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Motivation

e Quantum Field Theory

- effective action, propagators

e Statistical Physics

- partition function, correlation functions

e Infegrable Systems

- Isospectrality, KdV hierarchy

e Spectral Asymptotics

e Spectral Geometry

e TOpology

- index theorems



Laplacians on Vector Bundles

Riemannian manifold (M, g) without boundary
Vector bundle V over M
Connection V on V
Laplacian
A =-V*V =4¢"V,V,

e The operator (—A) is elliptic and self-adjoint.

e |t has a discrete real spectrum bounded from
below with finife mulftiplicities.



Heat Kernel

Heat semigroup

U(t) = exp(tA) : L2(V) — L2(V)

Heat equation

(0 — AN)U(t;z,2') =0

Initial condition

Ut z,2') = 6(x,2)

Heat kernel

Ut:z,2)) = exp(tA)d(z,z)

= Y e Pgu(a) ® ()

n=1
Heat kernel diagonal

U9 (4 ) = Ut m,a) = S e~ on(a)]?

n=1



Spectral Invariants

Heat trace

m .
Troexp(tA) = gjaﬂn:/dwnuvwm%@

/eta function

C(s,A\) = Tro(=A—-X)"°

— Z (An —A)77
n=1

1 oo
— /dt 5L A Ty 12exp(tA)
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Determinant
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Heat Kernel Asymptotics

ASt—>O+

Diagonal

UdR9(t; 2) ~ (4nt) 2 N tRay(2)
k=0

Trace

©.
Tr 2exp(tA) ~ (4nt)~"/2 > th Ay,
k=0

Spectral Invariants

Ak = /dVO| tl’vak
M



Heat Invariants

Low-order
G,O — I
= —R
al 6
1 2 1 . 2 1 . 2 1 2
= —R-— —|RicC —|Riem — 1|2
“2 72 180 el” * 750l =+ 58
1
—AR
+3O

Remark. Local invariants a;, are homogeneous poly-
nomials of the curvature of degree k.

Explicit calculation. a5: Gilkey (1973), a,: IGA (1987),
ag: Yajima (2004), Van de Ven (1998)



Parallel Curvature

Parallel curvature (locally symmetric spaces)

ViR 3=0

Constraints

RI9eaRCyq— Ry R yeq+R79ee RE gopy— R 9 oy RE oy = O

Parallel bundle curvature

Vg =

Constraints

[2ca; Q2ap] — Rfachfb - bechaf =0

Goal: Compute allheat kernel coefficients for bun-
dles with parallel curvature



Curvature Algebra of a Symmetric Space

Curvature tensor

_ ) k
Rabcd — BikEZabE cd

where E';, i = 1,...,p, anti-symmetric matrices,
and j3;;. Is a symmeftric nondegenerate p x p mafrix

Holonomy algebra, H,
[D;, Dy] = FY;.D;

where F7 ;. are the structure constants, and the n x
n matrices D; = (D%;,), are defined by

D%y, = — B EF ;5

Curvature algebra, G,

[C4,CBl = CY 45Cc

where A, B,C =1,..., N with N = p+ n,and the
N x N matrices (C )P~ = CB 4 are defined by

C'op = E'4p, C = —C%; = D%, C'y=F'
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Killing Vectors Fields

Killing vector fields €4 = (P, L;) (generators of
Isometries)

P, = <\/Ecot \/E)ba%,

Yy

0
Oyl ’
where y® are normal coordinates and

b
L; = —D%.y"

K% = R%qy“y°

Killing vector fields form a representation of the cur-
vature algebra G

[£4,€8] = C° 4BEC

and satisfy the equation

yAPEAtep” = g

where (v47) = (y45) ! and

(YaB) = ( 58b 5Cz')k )
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Twisted Spin-tensor Bundles

Twisted spin-tensor bundle YV =7 @ W

Spin-tensor bundle 7 realizing a representation of
the spin group Spin(n) with generators 3,

Associated vector bundle W with the sfructure group
Gy m

Bundle curvature 2-form

1
Q= 5Rabzab + F,

Curvature of the connection on the bundle VWV

F=dA+ANA
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Homogeneous Vector Bundles

General symmetric space has the structure
M:MOXMs, MSZM_I_XM_

where My is a Euclidean space and Mg is a semi-
simple space

The sfructure group Gy of the twisted spin-tensor
bundle YV has a subgroup Z x H, where Z is an
Abelian group and H is the holonomy group. That
s, the holonomy algebra ‘H is an ideal of the Lie
algebra Gy s of the structure group

Bundle curvature
1 cd
Qab — §RC achd + Bab
where

G =2w®lx + Iy @ Xgp,

X, are the generators of SO(n) in some represen-
tation, and B, fakes values in an Abelian ideal of
the gauge algebra Gy s
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Twisted Lie Derivatives

Twisted Lie derivative along & 4

1
L= £§A — VgA + EﬁAa;bia

Theorem. The operators L 4 form an algebra that is
a direct sum of a nilpoftent ideal and a semisimple
algebra

(L4, LB) = CC ABLc + Bag,

Bay O
BAB:( 3 o)

Theorem. The Laplacian A on the bundle V has

where

the form
A = L% —R?
where
2 =y"0LaLp
and

1
RQ — ZRabchachd
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Heat Semigroup

Theorem. The heat semigroup exp(tA) can be
represented in the form

sinh(t8)>1/2

exp(tA) = (4nt) N2 det 1y, ( s

1
X exp (—tR2 -+ ERGt)

1/ sinh[C(k)/2]\ "/
x/dkM detg< SOVE

1
X exp {_47 (%, vtB Coth(tB)k>} exp[L (k)]
where |v| = det~, B= (Byp).

1 ABC

D
Rg = 27 ADC” BC

C(k) = Cuk, L(k) = L4EA
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Regularization and Analytical Continuation

Natural splitfing of canonical coordinates

(k) = (p* wh)
Coordinates p = (p®) € R™ are real

Coordinates w = (w?) € Rfeq are complex
W s ezﬁr/4w

or V-shaped contour

w — exp {z% [2 — sign (w)]}w

Fort < O all integrals are well defined and define
analyfic functions of t in the complex plane with @
cut along the negative imaginary axis.
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Heat Kernel Diagonal and Heat Trace

Heat frace
Tr 2 exp(tA) = vol (M)tr,U%9(¢)

where tr y is the fiber frace

Heat kernel diagonadl

U939(1) = exp(tA)d(z, )

r=x'

Lemma.

exp[L(k)]6(z, z")

r—x

sinh[D(w) /2]
D(w)/2

—1
= det 7y ( ) exp[R(w)]é(p)

where

. 1 .
D(w) = D;w", R(w) = —§Daibiawz
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Theorem. The heat kernel diagonal has the form

- : —1/2
Udlag(t) — (47Tt)_n/2 det 71y (Slnh(tB)>

tB

X exp { (%R + 1RH - R2> t}

/ (47rt)p/2 8%/ {_4%(”’5@}\”(”)

9

where

sinh [F(w)/2]> 1/2

W (w) = cosh [R(w)] det ( F()/2

sinh [D(w)/2]>1/2

xdetTM< D(w)/Q

Here || = det gy, F(w) = (F(w)kj) is a matrix
defined by

F(w)k] — kawz
and

1 ..
Ry = = BUYF R
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Heat Kernel Asymptotics

Gaussian average over the holonomy algebra

1/2 1
(f(w)) = / ey 1012 exp (4 (0.8)) £)
Gaussian average of polynomials
<w7:;[...wi2k—|—1> — 0

| | (k) (i o
i1...,.,i2k (192 . .. Ri2k—172k)
<w W > Py B (B*2k—1

Heat kernel diagonal

. . —1/2
Udlag(t) — (47_‘_t)—n/2 det 71 (Slnh(t8)>

tB

X exp { (éR + %RH - 722) t} <xu(\/i w)>

This gives a generafing function for all heat kernel
coefficients a;. for any locally symmetric space
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Algebraic Representation

Creation and annihilation operators
b, b = o], [b,bF] = [b}, b5l = 0
Vacuum vecftor
0|0y =1, |0y =(0bf =0
Gaussian average is the vacuum expectation value

(f(w)) = (O] f(b) exp(b®, Bb™)|0),
where (b*, Bb*) = ﬁj"“b;fb;;.

This should be computed by the so-called nhormal
ordering, that is, by simply commuting the opera-
fors b; through the operators by unfil they hit the
vacuum vector giving zero.
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Heat Kernel on S2 = SO(3)/S0(2)

Heat kernel diagonal

Udiag(t) — 4it exp K% + a2> 7“%]

7

T dw _w2 wy/—t/(2r)
X_OO \/ﬂexp < 4 > sinh [w\/——t/(Q'r)}

X cosh (aw\/——t/r)

where r is the radiusand a € Zora € 1 + Z.

Sum over closed geodesics

k—=—o0
2
\/_exp{ 1 <w+2—\71€> ]

Vi (w +254)
8 2r sin [w\/i/(Qr)} - (Oéw\/i/?“) |

27'('7“/\/_
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Heat Kernel on H2 = SO(1,2)/50(2)

o= ol (4) s

y i d_“’exp (—w2> wVt/(2a)
s Vam 4 ) sinh [w\/g/(Qa)}
X cosh (Ozw\/i/a)

where a is the pseudo-radius

Duality

a +— ir (ortw— —t)

di di
Uga®(t) = Up2" ()] _

T

2]



Spectral Representation

US39(t) = 70 4dy2 n(v) eXD{ G +a®+ VQ) ;_2}

— 00

where (Plancherel (or Harish-Chandra) measure)

uw(v) =vtanhv forinteger a = m,
and
1
uw(v) = vcothv for half-infeger a = m + 5"
dlag(t) 1
k 0

where for integer a = m:

_ 1 1 N2 1 5

r

and for half-integer a = m + 3:

1 1 1\2
do=k, =5 R (mt )|
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