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Abstract

We propose to study three-dimensional free-boundary problem on
the propagation of incompressible, homogeneous and inviscid �uid with
zero surface tension con�ned in a channel of variable depth. Since
Coriolis forces are dynamically signi�cant in oceanographic applica-
tions, our model will be considered in a rotating reference frame. The
proposed research focuses on the experimentally veri�ed mathematical
theory of the stationary propagation of �uid bounded by a rigid bot-
tom of variable depth and a free surface. This project aims to provide
a rigorous proof that the nontrivial solution to the problem represents
three-dimensional weakly nonlocal solitary wave surrounded by small
amplitude oscillatory disturbances in the far-�eld pro�le. The result-
ing solitary wave will be given by the Rotation-Modi�ed Korteweg-de
Vries equation (RMKdV), which applies when the Coriolis forces are
signi�cant: (b1�xxx + b2��x + b3�x)x + �

2� = 0 where x is the down-
channel coordinate and the parameter � depends on the Coriolis force
and topography of the channel. The coe¢ cients bi (i = 1; 2; 3) of the
resulting RMKdV equation depend on the transverse topography of
the channel. The shape and the amplitude of the propagating wave
will be determined numerically for di¤erent bottom pro�les. To this
end, the orthogonal spline collocation method will be employed. The
energy radiation of the resulting three-dimensional solitary wave will
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be analyzed experimentally to show that the radiation is proportional
to the small parameter corresponding to the rate of the Earth�s rota-
tion. Additionally, joint experimental and numerical simulations will
be conducted in channels of variable geometries to approximate the
optimal channel shape for the maximal/ minimal energy radiation.
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1 Introduction

The most familiar types of wave are probably surface gravity waves on a
large body of water, e.g., ocean waves and waves on the surface of lakes and
rivers. Surface waves are nonlinear mechanical waves that propagate along
the interface between water and air, the restoring force is provided by grav-
ity, and so they are often referred to as surface gravity waves. Study of such
waves is essential for understanding and control of many important natural
phenomena, such as surface waves generated by wind or earthquakes, and
waves generated by ships (Wyatt &Hall [28], Miles [24]). In this project we
will study the stationary propagation of the homogeneous, incompressible
and inviscid �uid con�ned in a three-dimensional channel of variable depth.
Since Coriolis forces are dynamically signi�cant in oceanographic applica-
tions, the model is considered in a rotating reference frame. Our primary
concern is to show that the nontrivial solution to the problem is given by
three-dimensional nonlinear solitary wave. It turns out that, at least un-
der some restrictive conditions, the resulting solitary waves con�ned in a
channel of variable depth is always weakly nonlocal due to the radiation of
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long waves. In particular, it will be shown that the resulting solitary wave
is given by the Rotation-Modi�ed Korteweg-de Vries equation (RMKdV),
which applies when the Earth�s rotation is taken into account (Grimshaw
& Ostrovsky [16]): (b1�xxx + b2��x + b3�x)x + �

2� = 0 where x is is chosen
in the direction of wave propagation and parameter � depends on the Cori-
olis parameter and the shape of the bottom topography. The coe¢ cients
bi (i = 1; 2; 3) of the resulting RMKdV equation depend on the transverse
topography of the channel.

The main di¢ culty in free-boundary problems is nonlinear boundary
conditions that apply on the free surface, which itself is unknown. Since
the mathematical theory of surface waves is nonlinear and given the com-
plexity of the Navier-Stokes equations, most research on open channel �ow
is done either in linear approximation or in two and three dimensions with
the presence of surface tension and ignoring the Earth�s rotation. On one
hand, linearization is only an approximation to general nonlinear equations
of motion and, consequently, it fails to explain nonlinear free surface phe-
nomena. On the other hand, as a boundary-value problem, the zero sur-
face tension case is known to be ill-posed (Magdaleno et al. [23], Boyd &
Chen [7]). Therefore, in most free-boundary problems, surface tension acts
as a natural regulator of mathematical problem (the rigorous proof of the
existence of two-dimensional solitary waves with zero surface tension and
without the Earth�s rotation can be found, e.g., in Ibragimov [19]). How-
ever, the problem with surface tension is much more di¢ cult and usually
de�es the analytical treatment (in terms of spacial dynamics formulation,
waves with zero surface tension and zero rotation were recently analyzed
in Ibragimov & Pelinovsky [21] by using ideas of the Hamiltonian normal
forms which were developed recently by Groves & Haragus [17]). From a
practical standpoint, the extension to three dimensions with zero surface
tension and including the earth�s rotation is important since many large-
scale three-dimensional water-wave phenomena occur in the real world. For
example, waves generated by ships in rivers are the most familiar exam-
ple. Another example which is the subject of many research investigations
is waves in shallow water. When waves travel into areas of shallow water,
they are a¤ected by the ocean/ river bottom. Shallow water waves can
be used to model Rossby and Kelvin waves in the atmosphere, river and
lakes. Shallow water equations are especially suitable to model tides which
have very large length scales (over hundred of kilometers) (see e.g., Craig
[11], Ibragimov[19]). For the most large-scale real world phenomena such as
waves generated by winds, shallow water waves in rivers or tidal waves, in-
clusion of surface tension is not physical. In addition, for the most large scale
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wave phenomena, the Earth rotation cannot be ignored. In the latter case,
large-scale �uid motions exhibit quite di¤erent wave phenomena than non-
rotating �uids. The traditional examples of rotating �ows include storms,
some of the weather patterns on the rotating earth and surface waves in
rivers/ channels. Rotation-modi�ed gravity waves have been the subject of
intense study through laboratory experiments (Galkin & Stepanyants [14],
Ostrovsky & Stepanyants [26]), numerical models (see e.g., Boyd & Chen
[7]) and theory (Benilov [5], Grimshaw, He and Ostrovsky [16]). However,
no theoretical studies of three-dimensional surface waves with zero surface
tension a¤ected by the Earth�s rotation have been reported up to the date,
to the best of our knowledge.

The main contribution of the proposed project is to provide a uni�ed
asymptotic theory of three-dimensional �nite-amplitude waves in which the
Earth�s rotation can fully be accounted for. The cases of zero and non-zero
surface tension can be incorporated in the scope of this project.

The crucial di¤erences between the proposed research and previous stud-
ies is that we will investigate three-dimensional surface gravity waves with
zero surface tension. In addition, our analysis includes the Earth�s rotation
and we allow the bottom pro�le to be variable, not constant. The case of a
�at horizontal bottom will be incorporated in this paper a particular case.

2 Experimental model and problem geometry

We consider a three-dimensional free boundary problem on the large-scale
motion of perfect �uid over bottom with variable depth with zero surface ten-
sion. Since the �uid motion of large-scale �ows in the Earth�s atmosphere or
rivers is a¤ected by the rotation of the Earth, our model is considered in ro-
tating reference frame. In addition, the horizontal length scales in our model
are assumed much smaller than the radius of the Earth (= 6371 km) : There-
fore the curvature of the Earth can be ignored, and the motion will be studied
by adopting a local Cartesian system of coordinates. Two-dimensional free
boundary problem with zero surface tension accounting the non-zero curva-
ture of the Earth has been considered in Ibragimov [20], where it has been
shown that the inclusion of the Earth�s curvature complicates the mod-
elling equations and further analysis of solution; in particular, it imposes
additional relations between parameters of the problem due to periodicity
conditions. These relations are given in terms of elliptic integrals involving
nonlinear free-boundary conditions. In our proposed project, after drop-
ping the curvature of the Earth (due to scaling analysis as discussed above),

4



the coordinate x is chosen in the direction of wave propagation, which is
transverse to the coordinate y along the channel topography. The vertical
coordinate z changes between the rigid bottom at z = H(y) and the free
surface z = �(x; y): The domain of the �uid motion is given by

� = fx 2 R; y 2 [L1; L2] ; H(y) < z < � (x; y)g ;

where H(y) is a given function, and � (x; y) is to be determined. In what
follows we assume that H(y) is a piecewise smooth, compactly supported
function on the interval [L1; L2] for some 0 < L1 < L2 <1 (this assumption
has recently been justi�ed in Ibragimov & Pelinovsky [21]).

Without loss of generality, it is assumed hereafter that x is increasing
eastward and y northward. Then the components of angular velocity of
the Earth in the local Cartesian system are 
x = 0; 
y = 
cos � and

z = 
sin �; where 
 is the rate of the Earth�s rotation and � is a latitude
angle. Although the Coriolis parameter f = 2
 sin � (which is de�ned to be
twice the vertical component of the Coriolis force) varies with latitude, this
variation is important only for phenomena having very long length scales
(thousands of kilometers). Therefore, for the sake of simplicity, and without
loss of generality, we will assume f to be a constant, say, f0 = 2
 sin �0;where
�0 is the central latitude of the region under the proposed study. Addition-
ally, in our model the vertical scales for the coordinate z are considered to
be small compared to the radius of the Earth so that vertical motions can-
not achieve small Rossby numbers (which measure the relative strength of
the inertial acceleration and the Coriolis acceleration). Therefore, in our
model, the Coriolis forces are unimportant for the vertical motions. Cor-
respondingly, the only component of the Earth�s angular velocity that is
taken into account in our model for Coriolis forces is the one which couples
horizontal �ows to horizontal �ows: the vertical component 
z = 
sin �0:
Thus the stationary propagation of the homogeneous, incompressible and
inviscid �uid in the direction of x with the constant velocity U0 as observed
in a system of coordinates rotating with the angular velocity 
; is
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where (u+ U0; v; w) is the velocity �eld in the direction (x; y; z), p and �
are pressure and constant density. The system of equations is de�ned in
the domain �; subject to the bottom boundary condition at z = H(y) and
two free boundary conditions (one of each is nonlinear) at z = � (x; y) : The
bottom boundary condition is

w = vHy at z = H(y); (2.5)

while the free boundary conditions on the unknown free surface z = � (x; y)
are given by the nonlinear kinematic condition

(U0 + u) �x + v�y = w at z = � (x; y) (2.6)

and the dynamic condition

p = patm at z = � (x; y) : (2.7)

where patm is the atmospheric pressure. The idea of this project originated in
our previous work (Ibragimov & Pelinovsky [21]) where a three-dimensional
problem for surface waves with zero surface tension and without the Earth�s
rotation is considered.

In this project, we aim to extend our previous analysis to the case of
nonzero Earth�s rotation to provide the rigorous proof on the existence of
the non-trivial solution to problem (2.1) - (2.7) in a neighborhood of the
trivial solution describing the �uid motion with undisturbed free surface.
We will show that non-trivial solutions will bifurcate from the trivial solu-
tion (u; v; w; �) = (U0; 0; 0; 0) and that the resulting non-trivial solution can
be approximated by a three-dimensional solitary wave surrounded by small-
amplitude ripples as jxj ! 1 in the compacti�ed space �: The resulting
stationary RMKdV equation will be solved numerically by the orthogonal
spline collocation (OSC) method. The OSC and the pseudospectral collo-
cation methods (used in previous studies) will be compared. The in�uence
of the channel bank roughness and its geometry on the three-dimensional
wave energy radiation will be determined from the numerical investigations
and numerical simulations for the bottom pro�les available from experimen-
tal data for speci�c rivers and channels at di¤erent rates of the Earth�s
rotation. Additionally, joint experimental and numerical simulations will
be conducted in channels of variable geometries for further analysis of the
problem and for the visualization of three dimensional solitary wave a¤ected
by the Earth�s rotation.
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3 A novel approach

Although overlying atmospheric pressure variations are nonzero in the real
world, they are usually considered to be negligible in most mathematical
applications, for the sake of simplicity. In this project we will account small
variations of atmospheric pressure across the channel for the following rea-
son:

As it was discussed in our previous studies (Ibragimov & Pelinovsky
[21]), for the case of zero Earth�s rotation, the �uid exerts equal pressure
on the channel�s banks, y = L1;2 and the gravity waves are always con-
�ned in the channel and satisfy the Neumann boundary conditions at the
bottom of the channel. Two situations di¤er in details: (i) if lim

y!�L
H(y) =

lim
y!�L

H=(y) = 0 and (ii) if either H(y) or H=(y) does not vanish in the

limit y ! L1;2: In the former case, the boundary conditions (2.5)-(2.6) are
continuous at the intersection of z = 0 and z = H(y) at y = L1;2 such that
the surface elevation � (x; y) is zero at y = L1;2 for any x 2 R: In the latter
case, the surface elevation � (x; y) is non-zero as y ! L1;2 and the walls at
y = L1;2 must be added above z = 0; together with the Neumann boundary
conditions at y = L1;2 to ensure that the �uid is contained in the domain �:

3.1 Perturbation of atmospheric pressure across the channel

Unlike the previous situation, in the presence of nonzero Earth�s rotation, if
the �uid is at rest it exerts equal pressure on its two banks, i.e., at the points
where H(y) = 0: If it moves, the pressure diminishes a little on the bank left
of the current and increases a little on the right bank (Delauney [12]). How-
ever these changes would be quite small. For example, Combes [9] calculated
that for a river of 4 km wide �owing at 3 m s�1 at 450 latitude, the level dif-
ference between the two sides would be 12 cm which can be ignored in many
large-scale physical situations. Consequently, the inclusion of the e¤ects of
the small free surface elevation and depression above z = 0 at y = L1;2 does
not substantially alter the physical picture of surface waves in rivers. For the
case of nonzero surface tension, this has been recently justi�ed in numerical
experiments by Bukatov & Dotsenko [8]. However, mathematical analysis
of the problem that emerges from the model considered here is more com-
plicated although it does not restrain the generality of our analysis provided
that the walls at y = L1;2 are added above z = 0; together with the Neu-
mann boundary conditions at y = L1;2: To exclude small variations in a free
surface elevation, we introduce small variations in atmospheric pressure. It
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plays a role of the forcing function in the auxiliary Dirichlet boundary-value
problem determining the total pressure in our model. It is one of our goals
in this study to show that, under certain restrictions (one of each is that
jL1j = jL2j) on the geometry of the channel (apart from the requirements
that H(y) is a smooth and compactly supported function), the atmospheric
pressure deviation does not enter in the equation for the free boundary.
Therefore, without loss of generality, we further set patm = p0 + "pf (y) ;
where p0 is the constant atmospheric pressure, which can be normalized to
p0 = 0; and "pf is a small deviation of the pressure across the channel. In
what follows, " is regarded as a small parameter inherent in the physical
problem; the introduction of this parameter can be clari�ed by adoption of
Kaplun�s identi�cation [22] and ordering of small parameters. Such exclu-
sion of the free surface elevation allows to introduce the Earth�s rotation
in the model without violation of the requirement that H (y) be a smooth,
compactly supported function on [L1; L2] so that the �uid is contained in
domain �: However, in this project we will show that the inclusion of a
such pressure deviation is not a necessary requirement for existence of the
non-trivial solutions. To this end, we will rewrite the auxiliary problem for
the total pressure as the Neumann problem for the two-dimensional Poisson
equation in a variable domain with non-homogeneous boundary conditions
(due to non-zero surface elevation caused by the Earth�s rotation). Next
we perform the conformal mapping to the �xed domain to determine the
pressure from the Dirichlet problem in that �xed domain. However, it will
be shown that the analysis described above is not generic for most general
situations and it holds only for very slow rates of the Earth�s rotation (i.e.,
reasonably close to the pole). The admissible range for Coriolis parameter
f will be determined and compared with the actual rate of the Earth�s ro-
tation (at the speci�c central latitudinal angle �0) from the experimental
studies. The case jL1j 6= jL2j will be considered separately to better under-
stand the physical nature of the resulting three-dimensional solitary wave
and the dependence of the wave parameters on the Earth�s rotation.

Additionally, unlike our previous studies in Ibragimov & Pelinovsky [21],
the equations for determining the velocity �eld involve the terms depending
on the free boundary which itself is unknown and has to be determined as
part of the solution. These terms appear in the equations as forcing functions
which complicates the analysis substantially. However, it will be shown in
this proposed project that the application of the divergence theorem in a
vector notation with a subsequent introducing of the auxiliary Neumann
boundary-value problem allow us to resolve these equations.
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3.2 Orthogonal spline collocation (OSC) method

The RMKdV equation is usually discretized by the pseudospectral collo-
cation method with the cosine basis functions (Boyd & Chen [7]). The
resulting nonlinear system of equations is solved by Newton�s method, and
the continuation method with parameter � is to generate initial approxi-
mations. Bifurcation points are approximated as points of singularity of
the Jacobian matrix of the resulting nonlinear system of equations. Note
that analysis of the numerical method and further development of e¢ cient
solution techniques were not among the goals of previous studies.

Among the di¢ culties of the numerical solution, we mention the follow-
ing: the discrete problem is ill conditioned; the condition number of the
Jacobian matrix is of order 0

�
n2
�
; where n is the number of variables; the

Jacobian matrix is singular at the bifurcation values of �; multiple length
scales must be employed for accurate approximation of the solution.

We propose will solve the RMKdV equation by the OSC method (see
Allgower and Georg [1] and Bialecki and Fairweather [6] for a survey). The
OSC method is an e¢ cient technique for numerical solution of di¤erential
equations which can be e¤ectively applied for solving non-self-adjoint, in-
de�nite, or nonlinear problems (Aitbayev [2], [3] and Aitbayev & Bialecki
[4]). The solution of the di¤erential equation is sought in the space of Her-
mite piecewise polynomials by collocating the di¤erential equation at the
Gauss points (the nodes of the corresponding composite Gaussian quadra-
ture). The method should be applied to problems with smooth solutions
and regular domains.

We choose the OSC method because of its following advantages: a simple
formulation; high order accuracy by means of higher degree polynomials (for
example, application of Hermite piecewise quintic polynomials provides sixth
order accuracy of the numerical solution); the superconvergence property of
the numerical solution and the partition nodes (the maximal nodal form of
the solution is one order higher that the optimal order); the method provides
approximations to both the exact solution and its derivative; the coe¢ cient
matrix of the resulting linear system is sparse, almost block diagonal ma-
trix (note that the pseudospectral method results in a dense matrix). The
OSC method may be as e¤ective as or even superior to the pseudospectral
method.

In this project, for the numerical solution of the RMKdV equation we
propose: 1) to study approximation and stability properties of the OSC
method; 2) to develop and analyze a continuation method based on higher
order Runge-Kutta schemes; our analytical results should provide good ini-
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tial approximations for Newton�s method; 3) to develop an e¢ cient multi-
level solution method; 4) to compare numerically the OSC and the pseudospec-
tral methods.

In addition to the analysis of numerical methods for the RMKdV equa-
tion, we propose, through numerical simulations, to investigate the in�uence
of the channel bank roughness and its geometry on the wave energy radia-
tion.

4 Long term goals of the project

In this work, we will employ the fully nonlinear governing equations, rather
than approximate model equations. We will study three-dimensional prop-
agating surface waves with zero surface tension in rivers and channels with
the inclusion of the Earth�s rotation. We shall answer two main questions:

� Depending on the bottom pro�les, �nd the distance for which the
energy of the obtained generalized solitary wave can be transported
without visible distortion;

� At the given bottom pro�les, for which latitudes (i.e., for which val-
ues of the Coriolis parameter) the energy radiation is minimal and
maximal.

The following results and their applications are aimed to be obtained
and investigated:

1. Prove the existence of a solution in the form of a three-dimensional
solitary wave surrounded by small-amplitude ripples. To this end, it
will be shown that the shape of the solitary wave is determined from
the stationary Ostrovsky�s equation

@

@x
(b1�xxx + b2��x + b3�x) + "�

2� = 0;

where

�2 =
f2

U40

LZ
�L

H(y)dy

is the small parameter which depends on the Coriolis force and the
shape of the bottom geometry and the coe¢ cients bi (i = 1; 2; 3) de-
pend on the transverse topography of the channel.
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2. The shape of the resulting three-dimensional solitary wave will be de-
termined numerically for di¤erent shapes of the channel.

3. Energy radiation of the obtained three-dimensional solitary wave will
be determined from the experimental investigations and numerical
simulations for the bottom pro�les available from experimental data
for speci�c rivers and channels.

4. The resulting stationary Ostrovsky�s equation will be solved numeri-
cally by means of the orthogonal spline collocation method.

5 Intellectual merit

The proposed research is aimed to investigate a fully nonlinear problem on
three-dimensional propagation of �uid with unknown free boundary in a
channel of variable depth. From a practical standpoint, the Earth�s rota-
tion will be included and small variations of atmospheric pressure across
the channel will be accounted. Additionally, since for the most large-scale
�ows, inclusion of surface tension is not physical and should be ignored,
we consider the problem without surface tension which makes mathemati-
cal analysis more complicated and di¤erent from all previous studies in this
area. Furthermore, we will consider variable bottom pro�les. Our approach
will be a combination of analytical studies, experimental investigations and
numerical simulations. Additionally, to verify the joint theoretical and nu-
merical results and to interpret them better, experiments will be conducted
in channels of di¤erent pro�les which would correspond to speci�c rivers and
channels. This will allow us to estimate the e¤ects of channel geometry and
side wall slope at the waterline on the wavelength, amplitude and the en-
ergy radiation of the resulting solitary wave at di¤erent rates of the Earth�s
rotation.

From the experimental point of view, we expect some possible errors
which will come from the fact that the experimental studies are conducted
in the laboratory environment. The small-scale waves produced under ex-
perimental investigations are subject to instrumental errors due to surface
tension e¤ects and electronic noise in the wave transducers. With all the
factors to be considered in the forthcoming project, the maximum accumu-
lative instrumental error will be estimated and the magnitude of these errors
will be compared with that in other previous studies.

The approach described above will allow to apply the proposed model
to simulate the actual three-dimensional �uid motion in particular rivers
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and channels to better understand large-scale natural phenomena. In par-
ticular, one of the forthcoming applications of the proposed problem is to
investigate the in�uence of channel bank roughness and its geometry on the
wave propagation and the wave energy radiation to quantify the reduction
of hydropeaking in rivers with natural morphology (this question was posed
recently by Fette et al. [13]).

Overall, the proposed model is numerically oriented and theoretical in
nature. The goal of our proposed research is to understand the nonlinear
wave processes and e¤ects the surface waves have on their environment.

6 Broader impact

Since the proposed analytic work will be complemented by experimental
investigations and numerical visualizations, we can easily make our results
available to a wide audience including also the general public, not only
specialists in the �eld. We will make presentations of our results through
video demonstrations to high school students with the goal of attracting
students to the physical sciences.
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