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Main Idea: Matrix Deformation

Einstein Matrix General Relativity (MGR)
General = Gravitational Chromodynamics
Relativity GCD

Riemannian _
= Matrix Geometry
Geometry

Riemannian matrix-valued tensor field
= : : )
metric (collection of Finsler metrics)

(e dynamical causal structure of
spacetime (collection of

light cones)
New .
. e new gravicolor degrees of
features:
freedom

e New gauge symmetry and
\ corresponding charges




Origing of Riemannian Geometry

light propagation

J
wave equation
J
Hamilton-Jacobi equation
J
characteristics of the wave equation
J
causal structure of spacetime
J
(pseudo)-Riemannian metric of spacetime
J

basic notions of general relativity



Origin of Matrix Geometry

Propagation of collection of fields
(with internal structure)

U

Hyperbolic system of linear second-order
partial differential equations

U

Matrix Geometry



Linear Hyperbolic System

Linear self-adjoint hyperbolic PDO with matrix-
valued coefficients

Ly = [a""(x)0u0y + bH(x)0u + c(x)] p = O

Covariance under diffeomorphisms and gauge
transformations

p(z) — U(z)p(z)
Matrix-valued contravariant symmetric two-tensor
M’ = "M (aW)T — oMV
Principal symbol (matrix Hamiltonian)

H(z,£) = o™ (2)€uéy

Strict Hyperbolicity: for any z and £ = (), ()

with ¢ # 0 the roots \;(z,¢) of the character-
istic equation

det H(xz,£) =0

are real



Causal Structure

Eigenvalues h;(x,£) of the matrix Hamiltonian
H(x, &) are real and distinct (or with constant
multiplicities)

. . . oS .
Hamilton-Jacobi equations h; (:c,%) =0

Characteristics and Hamiltonian systems

At O dé 0

—— = —h;(x,§), — = —h;(x,
ds O, i(z,€) ds Y i(z,8)

Null geodesics hi(zx,v) =0

Causal Cones C;(x)

Past and Future 7, (z) and Iz-""(w)

Interior of the cone Z;(xz) =1, (x) UIi_l_(ZIZ)

Exterior of the cone ¢&;(x)



Causal Set
S
Z(z) = | Zi(z)
i=1
Absolute Past and Future
S
% () = |J Zi ()
i=1
Acausal (Causally Disconnected) Set
S
E(x) = () &i(=)
i=1
Causal Structure of spacetime

M=T (z)UZT(z)UdZ(x)UE(z)

Remark: Causal structure is dynamic
(varies from point to point)



Finsler Geometry

Homogeneity

Finsler form

Finsler metrics
Homogeneity
Hyperbolicity
Remark:

Tangent vector

Covariant metric

Interval

hi(z, \&) = A\2h;(x, &)

hi(xa 5) — gﬁw(x, €)€ufv

5% _ lthi(ajaf)
gq; (x7€) - 2 3€M3§y

gt (x, XE) = gt (x, &)

signg; " (,&) = (= + - +)

same hyperbolic direction
= g;" (z,8)év

Ep = Gipv(x, )T
gwy(:c,:i:)gé/a(:c,f) — 53

dsz-2 = g;uw(x, z)dxtdx”



Matrix Geometry

Matrix connection Atz = (A“agAB)
Yang-Mills field By

Compatibility condition
@Lao‘ﬂ + [By, ao‘ﬁ] -+ AO‘)\MCLAQ -+ AﬁAMaO‘A — 0

Symmetry condition in the commutative limit

1
A%\ = Qb)\a{ [aavavapa + a®7'[By, a"]
—aP70ya% — aPV[B~,a"]
_ao-fyafya/ap — CLOVY [ny, a/ap]] }bplu
where by, = (b R) is defined by

a/'u,beA — b'u,ya;VA — 5'1)/\1}]:[



Matrix Curvature
Rraw = OpAaw + [Bu, A o]
— Oy Ao — [By, Aay]
+ A% 5, AP ) — A 5, AP oy

Yang-Mills Curvature

fuy — aMBy — 8]/8/1, —I_ [B'u,, B]/]

Matrix Torsion

TAIUJ]/ — A)\,u,]/ _ AAI/,LL

10



Invariant Action Functionals

Matrix measure (not unique)

p= (ply)~1/4
where

1

— v %
Y = Ec‘:ul...ungl/l..yna'al L...gHn"n

Action (not unique)

+(torsion)?
+Yang — Mills

+matter
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Invariant Functionals from
Spectral Asymptotics

Invariant elliptic self-adjoint second-order PDO
F with positive definite non-scalar principal sym-
bol H(x, &)

Heat trace asymptotic expansion as ¢t — 0

@
Tr o exp(—tF) ~ (4r)~"/2 3 (2k=n)/2 4,
k=0
Spectral Invariants A,

For operators with scalar leading symbol

1
Ag = /dxgl/QN, A = /da:gl/ztr <6R— Q)
M M

Invariant Action Functional of Matrix General
Relativity

. 1

~ 167GN

(641 — 2AAg)
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Conclusions

Spontaneous breakdown of gauge symme-
try

Broken phase: one tensor field (metric of the
space-time)

Unbroken phase: no preferred metric in the
usual sense

Confinement of gravicolor degrees of free-
dom

Only the invariants (graviwhite states) are vis-
ible at large distances
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