly owned stocks,
compared to 26% of Black households and 19% of Hispanic households.> The
data for Asian households is not given, but let’s assume the same rate as for
Whites. Additionally, 77% of households are classified as either White or

Asian, 12% as African American, and 11% as Hispanic.

a) What proportion of all families owned stocks?

b) If a family owned stock, what it the probability it was White/Asian?

2.32.

For an on-line electronics retailer, 5% of customers who buy Zony digital
cameras will return them, 3% of customers who buy Lucky Star digital cam-
eras will return them, and 8% of customers who buy any other brand will
return them. Also, among all digital cameras bought, there are 20% Zony’s
and 30% Lucky Stars.

Fill in the tree diagram and answer the questions.
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(a) What percent of all cameras are returned?

(b) If the camera was just returned, what is the probability it is a Lucky
Star?

(c) What percent of all cameras sold were Zony and were not returned?

P(ABy) =

2.33. x
This is the famous Monty Hall problem.® A contestant on a game show is

asked to choose among 3 doors. There is a prize behind one door and nothing
behind the other two. You (the contestant) have chosen one door. Then, the
host is flinging one other door open, and there’s nothing behind it. What
is the best strategy? Should you switch to the remaining door, or just stay
with the door you have chosen? What is your probability of success (getting
the prize) for either strategy?

2.34. %
There are two children in a family. We overheard about one of them referred

to as a boy.
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a) Find the probability that there are 2 boys in the family.

b) Suppose that the oldest child is a boy. Again, find the probability that
there are 2 boys in the family.” [Why is it different from part (a)?]

Chapter exercises

2.35.

At a university, two students were doing well for the entire semester but
failed to show up for a final exam. Their excuse was that they traveled out
of state and had a flat tire. The professor gave them the exam in separate
rooms, with one question worth 95 points: “which tire was it?”. Find the
probability that both students mentioned the same tire.®

2.36.

In firing the company’s CEO, the argument was that during the six years
of her tenure, for the last three years the company’s market share was lower
than for the first three years. The CEO claims bad luck. Find the probability
that, given six random numbers, the last three are the lowest among six.

Notes

I Taken from Leonard Mlodinow, The Drunkard’s Walk

2Source: US Department of Education, National Center for Education Statistics, as
reported in Chronicle of Higher Education Almanac, 1998-1999, 2000.

3Laurie McNeil and Marc Sher. The dual-career-couple problem. Physics Today, July
1999.

4see David MacKay, Information Theory, Inference, and Learning Algorithms, 640
pages, Published September 2003.

Downloadable from http://www.inference.phy.cam.ac.uk/itprnn/book.html
®According to "http://www.highbeam.com/doc/1G1-167842487 .html" , Consumer In-
terests Annual, January 1, 2007 by Hanna, Sherman D.; Lindamood, Suzanne

6There are some interesting factoids about this in Mlodinow’s book, including Marylin
vos Savant’s column and scathing replies from academics, who believed that the probability
was 50%.

"Puzzle cited by Martin Gardner, mentioned in Math Horizons, Sept. 2010. See also the
discussion at http://www.stat.columbia.edu/"cook/movabletype/archives/2010/05/
hype_about_cond.html

8This example is also from Mlodinow’s book.



Chapter 3

Discrete probability
distributions

3.1 Discrete distributions

In this chapter, we will consider random quantities that are usually called
random variables.

Definition 3.1. Random variable

A random variable (RV) is a number associated with each outcome of some
random experiment.

One can think of the shoe size of a randomly chosen person as a random
variable. We have already seen the example when a die was rolled and a
number was recorded. This number is also a random variable.

Example 3.1.

Toss two coins and record the number of heads: 0, 1 or 2. Then the following
outcomes can be observed.

Outcome TT | HT | TH | HH
Number of heads | 0 1 1 2

The random variables will be denoted with capital letters X,Y, Z, ... and the
lowercase x would represent a particular value of X. For the above example,
x = 2 if heads comes up twice. Now we want to look at the probabilities of

41
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the outcomes. For the probability that the random variable X has the value
x, we write P(X = z), or just p(z).
For the coin flipping random variable X, we can make the table:

x 0 1 2
p(z) | 1/4 1 1/2 | 1/4

This table represents the probability distribution of the random variable X.

Definition 3.2. Probability mass function

countable number of possible values x. In this case,
a) P(X =z)=px(z) >0

b) >, P(X =) = 1, where the sum is over all possible =

of X.

A random variable X is said to be discrete if it can take on only a finite or

The function px(x) or simply p(z) is called probability mass function (PMF)

What does this actually mean? A discrete probability function is a func-
tion that can take a discrete number of values (not necessarily finite). This
is most often the non-negative integers or some subset of the non-negative
integers. There is no mathematical restriction that discrete probability func-
tions only be defined at integers, but we will use integers in many practical
situations. For example, if you toss a coin 6 times, you can get 2 heads or 3
heads but not 2.5 heads.

Each of the discrete values has a certain probability of occurrence that is
between zero and one. That is, a discrete function that allows negative values
or values greater than one is not a PMF'. The condition that the probabilities
add up to one means that one of the values has to occur.

Example 3.2.

A shipment of 8 similar microcomputers to a retail outlet contains 3 that are
defective. If a school makes a random purchase of 2 of these computers, find
the probability mass function for the number of defectives.

Solution. Let X be a random variable whose values x are the possible num-
bers of defective computers purchased by school. Then x must be 0,1 or 2.
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Then,
ror-0- -
o= = bl - 3
pox ===

Thus, the probability mass function of X is

x 0 1 2

10 | 15 | 3
28 | 28 | 28

p(x)

Definition 3.3. Cumulative distribution function

The cumulative distribution function (CDF) F(x) for a random variable X is
defined as
F(z)=P(X <x)

If X is discrete,

F(z) =) »(y)

y<z

where p(x) is the probability mass function.

Properties of discrete CDF
a) xEr_noo F(z)=0
b) xh_glo F(x)=1
¢) F(x) is non-decreasing
d) ple) = F(z) — F(z—) = F(z) - lim F(y)

ytz
In words, CDF of a discrete RV is a step function, whose jumps occur at the
values z for which p(x) > 0 and are equal in size to p(z). It ranges from 0
on the left to 1 on the right.
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Example 3.3.

Find the CDF of the random variable from Example 3.2. Using F'(z), verify
that P(X =1) = 15/28.

Solution. The CDF of the random variable X is:
F(0) = p(0) = 33
F(1) =p(0) +p(1) = 3
F(2) =p(0) +p(1) +p(2) = 55 = 1.

Hence,
0 for x <0
B 10/28 for0<z <1
F@) =19 2528 for 1 <z <2 (3.1)
1 for x > 2
Now, P(X = 1) =p(1) = F(1) = F(0) = 33 — ¥ = 3. a

Graphically, p(x) can be represented as a probability histogram where the
heights of the bars are equal to p(x).
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Figure 3.1: PMF and CDF for Example 3.3



3.1. DISCRETE DISTRIBUTIONS 45

Exercises

3.1.

Suppose that two dice are rolled independently, with outcomes X; and Xs.
Find the distribution of the random variable Y = X; 4+ X5. [Hint: It’s easier
to visualize all the ourcomes if you make a two-way table.]

3.2.
What constant ¢ makes p(x) a valid PMF?

a) p(x) =cforx=1,2,...,5.
b) p(x) = c(x® + 1) for z =0,1,2,3.

c) p(x) =cx (3> forx =1,2,3.
x

3.3.
The CDF of a discrete random variable X is shown in the plot below.

CDF

1.0

0.8
|

F(x)
0.6
|

0.4

0.2

0.0
|

Find the probability mass function px(z) (make a table)

3.4.

For an on-line electronics retailer, X = the number of Zony digital cameras
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returned per day follows the distribution given by
v | 0 123 ] 45|
p(z) [0.05]01]7]02]0.25]0.1]
(a) Fill in the “?”
(b) Find P(X > 3)
(c) Find the CDF of X (make a table).

3.2 Expected values of Random Variables

One of the most important things we’d like to know about a random variable
is: what value does it take on average? What is the average price of a
computer? What is the average value of a number that rolls on a die?

Definition 3.4. Expected value (mean)

mass function p(z) is given by

E(X) =Y ap)

We will sometimes use the notation E (X) = p.

The mean or expected value of a discrete random variable X with probability

Theorem 3.1. Expected value of a function

g(x) is a real valued function of x, then

If X is a discrete random variable with probability mass function p(x) and if

Definition 3.5. Variance
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The variance of a random variable X with expected value p is given by
V(X)=0*=E(X —p)’ =E(X?) — %,

where

E(X?) = Z 2% p(z).

The variance defines the average (or expected) value of the squared dif-
ference from the mean.
If we use V(X) = E (X — p)? as a definition, we can see that

V(X) =E(X—p)?* =E(X*-2uX+p%) = E (X*)=2uE (X)+p* = E (X*) -4
due to the linearity of expectation (see Theorem 3.2 below).

Definition 3.6. Standard deviation

The standard deviation of a random variable X is the square root of the
variance, and is given by

7=V = VEX P

The mean describes the center of the probability distribution, while stan-
dard deviation describes the spread. Larger values of ¢ signify a distribution
with larger variation. This will be undesirable in some situations, e.g. indus-
trial process control, where we would like the manufactured items to have
identical characteristics. On the other hand, a degenerate random variable
X that has P(X = a) = 1 for some value of a is not random at all, and it
has the standard deviation of 0.

Example 3.4.

The number of fire emergencies at a rural county in a week, has the following
x 0|1 ]| 2| 3|4

P(X =) |0.52]0.28]0.14 | 0.04 | 0.02

distribution

Find E (X), V(X) and o.
Solution. From Definition 3.4, we see that

E (X) = 0(0.52) + 1(0.28) + 2(0.14) + 3(0.04) + 4(0.02) = 0.76 = p
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and from definition of E (X?), we get

E (X?) = 0%(0.52) + 17(0.28) + 22(0.14) + 32(0.04) + 42(0.02) = 1.52
Hence, from Definition 3.5, we get
V(X)=E(X?) — u® =152~ (0.76)* = 0.9424
Now, from Definition 3.6, the standard deviation o = 1/0.8456 = 0.9708. [

Theorem 3.2. Linear functions

For any random variable X and constants a and b,

a) E(aX +0b) =adE(X)+0b

E
b) V(aX +b) = a*V(X) = a®o?

d

)
)

) Ouxib = |alo.
) For several RV’s, X, X, ..., X},

E(X;+Xo+ ...+ X)) =E(X)+E(Xy) +... + E(Xy)

Example 3.5.

Let X be a random variable having probability mass function given in Ex-
ample 3.4. Calculate the mean and variance of g(X) =4X + 3.

Solution. In Example 3.4, we found E (X) = p = 0.88 and V' (X) = 0.8456.
Now, using Theorem 3.2,

E(g(X)) = 4E (X) + 3 = 4(0.88) + 3 = 3.52 + 3 = 6.52

and  V(g(X)) =42V(X) = 16(0.8456) = 13.5296

Theorem 3.3. Chebyshev Inequality
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Let X be a random variable with mean p and a variance o2. Then for any
positive k,

1
P(X =l > ko) < -

The inequality in the statement of the theorem is equivalent to

1

P(,u—lm<X</¢-l—kcr)>1—§

To interpret this result, let k£ = 2, for example. Then the interval from u— 20

to u + 20 must contain at least 1 — k% =1- i = % of the probability mass
for the random variable.

Chebyshev inequality is useful when the mean and variance of a RV are known
and we would like to calculate estimates of some probabilities. However, these
estimates are usually quite crude.

Example 3.6.

The performance period of a certain car battery is known to have a mean of
30 months and standard deviation of 5 months.
a) Estimate the probability that a car battery will last at least 18 months.
b) Give a range of values to which at least 90% of all batteries’ lifetimes
will belong.

Solution. (a) Let X be the battery performance period. Calculate k such
that the value of 18 is k£ standard deviations below the mean: 18 = 30 — 5k,
therefore k = (30 — 18)/5 = 2.4. From Chebyshev’s theorem we have

P(30 -5k < X <30+5k) >1—1/k*=1-—1/2.4* =0.826

Thus, at least 82.6% of batteries will make it to 18 months. (However, in
reality this percentage could be much higher, depending on distribution.)
(b) From Chebyshev’s theorem we have

1

P(,u—k0<X<u+/{:U)>1—ﬁ

According to the problem set 1— k—IQ = (.90 and solve for k, we get k£ = /10 =
3.16. Hence, the desired interval is between 30 — 3.16(5) and 30 + 3.16(5) =
14.2 to 45.8 months. [
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Example 3.7.

The number of customers per day at a certain sales counter, X, has a mean
of 20 customers and standard deviation of 2 customers. The probability
distribution of X is not known. What can be said about the probability that
X will be between 16 and 24 tomorrow?

Solution. We want P(16 < X < 24) = P(15 < X < 25). From Chebyshev’s

theorem )

P(u—ko<X<,u+ka)21—E
given p = 20,0 = 2 we set u — ko = 15 and hence k = 2.5. Thus, P(16 <
X <24)>1— 5 =0.84.

6.25
So, tomorrow’s customer total will be between 16 and 24 with probability at
least 0.84. ]
Exercises

3.5.

Timmy is selling cholocates door to door. The probability distribution of X,
the number of cholocates he sells in each house, is given by

x 0|1 ] 2 [3] 4
P(X =x)|045]0.25]0.15 | 0.1 | 0.05

Find the expected value and standard deviation of X.

3.6.

In the previous exercise, suppose that Timmy earns 50 cents for school from
each purchase. Find the expected value and standard deviation of his earn-
ings per house.

3.7.

A dollar coin, a quarter, a nickel and a dime are tossed. I get to pocket all
the coins that came up heads. What are my expected winnings?

3.8.

Consider X with the distribution of a random digit, p(x) = 1/10, z =
0,1,2,...,9

a) Find the mean and standard deviation of X.
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b) According to Chebyshev’s inequality, estimate the probability that a
random digit will be between 1 and 8, inclusive. Compare to the actual
probability.

3.9.

In the Numbers game, two players choose a random number between 1 and
6, and compute the absolute difference.

That is, if Player 1 gets the number Y7, and Player 2 gets Y5, then they find

X =1 =Y,

a) Find the distribution of the random variable X (make a table). [Hint:
consider all outcomes (y1,y2).]

b) Find the expected value and variance of X, and E (X?)

c¢) If Player 1 wins whenever the difference is 3 or more, and Player 2 wins
whenever the difference is 2 or less, who is more likely to win?

d) If Player 1 bets $1, what is the value that Player 2 should bet to make
the game fair?

3.10. “Baker’s problem” %
A shopkeeper is selling the quantity X (between 0 and 3) of a certain item
per week, with a given probability distribution:

T 0 1 2 3
p(z) | 0.05 0.2 0.5 0.25

For each item bought, the profit is $50. On the other hand, if the item
is stocked, but was not bought, then the cost of upkeep, insurance etc. is
$20. At the beginning of the week, the shopkeeper stocks a items.

For example, if 3 items were stocked, then the expected profit can be calcu-
lated from the following table:

y | —%60 $10 $80 $150
ply) | 0.05 0.2 0.5 0.25

Y = Profit

a) What is the expected profit if the shopkeeper stocked a = 3 items?

b) What is the expected profit if the shopkeeper stocked a = 1 and a = 2
items? [You’ll need to produce new tables for Y first.]

¢) Which value of a maximizes the expected profit?
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3.3 Bernoulli distribution

Let X be the random variable denoting the condition of the inspected item.
Agree to write X = 1 when the item is defective and X = 0 when it is
not. (This is a convenient notation because, once we inspect n such items,
X1, X, ..., X,, denoting their condition, the total number of defectives will
be given by X7 + Xo + ... + X,,.)

Let p denote the probability of observing a defective item. The probability
distribution of X, then, is given by

v | 0]1]
px) q=1-p|p]

Such a random variable is said to have a Bernoulli distribution. Note that

E(X) =Y ap(x) =0xp(0)+1xp(1)=0(q)+1(p) =p and

E(X%) =) «’p(x) =0(q) + 1(p) = p.
Hence, V(X) =E(X?) - (EX)? = p — p* = pq.

3.4 Binomial distribution

Now, let us inspect n items and count the total number of defectives. This
process of repeating an experiment n times is called Bernoulli trials. The
Bernoulli trials are formally defined by the following properties:

a) The result of each trial is either a success or a failure
b)
¢) The trials are independent
d)

The probability of success p is constant from trial to trial.

The random variable X is defined to be the number of successes in n
repeated trials

This situation applies to many random processes with just two possible out-
comes: a heads-or-tails coin toss, a made or missed free throw in basketball
etct. We arbitrarily call one of these outcomes a success and the other a

failure.

'However, we have to make sure that the probability of success remains constant. Thus,
for example, wins or losses in a series of football games may not be a Bernoulli experiment!
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Definition 3.7. Binomial RV

Assume that each Bernoulli trial can result in a success with probability p
and a failure with probability ¢ = 1 — p. Then the probability distribution of
the binomial random variable X, the number of successes in n independent
trials, is

n

P(X =k)= <k) PP kE=0,1,2,...,n.
The mean and variance of the binomial distribution are

E(X)=p=np and V(X)=o0"=npq.

We can notice that the mean and variance of the Binomial are n times larger
than those of the Bernoulli random variable.

o
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Figure 3.2: Binomial PMF": left, with n = 60, p = 0.6; right, with n = 15,
p=0.5

Note that Binomial distribution is symmetric when p = 0.5. Also, two
Binomials with the same n and py; = 1 — p; are mirror images of each