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1 Tensor Algebra

1.1 Basis

Let M be an n-dimensional orientable Riemannian manifold with the matric
g. Let 2#, p = 1,...,n, be the local coordinates on M. Then 0, and dz* form
coordinate bases in the tangent and the cotangent spaces. Let e, = e*,0,
be a basis in the tangent space and 0% = o%,dz" be the dual basis in the
cotangent space, so that

o(ep) = o ety = 0%, (1.1)

then also
et 0%, =o', . (1.2)

We will use Greek indices to label the components of tensors with respect
to the coordinate basis and Latin indices to label the components of tensors
with respect to a generic basis (that we will call a local frame). We also use
Einstein summation convention and sum over repeated indices.

1.2 Tensor Fields
A tensor field of type (p, q) has the form

T = T”l""“’(:c)da:”l R Rdr¥T ® 3u1 R ® aﬂp

Vi...Vq
= TP (@3)o" @ 9o @6, ® - Qeq,, (1.3)
where
T)e = T(de™, ... dz", 0y, .., 0,,), (1.4)
Tl;zll.::i)zp :T(0a17‘"7O-aqa6b17"'7ebq) ) (15)

The components of the tensor T" are related by

(1 Pp ai...ap _by
Tlll...l/q - Tb1...bq o vy s

(1.6)

quyqe‘“al Sooeltry
The vector space of tensors of type (p, q) is denoted by TP. Its dimension

is obviously
dim TP = nP*7. (1.7)
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The (7, s)-contraction of tensors of type (p, q) is the map

tri TV — qu:f (1.8)
defined by
tr; T = Tlf‘ll.::;jl:iflgol‘j/j;ﬁ:;é‘pfldxl’l Q- d/x; e ®drr ® (‘)m Q- a/\m e ® @Mp ,
(1.9)
where the hat indicates that the corresponding factor is missing.
1.3 Transformation Properties
Let ' = 2/(z) be a diffecomorphism. Then
ox'* ox”
I __ v / —
dz' = Er dz” 9, _826’“8”’ (1.10)
where 0], = 85,#. Let us denote the Jacobian of the diffeomorphism by
ox'*
J(x) = det . 1.11
() = et (57 (L1

The frame components of the tensor do not change and the coordinate com-
ponents of the tensor transform as

B O N o't 9t OxPa I
T Or™ Arar Hxm Ox'va” Pr-Pa
A pseudo-tensor is a collection of two tensors, one for each orientation of

the manifold, such that when the orientation is reversed the tensor changes
sign, that is, it transforms under a diffeomorphism according to

T/'Lle'up (.73/)

V1..Vg

(@)  (112)

T'(x') = sign(J)T'(z). (1.13)

A tensor density of weight w of type (p,q) is a geometric object T" which
transforms under a diffeomorphism according to

T'(2') = |J(2)| " T(z). (1.14)

A pseudo-tensor density of weight w of type (p,q) is a geometric object T'
which transforms under a diffeomorphism according to

T'(2') = sign (J)|J ()| " T(z). (1.15)
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1.4 Riemannian Metric

The Riemannian metric is a tensor field of type (0, 2)
9= Gudr" ® dr" = v,40" ®@ o’ (1.16)

with symmetric and non-degenerate matrix of the components g,, or v,
which are related by

G = %bcrauab,, : (1.17)
The inverse (or contravariant, or dual) metric tensor is a tensor of type (2,0)
defined by
9 =9g"0,00, =7 ® e, (1.18)
where the matrix (¢g"”) is inverse to (g,,) and the matrix (y*) is the inverse
to (Yap). The local frame is orthonormal if

Yab = 5ab . (119)
The metric is used to lower and raise the tensor indices, for example,
AH = gMVAV ) Al = gMVAl/ ) (12())

and so on.
In the following we will also use the following notation for the determinant
of the metric

lg| = det(g,,) = det(%b)[det(aau)]2 . (1.21)

It is easy to see that /|g| is a scalar density of weight 1. Therefore, if T is
a density of weight w, then |g|~*T is a true tensor.

1.5 Permutations

Let S, be the symmetric group of order p. The order of the symmetric group
Sy is

|Sp| = 1! (1.22)
The elemnts of the group S, are called permutations. The sign of a permu-
tation ¢ € Sy, denoted by sign(y) (or simply (—1)%), is defined by

+1, if ¢ is even,
sign(p) = (~1)° = 7 (1.23)
—1, if ¢ is odd.
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Every permutation ¢ € S, defines a map

0:T,—1T,, (1.24)
which assigns to every tensor T' of type (0,p) a new tensor ¢(7T), of type
(0,p) by: for any collection of vectors vy,...,v,

O(T)(vi, .., vp) =T (Vo) - Vo)) - (1.25)

The components of the tensor ¢(7') are obtained by the action of the per-
mutation ¢ on the indices of the tensor T’

(10(T)a1-~~ap = Taw(l)...aw(p) . (126)
The symmetrization of the tensor T' of the type (0,p) is defined by
Sym(T o Z (1.27)
weS@

The symmetrization of the components is denoted by parenthesis, that is,
the components of the symmetrized tensor Sym(7") are given by

[Sym(T)]al---ap — T(a1 ap) — p‘ Z T o(1) - Bep(p) * (128)
PESp

The anti-symmetrization of the tensor T' of the type (0, p) is defined by

Alt(T ] Z sign (¢ (1.29)

90651)

The anti-symmetrization is denoted by square brackets, that is, Alt(T") are
given by

AW(T)a;..ap = Tiay.ay) = Zs&gn Tyt - (1.30)

goES
A tensor T of type (0, p) is called symmetric if for any permutation ¢ € S,

o(T) =T, (1.31)
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and anti-symmetric if for any permutation ¢ € .S,

o(T) = sign (p)T". (1.32)

A symmetric tensor is invariant under the permutation of any two indices,
and an anti-symmetric changes sign under the permutation of any two indices.

An anti-symmetric tensor of type (0,p) is called a p-form. The vector
space of all p-forms is denoted by A,. Its dimension is equal to

dim A, = (”) . (1.33)
p

Similarly one can define permutation, symmetrization, and anti-symmetrization
of tensors of type (p,0). An anti-symmetric tensor of type (p,0) is called a
poly-vector (or p-vector). Even more generally, for a tensor of type (p,q)
one can define the permutations of the upper and lower indices separately,
which means that the group S, x S, acts on the vector space TP. One can
also define partial permutation of a tensor, leaving some indices fixed. For

example,

(alblc)d
Aleflghir (1.34)

means that there is symmetrization over upper indices a and ¢ and anti-
symmetrization over all lower indices excluding indices g and h. The vertical
lines denote the indices exluded from the (anti)-symmetrization.

1.6 Alternating Tensors

Let (ay,...,a,) and (by,...,b,) be two p-tuples of integers such that
1<ap,...,apb1,...,0,<n. (1.35)
The generalized Kronecker symbol is defined by
1 if (a,...,a,) is an even permutation of (by,...,b,),

5;111.'.";;” =49 —1 if(ay,...,qp)is an odd permutation of (by,...,b,),

0 otherwise .
(1.36)
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One can easily check that

Syl = plog 0 =det |2 el (1.37)

a1
ap ap
o6y

Thus, the Kronecker symbols are the components of a tensor of type (p, p),
which are anti-symmetric separately in upper indices and the lower indices.
Obviously, the Kronecker symbols vanish for p > n.

The contraction of Kronecker symbols gives Kronecker symbols of lower
rank. More precisely, one can show that for any 1 < p, ¢ < n, there holds

ay... ApCy...C (TL - p)‘ ay... a
bll...bpzl.l..cqq = —(n —p—9q) bf...bpp : (1.38)
In particular, for any 1 < g < n we have
n!
01 = ———— 1.39
ai...aq (TL . q)' ( )
and
Oy an = M- (1.40)

The product of Kronecker tensors is also equal to a Kronecker tensor, more

precisely,
1
ai...ap bl ..bp k1. kr _ gai..apki ..k
F(Scl..‘cppml...mrébl...bT - 601...cppm1...m: (141>

The completely anti-symmetric (alternating) Levi-Civita symbols are de-
fined by

Caran = 0g; 0, »  EMT =000 (1.42)
so that
1 if (ay,...,a,) is an even permutation of (1,...,n),
e = €40y = —1 if (a1,...,a,) is an odd permutation of (1,...,n),

0 otherwise .
(1.43)
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They satisfy the identity

e ey b = Oyl (1.44)
The contraction of this identity over k indices gives a useful identity
1 g
Egalmanikml‘..mk5b1-~-bn—km1.--mk - 51(7111...11_: ’ <1'45>
in particular,
ghtlng o, =mnl. (1.46)
It is easy to see that there holds also
1
(n — p)!gbl...bpcl...cn,péglll..:.cann:pp — gbl...bpal...an,p (147>
By using these tensors the anti-symmetrization can be written as
L s
Tlay..ap) = Héai:::;;Tbl...bp : (1.48)

Therefore, if A and B are anti-symmetric tensors of type (0,p) and (p,0),
then

1

Aal...ap = 562?:2;"41)1---% ) (149)
1 a a

B = 17!51711::1;3%“% ‘ (1.50)

1.7 Determinants

Let Mat(n,R) be the set of n x n real matrices. The determinant is a map
det : Mat(n,R) — R that assigns to each matrix A = (A%;) a real number
det A defined by

det A = Z sign () A'yy - A% oy (1.51)

PpESn

It is easy to see now that the determinant of a matrix A = (A4%;) can be
written as

det A = em-amAl, A",

b b
= €b1.‘.bnA 11 | "

! oy Al

- gaj..ap
ol Cbrebn A

(1.52)

n *
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Moreover, one can express the characteristic determinants (and the ele-
mentary symmetric functions) in terms of Kronecker symbols. Let A = (A*,)
be a matrix. Then one can show that the sum of all k X k principal minors

of det A is

1
My, = =gt AV o AV

- k" V1...Vg Mk *

(1.53)

Furthermore, let T = (§#,) be the unit matrix and \g, K = 1,...,n, be the

roots of the characteristic equation
det(A — AI) =0.

Then there holds

n

det(A — \I) = ﬁ()\k —A) =D (=N)"FF
= Z(_AyhkMk )

where Fj, are the elementary symmetric functions of the roots

K = 1,

Fro = M+ -+,

Fy = M+ + A,
F, = M-\,

(1.54)

(1.55)

Another useful equation is the formula for the cofactor C*, of an element

A*, in the determinant such that

det A = CV, A",

and
on = Odet A ‘
0Av,
One can show that this cofactor has the form
1 1 _
M, = ot AP AP,

v — m vB1...Bn—1

(1.61)

(1.62)

(1.63)
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1.8 Exterior Algebra

The exterior algebra A (or Grassmann algebra) is the set of all forms of all
degrees, that is,
A=AND---DA,. (1.64)

The dimension of the exterior algebra is obviously.

dim A = Xi: (Z) —on, (1.65)

The exterior product is a map
AN:AXAN—A, (1.66)

such that for any p-form « and any g¢-form (3 the exterior product a A (3 is a
(p + q)-form

|
angB= (pT?)‘An (a®B). (1.67)
pq:
In components
(p+9)!
(CY A ﬁ)al...am_q = Wa[al...apﬁap+1...ap+q] ) (168)
which means
1 a a
a A ﬁ = ITq!a[a1...apﬁap+1,..ap+q]o- PN Notrre (169)

We note a useful formula for the exterior product of a 1-form with a
g-form (3; it has ¢ + 1 terms

(CY A 6)ca1...aq = (q + 1)a[cﬂa1...aq} = acﬁal,..aq + qa[alﬁ|c|a2...aq )
- acﬁal...aq + aalﬁaQ---an + -+ aaqﬁc...aq,1 (17())

where all terms come with the plus sign if the indices are permuted in the
cyclic order. Another useful formula is for the exterior product of a 2-form
«a and a ¢-form 3. It has % terms

(g+2)(g+1)
2
= acdﬁal...aq - qac[a1ﬁ|d|a2.“aq] + qad[a1ﬁ|c|a2...aq]

(g — 1)
+Ta[a1a25\cd|a3...aq] ) (171)

(O{ A ﬁ)cdal...aq a[cdﬁal..‘aq]
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The exterior product has the following commutation property
aNfB= (1PN, (1.72)

where p and ¢ are the degrees of the forms a and 3. In particular, this means
that the exterior square of any p-form a of odd degree p (in particular, for
any 1-form) vanishes

ahNa=0. (1.73)

1.9 Linear Transformations
We list below a couple of useful formulas. Let a® be a collection of 1-forms
at = A%o", (1.74)
where o is the basis 1-forms and A = (A%) is a matrix. Then
' ANt = (det A) gt Ao AT (1.75)

This has an immediate corollary. Let z'* = a'*(z), i = 1,...,n, be a diffeo-
morphism. Then

ox'"
ox?

daz’l/\'--/\dx’”:det< )dxl/\'--/\dx”. (1.76)

More generally, let o/, 1 < j < p, be a collections of 1-forms and v;,
1 <17 < p, be a collection of vectors. Then

(@' Ao AaP) (ve,...,v,) =det A. (1.77)
where A is a p X p matrix defined by
Al =l (vy). (1.78)

This can be used to show that a collection of 1-forms o/, 1 < j < p, is
linearly dependent if and only if

a' N Anaf =0. (1.79)
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1.10 Volume Form

It is important to realize that the Levi-civita symbols are not tensors! Rather,
€r..un Tepresents the components of a pseudo-n-form (that is, a pseudo-
tensor density of type (0,n)) of weight (—1), and "~ represents the com-
ponents of a pseudo-n-vector (that is, a pseudo-tensor density of type (n,0))
of weight 1. To make (pseudo)-tensors out of them we define

1
Eul...,un — /‘g‘ 5M1~~~un7 EM...un — \/m 8“1-‘.Nn, (180)

where |g| = det g,,,. Then EF#» represents the components of a pseudo-n-

vector and E,, ., represents the components of a pseudo-n-form

dvol = +/|g|dz" A --- A da" (1.81)

called the Riemannian volume element (or the volume form).
Notice that now

Eul'“/'“l e gIJ«IVl LRI gMnVnElll...l/n ) (182>

as it should be. Also notice that in the generic basis the volume form is
defined by
dvol = \/|ylo* A AN o™, (1.83)

where |y| = det(74), so that its components in this basis are
Eay.an = €"a, eﬂnanEmwun = ’7| €ay...an - (1'84>

Recall that since g, = ’yabaauaby, then
Vgl = Vvl det(a?,) . (1.85)

1.11 Duality and Hodge Star Operator

The volume form allows one to define the duality of p-forms and (n — p)-
vectors. For each p-form « one assigns the dual (n — p)-vector & by

1
Gt = Uty (1.86)

p!
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Similarly, for each p-vector A one assigns the dual (n — p)-form A by

~ 1

A E

Hleofin—p ]? V1...Vpfl .. -fin—p

AT (1.87)

Now, by lowering and raising the indices of the dual forms we can define
the duality of forms and poly-vectors separately. We define the natural inner
product (-,-) on the space of p forms by

1
<CK, ﬂ> = Egulm . g#nmaulmﬂnﬁylmyn . (188)

Then the Hodge star operator
x Ny, — Ay

maps any p-form « to a (n — p)-form *a dual to o defined so that for any
p-form (3

a A *6 = (a, ) dvol , (1.89)
or
(@A) = (a,0) . (1.90)
In particular,
x1 = dvol , xdvol = 1. (1.91)

This means that for any p-form a and a (n — p)-form g we have

(#8,a) = (B,+ 'a) (1.92)
therefore, for any two p-forms « and (3
(0, xa) = (0, q) . (1.93)

In components, this means that

1

(*CK))\l...)\n_p = ];Elll"'VpAl...)\n—payl'-~Vp
1
= i lglg"™ - g, L, (1.94)

1 1
_—gA ... g>\n7 e g
p' /|g| 1M1 pH P

vi... Vp/il---unfpa
Vi...Vp
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The inverse operator is then

1

(*7106))‘1")‘71—;0 = HEAL.-)\n—pylmVpam...l/p
1
= HéAlm)\n_pulmup |g|g/»‘11/1 RPN g/‘pllpaylml,p (195)
1 1

M1 fin—pV1... Vp
aul...up

_—g>\ ...g)\n7 e I
p' /_|g| 1M1 pHn—p

Notice that the difference between * and its inverse *~! is in the position
of the free indices (A1,...,Ap—p): in the direct transformation they are the
last indices of the alternating tensor, whereas for the inverse transformation
they are the first indices of the alternating tensor. Therefore, they can only
differ by a sign. By moving (n — p) indices through p remaining indices of
the alternating tensor we obtain

o = (—1)P Pl = (—1)Pn g (1.96)
In particular, for even p and any n or for odd n and any p

*2 =1d. (1.97)

1.12 Interior Product

The interior product with a vector v is a map

iy Ay — Ay (1.98)

such that for any p-form « (with p > 1) the interior product iya is a (p — 1)-
form defined for any vectors vy, ...,v,_1 by,

ivo(Ve, .., Vpo1) =V, Ve, ..., Vo), (1.99)

and if p = 0, then by definition
tva = 0. (1.100)
In particular, if p = 1, then iy« is a scalar

iva = a(v). (1.101)
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In components,
(iv@)ay.ap 1 = V" Oay.ap s - (1.102)

A map L: A — Ais called a derivation if for any two forms « and 3
LaNpB)=(La) NG+ aAn(LP), (1.103)
and an anti-derivation if
L(aAB) = (La) NG+ (—1)Pan (LB), (1.104)

where p is the degree of the form «. Now, it is easy to see that the interior
product is an anti-derivation of the exterior algebra.

By using the Hodge star one can define the interior product in a different
way. Let v be a vector and « the corresponding one-form defined by a(w) =
g(v,w), that is, in components, v* = g"”«,,. Then for any p-form [

s anxB) = (-1)P1i,3, (1.105)
or
aAxf=(—1)P"1xi,3. (1.106)
Indeed, we have
(+Ha A x3)) = ;(n—p+l)l
AL Ap—1 (n—p+1)! p!
EAl.../\p,ldul...un,pU(SEWI"'MpﬂVl"'Vn*pﬁwb..upfl
1

VB fp—1 ) §
- p;(sAl...ApfusU Brarcip—

= U(S/B)\1...)\p_15 = (_1)17*1,0656)\1”.)\p_1 . (1107)

2 Tensor Analysis

2.1 Exterior Derivative

The exterior derivative (or gradient) is a map

d: N, — Npyq, (2.1)
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which assigns to any p-form « a (p + 1)-form da defined for any vectors
Vi,...,Vpy1 by

p+1
(do)(ve, .. Vper) = > (=D 'vi(a(vi, o Vi V)
k=1
+ Y (D) Favi Vil v Ve Ve V)

1<i<k<p+1

(2.2)

Here, as usual a hat means that the corresponding term is omitted. One can
show that the exterior derivative is an anti-derivation on the exterior algebra,
that is,

dlaAp) = (da) A+ (=1)Pa A (dS), (2.3)

where p is the degree of the form «.
This takes especially simple form in coordinate basis. Let a be a p-form

1
o= —'am,,,updaz“l A Adatr . (2.4)
p!
Then
1
doo = =0, ay, . dxtt A - N daxtrrt 2.5
1 Ol Hpapip 1]
p!

Notice that the anti-symmetrization sign can be omitted here since the basis
is already anti-symmetric. In components

(do‘)muz---upﬂ = <p+1)a[u10‘u2~--#p+1]
p+1

k—
= Z<_]‘) 1aﬂkaﬂ1...ﬁk...’up+1 9 (26)
k=1
= 0, Qpy..pyyy + cyclic permutation of indices .

By using this definition it is easy to show that
d>=0. (2.7)
For O-form f and a 1-form « the exterior derivative has the form

dv) = v(f), (2.8)
(da)(v,w) = v(a(w)) —w(a(v)) —a(lv,w]), (2.9
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which in local coordinates reads

df = 0,f dz", (2.10)
doo = % (0,A, — 0,A,) dz" A da” . (2.11)

2.2 Coderivative

The coderivative (or divergence) is a linear map
0N, — Ny (2.12)

defined by
§= ()P s tds = (1) xd x . (2.13)

Since ** = £Id and d? = 0 we immediately have
6 =0. (2.14)

Also, we see that, for any O-form f, % f is an n-form and, therefore, d* f = 0,
i.e. a coderivative of any O-form is zero

5f=0. (2.15)

In local coordinates this takes the form

1
(0a)x,.0,1 = (—1)p+1mExl...Ap,lpm'””""’
1 o
><(n —p+ 1)@, <HE61--.ﬂp—l mmunpagl_,ﬂp_lg>
— (_1)P+1 1 1 g1 Kp—1TV1eVn—p

Pl —p)! \/mg,\m TGNy akpa
Xav <€/'L1"'Np*1pyl---ynfp |9|9Mﬂ1 e ‘gupqﬁpquaaﬁluﬂpiw)
1
pl(n —p)!
XLng .. .g/\pimpila7 (\/EQ’“ﬂl .. .gupqﬂp—lgpaaﬁl“ﬂpiw) _

Vgl

~ (-1

ghleBp—1 V1 Vn—p o
H1.--Hp—1PV1...-Vn—p

(2.16)
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Finally, by using the formula for the product of alternating tensors we obtain

(50{)/\1--)\;;—1 = (_1)p+1g/\1/l1 e g)\p_l,up_l

1
8 g ( lglg" ™ - '9“”_15”‘19”"%1..@_10)

Vgl
1

_ ﬁp Nlﬁl Np—lﬁp—l
=91 G 1pp— \/—aup < |g|gﬂp g g aﬁpﬁlﬁz...ﬁp_1>
9]

(2.17)

For a 1-form this reads

oo = ﬁ@u <\/Wg‘“’a,,> : (2.18)

By using these formulas one can show that ¢ is the negative adjoint of
the exterior derivative d with respect to the Riemanian volume element in
the sense that for any p-form « and a (p + 1)-form (3

(B, da) . = = (68, )rz . (2.19)

2.3 Hodge Laplacian

Let C*°(A,) be the space of smooth p-forms. The Hodge-Laplacian is an

operator
Anodge : C%(Ap) = C7(Ap) (2.20)

defined by
Atodge = (d + 8)* = dd + 6d. (2.21)

This operator is obviously self-adjoint. Moreover, since § = (—1)P* x~1 dx
it commutes with the star operator,

>I<AHodge = AHodge * . (222>

It is a second order partial differential operator. We can now obtain the
expression in local coordinates for it. Let w be a p-form. Then

(dow)ay...ap (2.23)

1
= pa[al gaQ‘N2| e go‘p‘ﬂpumaﬂl (, /|g|gﬂlﬁlgﬂzﬂ2 - gupﬁpw,(ﬁﬁg..ﬂp)] ,
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where the last anti-symmetrization goes over all «; and the indices u; are
excluded from it. Next,

((de)al...ozp = (P + 1)ga1u1 o gap,up (224)

1
% —8 ( |g|g“p+1ﬁp+1gulﬁl o gupﬁpa[ﬁp-klwﬁlmﬂp]) '

\/m Hp+1

Thus the Hodge Laplacian on p-forms has the form

(AHodgew>o¢1...o¢p (225)

1
{pa{algwluz o 'gaplﬂpllmam

1
+(p+ 1)9a1u1 .. ‘gap//fp\/ﬁaﬂp+l ’g’g“ﬂp-&-ﬂ@r-‘rlgwlwl .. .g'“p|ﬁp}8ﬁp+1 }wﬁl..ﬂp 7

’g’gulﬁlgu’QﬁQ P g“:ﬂﬁp

where there is an anti-symmetrization over all 3; in the second term and the
indices p; are excluded from anti-symmetrization.
On scalars, for p = 0 this takes the familiar form

V1919 0, . (2.26)

1
AHodge = T =
vari

On one-forms, for p = 1 this reads

0y |g|g””96]“(9w}w :

(2.27)

1
(Ahoggeo)a = {aamamgrgw 294,

1
Vidl Vil

We will describe below how the Hodge Laplacian is related to the Bochner
Laplacian defined with the help of the Levi-Civita connection.

2.4 Lie Derivative

Let X be a vector field. Let C*°(T?) be the set of smooth sections of a tensor
bundle of type (p,q). The Lie derivative with respect to X is a map

Ly : C(TP) — C™(T7) (2.28)
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defines as follows.
The Lie derivative of a function f is equal to the directional derivative of
f along the vector field, that is,

Lf=X(f). (2.20)

The Lie derivative of a vector field Y is equal to the commutator of vector
fields
LxY =[X,Y]. (2.30)

The Lie derivative of o with respect to X is a 1-form Lx« defined for any
vector Y by
(Lxa)(Y) = X(a(Y)) — ([X,Y]), (2.31)

so that the Leibnitz rule holds
Lx(a(Y)) = (Lxa)(Y) + a(LxY) (2.32)
Similarly, for any p-form « the Lie derivative is defined by
(Lxa)(Y1,....Y,) = Lx(a(Yy,....Y,))
ia (Yq,...,[X,Y],...,Y,). (2.33)
i=1
Then one can show that Lie derivative LxA, — A, is a derivation of the
exterior algebra and Leibnitz rule holds
Lx(aNpP)=(Lxa)\NG+aNn(Lxf). (2.34)

The Lie derivative of any tensors is defined similarly, so that Leibnitz rule is
satisfied, in general,

Lx(T®R) = (LxT) @ R+ T ® (LxR). (2.35)

We list now the expressions for Lie derivative in local coordinates. For a
tensor of type (p,q) we obtain

(LX)t = X9, Tim- ZT#; I sy On X
_Z TH 1Ok 1ty ) XM (2.36)
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For a p-form ( this reads
(LXB)ir.y = X Oy + BovnoiOi X7+ -+ 4 Buy vy 1000, X (2.37)
In particular, for a 1-form 3 we have
(LxB)y = X0, + B0, X (2.38)

Another important formula is the expression for the Lie derivative of a tensor
g of type (0,2) (not necessarily antisymmetric)

(Lx9) = XO0aGuw + 90O X + a0, X" . (2.39)

By using the definition of the Lie derivative one can prove the following
properties

£X+Y =Lx + Lv, (2.40)
Lx = cLx, (2.41)
LxY = —LyX, (2.42)
[Lx, Ly] = Lixy)- (2.43)
The Lie derivative on forms has, in addition, the following properties
Lxd=dLx, (2.44)
Lx =ixd+ dix , (2.45)
Lx,iy] = ix,v]- (2.46)

Let dvol be the Riemannian volume form, let a be a one-form and v be
the corresponding vector, such that v* = ¢g"”«,. Then the scalar

divv = da =+ 'd x a = *Lydvol = xd(iydvol) (2.47)

is called the divergence of the vector field v.

2.5 Affine Connection, Torsion and Curvature

Let e, be a basis of vector fields. Then the commutation coefficients 6%,. are
defined by
[em Gb] = ecabec . (248)
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The commutation coefficients are
0% = oy, (e, 0uey — elo,ey) . (2.49)
An affine connection V is defined by
Ve, = Wpate - (2.50)

where w€, are the coefficients of the affine connection. Let c® be the dual

basis of one-forms. Then the coefficients of the affine connection are given
by
W = (Ve €p) - (2.51)

The torsion of the affine connection is a tensor of type (1,2) defined for
any one-form « and two vector fields X and Y by

T, X,)Y)=a(VxY - VyX - [XY]). (2.52)
The components of the torsion and the curvature tensors are
Tabc = wacb - w“bc - Qabc . (253)

The connection is torsion-free (or symmetric) if for any two vector fields X
and Y
VxY —VyX = [X,Y], (2.54)

that is,
w“cb — w“bc = —Qacb . (255)

The curvature of the affine connection is a tensor of type (1,3) defined
for any one-form « and three vector fields X, Y and Z by

Riem(c, Z, X,Y) = o [([Vx, Vy] = Vixy)) Z] . (2.56)
The components of the curvature tensor are
R%eq = eo(wa) — eq(we) + W jew’ pg — w0 paw’ pe — w07 4o . (2.57)
The connection is flat if for any three vector fields X, Y and Z

Vx,Vy]Z = Vixy 2. (2.58)
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The curvature is parallel if for any vector fields X, Y, Z, V and a one-form
Ck,
V[Riem(«o, Z, X,Y)] = Riem(o,VyZ, X,Y)+ Riem(a, Z, Vy X,Y)
+Riem(o, Z, X, VyY) 4+ Riem(Vya, Z, X, Y) .
(2.59)

Let g be a Riemannian metric. The affine connection V is said to be
compatible with the metric g if for any three vector fields X, Y and Z,

Z[g(X,Y)] = g(VzX,Y) + g(X,VY). (2.60)

2.6 Levi-Civita Connection

On any Riemannian manifold there is a unique connection, called the Levi-
Civita connection, which is torsion-free and compatible with the metric. One
can show that the coefficients of the Levi-Civita connection are

1

Whe = §7ad [eo(Yea) + €c(Vba) — €a(Voe)]
1
5 (el o+ 7 0l e~ 0%c) (2.61)

where
Yab = 9(€as€p) (2.62)

are the components of the metric tensor and (y%°) = (vy4) 7! is the inverse
matrix.

In coordinate basis the Levi-Civita connection is described by the Christof-
fel coefficients

1
[, = §9a5 (98945 + 04985 — Osgpy) - (2.63)

The relation of Christoffel symbols with the coefficients of the affine connec-
tion is

Fa@y = w“bce“aabgacv — abgﬁye“b . (264)
In an orthonormal basis, when 7,, = d4, the Levi-Civita connection is de-

scribed by
1

Wabe = 5 (Qcab + Qbac - eabc) . (265)
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This also be written in the form
w®, = e“ce‘“’ﬁ[uabu] - e“ceb”(?[uaa,,] + e‘“’ebAa[,\ac,,] (2.66)
Notice that the Christoffel coefficients are symmetric in lower indices
[, =1%3, (2.67)

and the connection in orthonormal basis is anti-symmetric in the first two
indices
Wabe = —Whace - (268)

2.7 Covariant Derivatives

Let X be a vector field and T? be the bundle of tensors of type (p,¢q). The
covariant derivative of a tensor field T of type (p, q) is a linear operator

V:C®(TPM) — C=(T}, M) (2.69)

that assigns to a tensor field 7" of type (p,q) a new tensor field VT of type

(psg+1).
First of all, the covariant derivative of a 1-form « on a manifold M is a
tensor Va of type (0,2) such that for any two vector fields X and Y

(Va)(X,Y) = (Vxa)(Y) = X[a(Y)] — a(VxY). (2.70)

Then the covariant derivative of a tensor T' of type (p, q) is a tensor VT
of type (p,q + 1) such that for any vector fields X,Yy,...,Y, and 1-forms
Wi, wp

(VT)(X,Yl, ce ,Yq,wl, o ,wp) = (VxT>(X,Y1, ce ,Yq,wl, ce ,u)p)
= X[T(Yl, . ,Yq,wl, Ce ,wp)]

q
= T(Yr,.. VXY Ywi,. . w)
=1

p
=D T(Yr,...,Ygwi,. .., Vxwj, ... wp).
j=1

Let e; be a basis of vector fields and o* be the dual basis of 1-forms. The
covariant derivative of a 1-form has the form

(Vi) = ei(a) — 'y (2.71)
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In the coordinate frame this simplifies to
(VlOé)k = (91-0% — wlklal . (272)

The covariant derivative of a tensor of type (p,q) in a coordinate basis has
the form

p q
J1---J J1---J jm  dte-dm—1lim41..-J l J1---J
Vil T =0T 0 + E W il T = E Wi Ty otk
m=1 n=1
(2.73)
Let T" be a tensor field on M. We say that 7' is parallel along X

VxT =0. (2.74)

Let C*°(T?) be the space of smooth (p, q) tensors. The Bochner Laplacian
on such tensors is a second-order partial differential operator

ABochner : COO(Tg) — COO(T;J) 5 (275)

defined by
Agochner = 9"V, V. (2.76)

Obviously, the metric, and, therefore, the volume form is parallel, which
means that the Hodge star operator * commutes with the covariant derivative
and with the Bochner Laplacian, in particular; therefore,

ABochner’|< = >l<ABochner . (277>

Also, one can show that

2.8 Ricci Identities

The commutators of covariant derivatives of tensors are expressed in terms
of the curvature and the torsion. In a coordinate basis for a torsion-free
connection we have the following identities (called the Ricci identities):

Vi, V] Y* = RFY! (2.78)
[VZ-, Vj]Oék = —leijal (279)
p q
Vi, VAT =) ijliszillff.'if,"flljmﬂ'"Jp Y R T sk

m=1 n=1
(2.80)
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2.9 Normal Coordinates

Let (M, g) be a Riemannian manifold and I'}, be the Christoffel coefficients
defining the Levi-Civita connection in a coordinate basis. Let zy be a point
in M and z° be a local coordinate system in a coordinate patch about z.
We expand the metric in a Taylor series at the point xg

9ij(x) = Qz'j(fb'o)ﬂakgij](xo)(ﬁk—mg)ﬂé[akalgij](xo)(ﬁk—mg)(ml—xé)ﬂLO((ﬂf—xo)g)

(2.81)
The matrix g;;(xo) is a constant real symmetric matrix with real eigenvalues.
There exists a coordinate system such that

gij(xo) = 045, [0k gij](z0) = 0, (2.82)

so that the Taylor series has the form

9ij () = dij + %[3@19@](%0)(90’“ —xg)(a' —a5) + O((x — w)’) . (2.83)

Such coordinates are called Riemann normal coordinates.
In Riemann normal coordinates the Christoffel symbols vanish at x

(o) =0 (2.84)

and the curvature of the Levi-Civita connection at zj is expressed in terms
of second derivatives of the metric at x,

1
Rijri(xo) = 3 {0k0; 90 — 010;9ik — 0:01g1; + Ok0:i g1} . (2.85)

so that the Taylor series of the metric at xy has the form

9i3(x) = bij — %Rikﬂ(xo)(xk —2g)(2' —xg) + O((x —w0)") . (2.86)

2.10 Properties of the Curvature Tensor

Let (M, g) be an n-dimensional Riemannian manifold. We will restrict our-
selves to the Levi-Civita connection below. We define some new curvature
tensors. The Ricci tensor

Rij = RFy; . (2.87)
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The scalar curvature

R=g"Rij = g"R";. (2.88)
The FEinstein tensor .
Gij = Rij — 59 1t (2.89)
The trace-free Ricci tensor
1
The Weyl tensor (for n > 2)
Ciy = Riy— — Rl + 2 Roli 57,
n—2 (n—1)(n—2)
- 4 S 2 S
= RV, — ——Fli, 6, - — = R4l 67 2.91
M o B n(n—1) L ( )

The Riemann curvature tensor of the Levi-Civita connection has the fol-
lowing symmetry properties

Rijii = —Rijuk (2.92)
Rijr = —Rjin (2.93)
Rijii = Ry (2.94)
Ry = R'jy + R'ygj + R'jp = 0 (2.95)
Rij = Rj; (2.96)
In particular this gives a useful identity
o o 1 ..
Riy’y = RO, = SR (2.97)

The Weyl tensor has the same symmetry properties as the Riemann tensor
and all its contractions vanish, that is,

Clin=0. (2.98)

The number of algebraically independent components of the Riemann
tensor of the Levi-Civita connection is equal to

n?(n? —1) .

™ (2.99)
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In dimension n = 2 the Riemann tensor has only one independent component
determined by the scalar curvature

R%,=-R. (2.100)

The trace-free Ricci tensor E;; vanishes, that is

Ry = R ,07

1

In dimension n = 3 the Riemann tensor has six independent components
determined by the Ricci tensor R;;. The Weyl tensor Cjj;i; vanishes, that is,

Ry = 4R + ROV o7y . (2.102)

2.11 Bianci Identities

Let (M, g) be an n-dimensional Riemannian manifold. We will restrict our-
selves to the Levi-Civita connection below. The Riemann tensor satisfies the
following identities

V[mRijk” = VmRijkl + VkRijlm -+ VlRijmk =0. (2.103)

These identities are called the Bianci identities. They have many corrolaries:
the divergences of the Riemann tensor and the Ricci tensor have the form

ViR%y = ViR — VRl (2.104)
|
The divergence of the Einstein tensor vanishes
VG =0. (2.106)

By using the Bianci identities one can simplify the Laplacian of the Rie-
mann tensor, ARY;; = V"V,,RY; in terms of the derivatives of the Ricci
tensor and the scalar curvature.
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2.12 Cartan’s Structural Equations
Let us fix an orthonormal frame . One can show that
i L k
do' = —59 ko N ot (2.107)
Recall that the Levi-Civita connection in an orthonormal. frame is

1
wijh = 5 (Ohij + Ojir — Oigie) - (2.108)

Now we define the connection 1-forms

Aij — wijko'k (2109)
and the curvature 2-forms
; L & !
]:lj = §R jklO No . (2'110)
Then the equation , S
do_z — wljko-] /\ O-k (2111)
can be written as . . ,
do’ + Ay Aol = 0. (2.112)

This is called Cartan’s first structural equation.
The curvature 2-forms are obtained from the connection 1-forms by Car-
tan’s second structural equation

Fly=dA; + A N AF;. (2.113)

This equation is equivalent to the expression for the curvature components
and can be obtained from that.
Finally, Cartan’s third structural equation

dF'; + A ANFr — Fun AR =0. (2.114)

is equivalent to Bianci identities.

Cartan structural equations can be written in a very compact way by
introducing the covariant exterior derivative acting on vector valued and
matrix valued forms. Let o be a p-form valued in a vector space V (in our
case V = R"™). Such a form is called a twisted form. Let o’ be the components
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of this form in a fixed basis in V. That is, o’ is a p-form for each i = 1, ..., n.
Then the covariant exterior derivative

D: ARV - A @V
is defined by ' ‘ ‘ '
(Da)' =da' + A'; N o

or, in matrix form,
Da=da+ AN«

with obvious notation.

Let V* be the dual vector space to V' (in our case it is again R™). We
consider p-forms valued in V* (covectors) and naturally extend the operator
D to such forms

D: ARV = A @VF
by
(DOK)Z = dai — (—1)pO{j N Aji
or, in matrix form,
Do =da— (—1)Pan A.

Finally, we consider matrix-valued p-forms valued in V' ® V* and extend
the operator D to such forms

D:ANRVRIV = A VeV”

by
(Da)'; = da'y + A’y A oz;‘? — (=1)Pai A AF;

or, in matrix form,
Da=da+ANa—(—1)PanA.

Now, let o = (¢*), F = (F;) and o = (a') be an arbitrary vector-valued
1-form. Then

Do =0
D’a=F A«
DF =0.
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2.13 Connection on Vector Bundles

Now, let V be a vector bundle over a manifold M with a structure group
G and C*=(V) be the space of its smooth sections. Let the sections of the
vector bundle V be given locally by a column-vector ¢ = (¢*), A=1,...,N.
A connection on the vector bundle V is an first-order partial differential

operator
V:C®°V) - C*(TM®V), (2.115)

given by
Vo=dp+ A®p, (2.116)

where A = A,dx" is the connection one-form valued in the Lie algebra of
the structure group. In local coordinates this takes the form

(Ve)u = 10, + Au)e, (2.117)

where I is the unit matrix and the matrix A, acts on the column-vector ¢
on the left; we omit I below for simplicity.

This enables one to define the generalized Laplacian on the vector bundle.
It has the form

A= gMVvaV ) (2118)
which in local coordinates takes the form
1
Ap = —=(0u + Au)V19l9" (0, + A )p. (2.119)

Vol

2.14 Weitzenbock Endomorphism

Since the Levi-Civita connection is compatible with the metric and it is
torsion free it allows to rewrite all formulas for the exterior derivative, co-
derivative, and Lie derivative in terms of covariant derivatives, which simpli-
fies them greatly. In particular, the exterior derivative and the co-derivative
of p-forms are

(da)mm---up-s-l = (p + 1)v[u1au2.,,#p+1] ) (2.120)
(60{))\1‘“)\1771 = V#Oé,u)\l“)\pfl . (2121)

Therefore, the Hodge Laplacian on p-forms has the form

(AHodgew)al...ap = pv[og vﬁw\mag...ap] + (p + 1)vﬂv[ﬂwa1...ap] .
(2.122)
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This can be easily simplified to

(AHodgew)al...ap - ABochnerwal...ap +p[v[o¢17 Vﬁ]wmmg...ap] .
(2.123)

Now by commuting covariant derivatives and using the Ricci identities one
can express Hodge Laplacians on p-forms are related to the Bochner Lapla-
cians defined above by a formula

AHodge = ABochner - W7 (2124>

where W is an endomorphism of the bundle A, linear in the curvature called
Weitzenbock endomorphisms. We obtain

p
(Ww)ar...ap = PR (01 0\8l05..c]) FP D B[ “@plas.c s [nlesr.a] » (2:125)
k=2

where the indices p and (§ are excluded from anti-symmetrization. Now,
permuting the indices «; and using the property of the Riemann tensor

v 1 v
R“[p o] = §R“ po s (2.126)
we get
y P =) b
(Ww)al...ap =pR [c1Wv|as...ap] — 9 Rt [araaWiuv|as...ap) - (2127)

Of course, for p = 0 the Weitzenbock endomorphism is equal to zero. Also,
the second term linear in Riemann curvature is present only for p > 2. Let
us list particular formulas for one-forms

(Ww)e = RPqws . (2.128)
and for two-forms,
(Ww)ay = RPqwpy — R wpe — R pw,s . (2.129)
This defines the bilinear form on the space of p-forms, A,. For p =1

(B, Ww) = Ric(3,w), (2.130)
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For p > 2

(B Ww) = %ﬁ%%(w@u)m..ap

1
= Hﬁpoag...apWpaukuyagmap , (2.131)
where ( )
v v pP\p — v
w po — pR[u[p(S ]a'] - TRH po - (2132)
We will need the traces
WH = g [R&*, + (n — 2p)R*,) (2.133)
and
WMVIW = IMR (2.134)

Therefore, for an n-form w = xf, where f is a function, we have

2

p(n —p)
n(n —1)

n(n —1)

which is equal to zero for p = n. Thus, W = 0 for p = n. Similarly, for a
(n — 1)-form w = *a, where « is a 1-form, we have

(w, Ww) = e, = fPR=0, (2.135)

2 o oSk A1 oA
(w, Ww) = = 1)(n—2)a“ [(WH 6% — 2W )]
T (n—D(n— 2)% [(n =1 =p)R6") — (n = 2p)R"\] o
(2.136)

which for p = n—1 is equal to just the Ricci tensor as it should be by duality,
(w,Ww) = R .a"ay . (2.137)

This is a manifestation of the general property. Since both Laplacians
commute with the star operator *, then, in general, for any (n — p)-form w

(xw, Wpy *w) = (w, x "Wy *w) = (w, W_pw) . (2.138)
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Therefore, we obtain a non-trivial duality property of the Weitzenbock en-
domorphism
« Wik = Wenp) (2.139)

This means

(n—p+2)(n—p+ W) wwr v = PO — DWinp)™ binaWiuwis..m ) -
(2.140)
We have

(n =P+ 2)Wip)" [ .n )
= Wi" 1w vy = 200 = DYWip)™ uy Wila.. v

(n—p)(n—p—l)w

* 5 " el ) (2.141)

This means that the Weitzenbock tensor satisfies a non-trivial identity

(n—p+ 1){W(p)aﬁa65[u['yl 51/]72] —2(n — p)W(Z[)Ma[’h 5V]'yz} (2.142)

(n—p)n—p-1)
9

+ W(p)lwvwz} =p(p — 1)W(nfp)lw71’yz .

By using the decomposition of the curvature tensor for n > 3

4
n—2

2
(n—1)(n—2)

where C%}; is the Weyl tensor (recall that for n = 3 Weyl tensor vanishes)
we can rewrite it in the form

Ry = Cly+ ROy, — Ry, (2.143)

plp—1)
(n—1)(n—2)

p(n — 2p)
(n—2)

, pip—1) .,
WH psr = _TON pa+

RI,67 ) + R 1,61,

(2.144)

and, further, in terms of irreducible components of the Riemann tensor (Weyl
tensor, traceless Ricci tensor and scalar curvature)

p(p—1) (n — 2p)

v v p v p(n _p) v
w po = D) cr po Tt (Tl — 2) E[M[Pd ]U] + n(n—Ré[u[P(s }‘7] :

_ 1)
(2.145)
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Notice that the scalar curvature term vanishes for p = 0 and p = n and
is positive for p # 0,n and positive scalar curvature. Also, a remarkable
property is that the traceless Ricci term vanishes precisely in the middle
dimension p = n/2 (for even n). The Weyl tensor term vanishes for p = 0
and p = 1 and is positive for negative Weyl curvature.

The importance of Weitzenbock formulas lies in the integral identity

ldwlf2 + [[dw|lfz = —(w, Atodgew) 12
= _(wa ABochnerW)Lg + (wa Ww)Lg
= |[Volffz + (w, Ww)z. (2.146)

Therefore, if W is strictly positive uniformly throughout the manifold so that
(w, Ww) 2 :/ dvol (w, Ww) >0, (2.147)
M

then the above expression is strictly positive, which means that there are no
harmonic forms.

For example, for one-forms this means that there cannot exists harmonic
one-forms on a manifold with strictly positive Ricci curvature. In general,
positive Ricci curvature and negative sectional curvature work against har-
monic forms. If Ricci curvature is strictly positive and sectional curvature is
strictly negative then there are no harmonic forms for 1 < p < n — 1, that
is, their Betti numbers in corresponding dimension are equal to zero

B,(M) =0 for  p=1,2,...,(n—1). (2.148)

Since there is exactly one harmonic 0-form (a constant) on compact manifolds
and the dual n-form then

Bo(M) = B, (M) =1, (2.149)

and, therefore, the Euler characteristic of such manifolds is

n

X(M) =Y (=1 By(M) = 1+ (=1)", (2.150)

which is equal to 2 for even n and to zero for odd n. Thus such manifolds
cannot have a rich topology. The sphere S™ is such a manifold with positive
constant curvature. That is why, x(S5?") = 2 and y(S*"*!) = 0.
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Let M be a compact Lie group, C'%, be the structure constants and
Yab = —C¢aaC% . (2.151)

be the corresponding (positive-definite) Cartan-Killing form (it is the neg-
ative of the usual one). Then Riemann tensor of the bi-invariant metric
is

Rabed = iwgcf wCed (2.152)
and the Ricci tensor is 1
Rap = 7 ab- (2.153)
The Weitzenbock tensor is now
WH o = 25[“[,,(5’40] — ]@VVAC“MCQW. (2.154)

2.15 Conformal Transformations

Let w € C*(M) be a smooth function on M. A conformal transformation
of the metric is defined by g, + g, with

G = € G (2.155)
so that
g =e g g = det g, = e*™ det g, = €*™g. (2.156)
We introduce the following notation for the derivatives of the function w
wy = Vuw, W =V, Vyw. (2.157)
Christoffel symbols of the transformed metric are
[, =%, + K%, (2.158)
where
K% = djw, + dpw, — guw®. (2.159)

Therefore the Riemann tensor transforms under the conformal transforma-
tions by
Raﬁuv = Raﬂw + VuKaﬂV - VVKaﬂu + KawKﬂ/ﬁV - KOCWKVBM
= R + 0% wus — 0% uwip + gpuw®y — gaw™,
+0% jwywp — 0% wuwg + 0%, guswyw” — 0% gL W w "

+9swuw” — guw,w® . (2.160)
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The Ricci tensor transforms as
Rg, = Rp —gaw, — (n—2)w,g
+(n — 2)w,wg — (0 — 2)gypw,w? (2.161)
and the scalar curvature transforms as
R = e {R-2n—1w",—(n-1)(n-2ww}, (2.162)
Notice that
wh, = Aw, w,w? = |Vwl?. (2.163)

The scalar Laplacian A : C*°(M) — C*°(M) can be shown to transform
by
A=e*{A+ (n—2)w'V,}, (2.164)

which can be written in the form

- —2)? -2
A = e [(42)/2lw A [(n=2)/2lw _ 2w {%w#wﬂ + n 5 w#u} . (2.165)

Let Y : C®°(M) — C*(M) be the Yamabe operator acting on smooth
functions and defined by

(n—2)

y—-—A4 T2
im0

R. (2.166)

Then, it is easy to see that it transforms covariantly, that is,

V = e [(n42)/2wy l(n-2)/2w (2.167)

This leads to the fact that the spectrum (in fact, all spectral invariants) of
the Yamabe operator is conformally invariant.
We also compute the transformation of the Hodge Laplacian on p-forms

(AHodge0->a1...ap - 6_2w{AHodge0a1...aP - p(n - 2p + 2>w[a1 V60-|ﬁ|oe2...o¢p]

+p(n — 2p)w’Via, 0505 ..0p) + (0 + 1) (0 = 2p = 2)0 V504, o)

+p(n — 2p)w” (0, O15las...ap) — PN — 2p)(n — 2p + Q)WBw[mmmaz...ap]}
(2.168)
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This can be computed to

(AHodgeJ)aL.ﬂp - 6_2W{AHOdgeo-al-~ap + (n - 2p B 2>wﬁvﬂaa1“'ap
—p(n — 2p + 2)wia, V20 l0s. .ap) T 200" V0, 01810s...04)]
+p(n = 2p)’ (0, 0|0z .ay)
—p(n = 2p)(n = 20 + 2 wia, Oz | - (2.169)

2.16 Homology of Some Manifolds
Let P(M) be the Poincaré polynomial defined by

P(M,t) =) "B,(M), (2.170)

where B, are Betti numbers. Recall that Euler characteristic is

X(M) = P(M,~1) =Y (=1)’B,(M). (2.171)

p=0
Then for the product of two manifolds M; x M, there holds
P(Ml X Mz,t) = P(Ml,t)P(MQ,t) (2172)

Also, if M; and M, are compact Lie groups with the same Lie algebra then

P(My,t) = P(M,,t). (2.173)

In particular,
P(S"t) = t"+1, (2.174)

P(SO(4),t) = P(S*xS2t)=E+1)E+1) =t"+23+1
(2.175)
P(CP"t) = 1+t +.- -+, (2.176)
Recall that

CP" =S /U1)=Um+1)/[U(n) x U(1)]. (2.177)
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3 Lie Groups

3.1 Introduction

Let G be a Lie group of dimension n. Let 2*, (u=1,...,n) be local coordi-
nates on G such that 0 corresponds to the identity element e of the group,
that is, e = 0. We will quantities that transform as tensors at an arbitrary
point as well as quantities that transform as tensors at the identity element.
That is why, we will use two different sets of indices. The indices that belong
to the tangent space at identity will be denoted by small Latin letters, while
the indices that belong to the tangent space at an arbitrary point will be
denoted by Greek letters.

Let F : G x G — G be the group multiplication map and ¢ : G — G is
the inverse map given locally by

(xy)' = F(z,y),  (@a7)" = ¢"(2). (3.1)

They satisfy the identities

F(z,0) = F*(0,z)=a", (3.2)
Fia, o(x)) = F(p(x),2) =0, (3-3)
Pi(e, Fly,2)) = FM(F(z,y),7). (3.4

The function F(z,y) is analytic function of both x and y; therefore, it
can be expanded in the Taylor series

a - 1 a C C,
3 (;1;7 y) = Z WF bl...bmcl...ckxbl .. .Ibmy LR T (3‘5>
km=0

where

. o o
F bi..bmer...ck oxbr ... Orbm aym e aka F (:IZ‘, Z/)

3.2 Differential Identities

First of all, we introduce a special notation for the antisymmetric second
partial derivatives

o 02

o - axcayb} Fo(a,y) (3.7)

Cabc:Fabc_Facb:{
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These constants, called the structure constants, constitute one of the most
important characterization of the group. They cannot be arbitrary but satisfy
a very important identity, called the Jacob: identity, which can be obtained
by differentiating one of the basic group identities (the associativity one)
with respect to x,y and z, letting x = y = 2 = 0 and anti-symmetrizing over
a, 3 and 7. It has the form

Cyp1Clea) = 0, (3.8)

where the index f is excluded from the anti-symmetrization. Let C, de-
note n X n matrices with the entries determined by the structure constants,
(C,)b. = C?.. Then the Jacobi identity can be rewritten in the form

[Caa Cb] = Ccach . (39)

This identity will play a role later in the discussion of the Lie algebra and
the adjoint representation of the Lie algebra and the group.

Next, we introduce useful notation for the first partial derivatives of the
function F

0

L) = 5P )| . (3.10)
Ra) = g . (311
Xle) = o) (3.12)
YW@——%%W@@FWy (3.13)

Recall that ¢(z) just denotes the coordinates of the inverse element z7!,
therefore, when y = ¢(z) then z = F(x,y) = 0. These quantities form
n x n matrices L = (L%), R = (R%), X = (X%) and Y = (Y%3). By
differentiating the basic identities one can show

L(0) = R(0) = X(0) = Y(0) =1, (3.14)

where I is the unit matrix. Therefore, these matrices are invertible, at least
in the neighborhood of the identity.
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Now, by differentiating the basic identities we obtain

WD o, 0) = 1 (Fla), (3.15)
%Rﬁv(gj) — R(F(y,7)). (3.16)

These identities express a very important property of the matrices L and R,
namely, that the vector fields defined by these matrices are invariant under
the left or right action of the group; we will say more about this below when
discussing actions of the group.

Let us denote the inverse matrices of L and R by X and Y/, that is,

LX=XL=1, RY=YR=I. (3.17)

Let 2® = F*(z,y). Then the above equations can be written in the form

O = L)X (), (315)
g_; = R (2)T(y). (3.19)

These equations show that the matrices L and R, if known, enable one to find
the function F(z,y) by solving these equations with the appropriate initial
conditions.

Now, letting y = ¢(x) so that z = F(z,y) = 0 in these equations we get

0 -
— F(x, = X%(z), 3.20
sl ey)| = K@ (320)
) 5
—Fy,x = Y%(x). 3.21
P )| = Th) .21
Thus B B
X=X, Y=Y, (3.22)

that is, the matrices X and Y introduced above are exactly the inverses of
the matrices L and R.

Differentiating the basic group identities further one can obtain further
differential identities. The most important of these identities are

9,X% —0,X", = O%X", X, (3.23)
0" —9,Y", = —C%Y°,Y°,. (3.24)
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These identities can be rewritten in the coordinate free form by introducing
the one-forms
X" = X", dz", Y=Y, dz".

Then they take the form
1
dxXe = 50“ch” AXE, (3.25)
1
dy* = —icabcyb AYE. (3.26)

This can be written in an even more compact form. Let us define matrix-
valued one-forms

C(X) =C, X, cy)=c,ye". (3.27)

Then the above equations take a very simple form
dO(X) = %C’(X) A C(X) (3.28)
do(Y) = —%cm AC(Y). (3.29)

Here the wedge product of two matrix-valued one-forms A and B is defined
by

ANB=A®B—-B®A, (3.30)
where ® involves the matrix multiplication as well; to avoid any confusion
we write it explicitly

(AAB); = A% @ B, — B')y @ A*;. (3.31)
J J J

By using these identities one can also obtain similar identities for the
matrices L and R

L, o0,L" — LMo, LYy = —CqulL7, (3.32)
R",0,R", — R"0,R", = CQR’.. (3.33)
These identities can be rewritten in the coordinate free form by introducing

the vector fields
L,=1L",0,, R, =R",0,.
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Then they take the form

(Lo, Ly) = —C%Le, (3.34)
[RmRb] = CYCabRc~ (335)

Recall that the commutator of the vector field is nothing but the Lie
derivative. Therefore, these identities can be written in the form

Lr, Ly = —C°L,, (3.36)
Lr, By = CwR., (3.37)

where L is the Lie derivative along the vector field {. This leads then to the

invariance properties of the one-forms X* and Y with respect to the vector
fields L, and R,. We obtain

L, X" = C’.X°, (3.38)
LrY? = —C%.Y°. (3.39)

This equations take especially compact form by using the matrix-valued
forms, namely,

'CLaC(X) = [Cm C(X)] ’ (340)
Lr,CY) = —[C,,CY)]. (3.41)
Moreover, one can show that the vector fields L, and R, commute
(Lo, Ry] =0, (3.42)
therefore,
ELaRb = ERaLb =0. (343)

This can be used further to show that the one-forms Y? are invariant under

the vector fields L, and the one-forms X? are invariant under the the vector
fields R,, that is,

LY=L X" =L, C(Y)=LrC(X)=0. (3.44)

The properties (3.15) and (3.16) simply mean that the vector fields L, are
invariant under the left action of the group on the manifold, that is why they
are called left-invariant vector fields, and the vector fields R, are invariant
under the right action of ther group on the manifold, and are therefore called
right-invariant. The corresponding one-forms X® are also left-invariant and
the one-forms Y* are right-invariant.
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3.3 Canonical Coordinates

Let z(t) be a one-parameter Abelian subgroup of G such that

z(0) =0, (3.45)
x(t+s) = F(x(t),z(s)) = F(z(s),z(t)), (3.46)

and
z(=t) = (x(t)) . (3.47)

Let #(0) = ¢. Then the subgroup satisfies the differential equations
at(t) = LFa(a(t))S" = RMa(x(t))E" . (3.48)

The set of all one-parameter subgroups completely covers the group, at
least in the neighborhood of the identity. Therefore, one can introduce local
coordinates such that

x(t) =t Y (z) = —a°. (3.49)

Such coordinates are called the canonical coordinates.

The canonical coordinates enable one to find an explicit form of the matri-
ces X and Y and, therefore, the matrices I and R. Notice that in canonical
coordinates

2 = L%x% = R%a® = X%z = Y%t (3.50)

Differentiating these equations and using the algebra for the one-forms X

and Y* one can obtain the following differential equation for the matrices X
and Y

%0, — Co) + X = T, (3.51)
%0, + Co) + 1Y = 1. (3.52)

Now, let us define a linear matrix-valued function by
C(x) = Cuz®. (3.53)

Then the solution of these equations is

oexp(C) T 1
X = —0 —]I+2C’+..., (3.54)
[—exp(—C) 1
Y = —F—=1--C+..., (3.55)
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where we denoted C' = C(z) for simplicity. The matrices L and R are now
given by

c 1
C 1

Obviously, all matrices L, R, X and Y commute. Also,
X(z)=Y(-x), L(z) = R(—x). (3.58)
Moreover,
X(z) = exp[C(x)]Y (x), L(x) = exp[—C(z)]R(x) . (3.59)
It is easy to see also that

sinh(C'/2)

X = explC/2 =55 (3.60)
Y = exp[—C/Q]% : (3.61)
L = exp[—C/Q]% : (3.62)
R = exp[C/z]#/gm . (3.63)
Therefore,
XY =YX = (%)2 : (3.64)
and ,
LR=RL = (%) : (3.65)
as well as
XR=RX =exp(C), YL=LY =exp(—C). (3.66)
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3.4 Group Actions

Let M be a manifold of dimension m. Let 2%, (i = 1,...,m) be local coordi-
nates on M. Let Diff (M) be the group of diffeomorphisms of the manifold
M. A left action 1 of the group G on M is a map

Y : G — Diff (M), (3.67)
such that for any x € G there is a diffeomorphism

or, in other words, there is a map

UV:GxM— M, (3.69)

such that for any z € M
U(z,2) = a(2), (3.70)

satisfying the conditions
v(0,z) = z, (3.71)
V(F(x,y),z) = Y(z,¥(y,2)), (3.72)
U(p(z),z) = T (x,2). (3.73)

Then we say that the group G acts on the manifold M, or that the represen-
tation defines an action of the group G' on the manifold M.

The right action is defined similarly. The only difference is the order of
the successive actions of the product of two group elements, that is,

U(F(x,y),2) = Y(y,V(x,z)). (3.74)

An action is faithful (or effective, or exact) if for any x,y € G, if © # y
then there is z € M such that ¢, (z) # ¢, (2).

An action is transitive if for any z,2z’ € M there is x € G such that
2 =1 (2).

An action is free if for any x,y € G, if x # y then for all z € M,
pal2) # 0y (2).

An action is regular (or simply transitive) if it is both transitive and free;
this is equivalent to saying that for any z,z’ € M there exists precisely one

x € G such that 2/ = 1,(2).
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Of course, the group G always acts on itself by left and right actions. In
this case the map ¥ is just the group multiplication map F : G x G — G.

Let M be a manifold on which a Lie group G acts. Then a Riemannian
metric on M is called natural if the group actions are isometries, that is, the
group G is a subgroup of the group of isometries of the metric.

More generally, let T' be a tensor and 9, : G — G be an action of the
group on itself, ¢, (z) = F(y,x) for the left action and v, (z) = F(z,y) for
the right action. Then T' is inwvariant under this action if

T(¢y(x)) = v, T(x), (3.75)
where ¢ is the pullback of the tensor.

3.5 Representations

In particular, an action of the group G on a m-dimensional vector space V'
defines a representation of the group

D:G — Aut(V). (3.76)

The m x m matrices D(z) = (D%;(x)) € Aut(V) are automorphisms (invert-
ible matrices) of the vector space V' satisfying the conditions

D) = 1, (3.77)
D(x)D(y) = D(F(z,y)), (3.78)
D(p(x)) = D7'(x). (3.79)

In local coordinates the action of the group is defined by the functions
2x) = Ui(x, 2). (3.80)
For representations these functions are linear
U'(z,2) = D'(x)2" . (3.81)

Every Lie group has a natural representation, called the adjoint represen-
tation,

Ad: G — GL(n), (3.82)
where n = dim GG, which is defined by

Ad(z) = X(2)R(z). (3.83)
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In particular, this means
R(z) = L(z)Ad(x), X(z) =Ad(2)Y(z). (3.84)
In canonical coordinates the adjoint representation is given simply by
Ad(z) = exp[C(x)]. (3.85)

Two representations D and D’are said to be equivalent if there is a a
non-degenerate m x m matrix U = (U,;) such that for any z € G

D'(z) =UD(z)U . (3.86)
A representation D’ is called dual (or contragredient) to the representation
D if

D'(z) = [D(x)] 7, (3.87)

where D77 is the transpose of the inverse of D. If a representation D is
equivalent to its dual, then, obviously,

det D(z) = +1. (3.88)
Since D(0) = I, then in the neighborhood of the identity
det D(z) = 1. (3.89)

The representation dual to the adjoint representation is called the co-
adjoint representation. It is defined by

Ad(z) = [Ad(z)]T = LT (2)Y T (), (3.90)
in canonical coordinates
Ad(z) = exp[-CT(z)] . (3.91)

The determinant of the adjoint representation determines an important
function, called the modular function,

A(x) = det Ad(x). (3.92)

In the case when the adjoint and the co-adjoint representations are equivalent
the modular function is equal to 1,

A(z)=1. (3.93)

Such groups are called uni-modular.
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3.6 Algebra Lie

Let D be a representation of the group G. The generators, G, = (G'4;), of
the group G in the representation D are m x m matrices defined by

G, =0,D(z)| . (3.94)

=0

It is easy to show that they satisfy the commutation relations
(G, Gy = CuGL, (3.95)

and form the Lie algebra of the group G. In canonical coordinates the rep-
resentation matrices are given then by

D(x) = exp|G(z)], (3.96)
where G(x) = G,z Recall the useful formula for the determinant
det D(x) = exp[tr G(x)]. (3.97)
For the adjoint representation we obviously have
C, = 0,Ad(z) o (3.98)

so that
Ad(z) = exp[C(x)], (3.99)

where C(z) = Chz®. The matrices C, realize the adjoint representation of
the Lie algebra
[Caa Cb] = CwC. > (3100)

which simply follows from the Jacobi identity. The matrix C'(z) is usually
denoted by
ad(z) = C(z), (3.101)

so that
Ad(x) = explad(x)]. (3.102)

The determinant of the adjoint representation of the group (the modular
function) is then determined by the trace of the adjoint representation of the
Lie algebra

A(x) = det Ad(x) = exp[trad(z)]. (3.103)
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One can express the group multiplication in adjoint representation en-
tirely in Lie algebra terms as a Taylor series in canonical coordinates. It is
given by the so-called Campbell-Haussdorff formula. Namely

Ad(x)Ad(y) = Ad(z), (3.104)

where z = F(x,y). For the sake of compactness of notation let us denote
here X = ad(z), Y = ad(y), and Z = ad(z), so that Ad(x) = exp X,
Ad(y) = expY, and Ad(z) = exp Z. These should not be confuse with the
matrices X and Y introduced above. Then

P o0 (_1)1971 Xriysi... XTeY Sk

k=1 k i rilsy!erglsg!
1 1
= X4V + XY+ o (XY = [V XY + -+ (3.105)

where the second summation goes over all non-negative integers r17 and s;
such that r; +s; > 0.

The generators of the representation dual to the representation generated
by G, are —GZ. Notice that if a representation is equivalent to its dual then
there exists a non-degenerate m x m matrix U = (U;;) such that

Gr'=_-vG, U™, (3.106)
and, therefore, the generators are traceless
trG, =0, (3.107)

and, as a consequence,

det D(z) = 1. (3.108)

The co-adjoint representation is generated by the matrices —CZ. If the
adjoint representation is equivalent to the co-adjoint representation then
there exists a nondegenerate matrix v = (7,) such that

Cl=—Cay™", (3.109)
and, therefore,
trCy = C%.=0. (3.110)
This means that
trad(z) =0 (3.111)
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and, therefore, the group is uni-modular
A(x) =det Ad(z) = 1. (3.112)

Notice that for unimodular groups

det X (7) = det Y (x) = [det L(x)] ™ = [det R(z)] . (3.113)
In canonical coordinates this determinant takes the form
sinh[C(x) /2]

det X =detY =det | —————F— ] . 114

et X(a) = det ¥ (a) = det (20 (3.114)

3.7 Invariant Metrics

Every group has a natural family of Riemannian metrics. Such metrics have
the form

g = WY ®Y", gl =1"R,®R,, (3.115)
gr = 1aX'®@X",  gp' =7"L.® Ly, (3.116)

where 7., is an arbitrary constant symmetric non-degenerate matrix. The
components of these metrics are

ghs = Y% Y’%, g3 =1PR°.R%,, (3.117)
0 = XXty g = ytLe, I8, (3.118)

where 7% is the matrix inverse to v,. Of course, for positive definite Rie-
mannian metric g one needs a positive definite matrix ~,p.

One can show that the metric g7, is invariant with respect to the vector
fields L, and the metric gr is invariant with respect to the vector fields R,,
that is,

Lg% = 0, (3.119)
Lr,g" = 0. (3.120)

On another hand, it is easy to show that, in general, the right-invariant
metric is not left-invariant and vice-versa. We compute

Lr,9" = (YCla+ yaC%c) X°® X?, (3.121)
Lr,g" = = (1C%a+1asCl%c) Y@ Y. (3.122)
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These metrics will be invariant (in fact, bi-invariant) if the matrix 7 is
chosen so that
Ve6C%ad + YarC%ac = 0, (3.123)

or, in the matrix form

Cr = Ot (3.124)

which simply means that the adjoint representation is equivalent to the co-
adjoint representation and the metric is defined with the matrix ~ inter-
twining these representations. Such matrix v always exists on uni-modular
groups. Therefore, a bi-invariant metric exists on unimodular groups. How-
ever, such matrix may not exist at all, in which case a bi-invariant metric
does not exist, or it may exist but be not positive definite. On such groups
the bi-invariant metric exists but is not positive-definite.

Indeed, one can show that if the adjoint representation is equivalent to
the co-adjoint representation then

XT(x) =Y (z)y",  LT(z) =vR(z)y". (3.125)
Therefore, in this case
XTAX =YY =YX =Y X, (3.126)

In canonical coordinates this matrix is equal to

o= o (Y 121

3.8 Volume Element

We recall a couple of useful formulas. Let Z = Z#0, be a vector field. The
divergence of the vector field Z is a scalar function defined by

div Z = xLy dvol , (3.128)

so that
Lz dvol = (div Z) dvol . (3.129)

Let o = a,dz” = g, Z¥dx" be a 1-form dual to the vector Z, such that for
any vector field V', the value of the one-form « on the vector field V' is equal
to the inner product of the vector fields Z and V, that is, a(V) = (Z,V) =
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g(Z,V). Let 6 = ¥ 'dx be the coderivative acting on differential forms. Then
one can show that the divergence of the vector field Z is equal to

divZ = da. (3.130)
It is easy to show that in local coordinates
div Z = da = g7'/%0,(4"*2") . (3.131)
Now, let f be a scalar function and fdvol be an n-form. Then
L7 (f dvol) = div(fZ)dvol = §(fa)dvol , (3.132)
which in local coordinates simply means
«Ly(f dvol) = g 20, (fg"*Z"). (3.133)

The Riemannian volume elements of the metrics g;, and gg are defined
as usual

dpvol = gi/Q(x)dxl A Ndx™ (3.134)
drvol = gll%/z(a:)dxl A ANda™ (3.135)
where
9/%(@) = 7"?detY (), (3.136)
git(z) = ~7*det X(x), (3.137)

and g = det g, and v = det,. These volume elements are left (or right)-
invariant by construction. The invariance of the metric lead to the invariance
of the volume elements,

,CLadLVOI == 0, (3138)
Lp,dgvol = 0. (3.139)

These equations read in local coordinates

0ulg/’ L") = 0, (3.140)
O.(gi*R*) = 0. (3.141)
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Also, it is easy to see that
dpvol (p(x)) = dgvol (x) . (3.142)
Moreover, as we have seen above

X(z) =Ad(2)Y (x) (3.143)

and Ad(z) = explad(z)]. Therefore,
det X(z) = A(x)detY(x), (3.144)

where A(z) = det Ad(z). Therefore,
dgrvol (x) = A(z)dpvol (x) . (3.145)

Now we compute the Lie derivative of the left-invariant volume element
with respect to the right-invariant vector fields and vice versa. By using
the above equation and the invariance properties of the volume elements we
obtain

ELadRVOI = L:La(AdLVOl) = (,CLGA)dLVOI = LQ(A)dLVOI 3 (3146)
similarly,
L:RadLVOl = £R0<A_1dRVOl> = (ﬁRaA_l)dRVOl = RG(A_I)deol . (3147)

It is easy to compute
L,A = ALad(x) . (3.148)

In canonical coordinates this can be simplified further

Lead(z) = tr CyLb, () . (3.149)
Similarly
R, A = AR,ad(z) . (3.150)
and
R,ad(x) = tr CyR%,(z) . (3.151)

This is obviously equal to zero when the generators of the adjoint representa-
tion of the Lie algebra are traceless, trad = tr C, = 0. Recall that for x =0
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the matrices L and R are equal to the unit matrix L(0) = R(0) = L. This
means that this quantity can be equal to zero if and only if tr C, = 0.

Summarizing, for unimodular groups (when the adjoint and the co-adjoint
representations are equivalent, and, as a result, tr ad(z) = 0 and A(x) = 1)
the left and the right-invariant volume elements coincide

dLVOl = dRVOI . (3152)
In canonical coordinates this volume element is qual to

sinh[C(x)/2]

dvol = /2 det ( Cl)/2

) dz' A+ Ada™ (3.153)

Notice that even if the matrix v that intertwines the adjoint and the coad-
joint representation is not positive definite, and, as a result, the bi-invariant
metric is not positive definite, there is still a well-defined bi-invariant volume
element.

3.9 Invariant Connections and Curvature

We compute the Levi-Civita connections of the left- and right-invariant met-
rics. We recall a couple of useful formulas. Let e, be a basis of vector fields.
Then the commutation coefficients 0%, are defined by

leq, ep] = 0%apec . (3.154)
An affine connection V is defined by
Ve,€0 = Wpate . (3.155)

where w€, are the coefficients of the affine connection. Let c® be the dual

basis of one-forms. Then the coefficients of the affine connection are given
by
wcba = O'C(Veaeb) . (3156)

The torsion of the affine connection is a tensor of type (1,2) defined for
any one-form « and two vector fields X and Y by

T, X,)Y)=a(VxY = VyX — [X,Y]). (3.157)
The components of the torsion and the curvature tensors are

Tabc = wacb - wabc - eabc . (3158)
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The connection is torsion-free (or symmetric) if for any two vector fields X
and Y
VxY = VyX =[X,Y], (3.159)

that is,
wacb — w“bc = —Qacb . (3160)

The curvature of the affine connection is a tensor of type (1,3) defined
for any one-form « and three vector fields X, Y and Z by

Riem(o, Z, X,Y) = o [([Vx, Vy] = Vixy)) Z] . (3.161)
The components of the curvature tensor are
R%eq = eo(wa) — ea(wse) + w* tew’ pg — 0 paw’pe — w07 4. (3.162)
The connection is flat if for any three vector fields X, Y and Z
Vx,Vy|Z =V ixyZ. (3.163)

The curvature is parallel if for any vector fields X, Y, Z, V and a one-form
a?
V[Riem(«o, Z, X,Y)] = Riem(o,VyZ, X,Y)+ Riem(«, Z, Vy X,Y)
+Riem(a, Z, X, VyY) + Riem(Vya, Z, X(31)64)

Let g be a Riemannian metric. The affine connection V is said to be
compatible with the metric g if for any three vector fields X, Y and Z,

Z[g(X,Y)] = g(VzX,Y) + g(X,VY). (3.165)

On any Riemannian manifold there is a unique connection, called the
Levi-Civita connection, which is torsion-free and compatible with the metric.
One can show that the coefficients of the Levi-Civita connection are

1
Whe = Egad leb(gea) + €c(goa) — €a(goe)]
1
+3 (9 9ee® 15 + 9 guet° g — 0%c) (3.166)

where
Jab = 9(€a, €p) (3.167)
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are the components of the metric tensor and (g%) = (gq) "' is the inverse
matrix.

Now, we can apply these formulas to the calculation of the connection
and the curvature on the Lie group. Let us define some group tensors by

1 1
whe = 57“1” (Ve + MeCpe) = 5C% (3.168)
Rabcd = w“fcwfbd — w“fdwfbc — w“be’fdc , (3169)
and
Sabcdg = wapngbcd - wpbgRapcd - wpchabpd - wpng“bcp . (3170)

Notice that the tensor S is not zero, in general.

Now, let us consider the left-invariant metric g, first. It is defined with the
help of the right-invariant basis of vector fields R, and one-forms Y,. These
play the role of the basis e, and o, above. The commutation coefficients for
the right-invariant vector fields are

Toe = C%c - (3.171)

The components of the metric are simply the matrix ~,;,, which is constant.
Therefore, the left-invariant Levi-Civita connection reads

w%bc = w“bc . (3172)
The curvature of this connection reads
Riem; = R%qR, @Y ' @Y @Y. (3.173)

Notice that, in general case, even if the components of the curvature tensor
are constant, the curvature tensor is not parallel. The covariant derivative
of the curvature is

Vi, Riemy, = $%gqR, @ Y' @Y @YY, (3.174)

which is not equal to zero, in general.

Similarly, we can compute the Levi-Civita of the right-invariant metric gg.
Now, the basis vector fields and one-forms are L, and X®. The commutation
coefficients are now

Roe = —C%c. (3.175)
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Therefore, since the connection is linear in commutation coefficients the co-
efficients of the right-invariant Levi-Civita connection differ by just a sign
from the left-invariant one, that is,

w%bc = —w“bc . (3176)

Also, since the curvature is quadratic in the commutation coefficients, its
components with respect to the basis X and L, are the same as the curvature
of the left-invariant connection, that is,

Riemp = R%cqLe ® X' ® X¢® X¢. (3.177)

This curvature is also not parallel with respect to the right-invariant metric,
the covariant derivative

Vi Riemp = —S%cigLa @ X' @ X°© X7, (3.178)

is not zero, in general.
Laplace operator acting on functions for the left-invariant and the right-
invariant metrics is
AR — ’yabLaLb + ’Yabccac[/b : (3179>
Al = AR,Ry +4"C Ry, (3.180)

which, for unimodular algebras, become simply

AR = "L, Ly, (3.181)
A = 4"R,Ry. (3.182)

3.10 Bi-invariant Connection and Curvature

Now, let us consider the case when the adjoint and the co-adjoint represen-
tations are equivalent (which is true for unimodular groups, in particular,
any semi-simple or compact groups) and the matrix v is proportional to the
matrix intertwining these representations, such that

Cq = —Cay", (3.183)

or, in components,
YacC b + 16cCa = 0. (3.184)
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In this case the objects introduced above take an especially simple form.

First, we have

1
Whe = —50%6. (3.185)

Now, by using Jacobi identity one can show that
a 1 f a
Rpeq = _ZC «dC%fp - (3.186)

By using the equation (3.184) this can be rewritten in a more symmetric
form
Rabcd = ’yapprcd 5 (3187)

where

1
prcd = vagngbCfcd. (3188)

Finally, one can also show that in this case

5%y = 0. (3.189)

Indeed, in this case we have

1
ety = 3 {(CpCPhs — C 1, CPhg) C7 g+ Cy (CF 5y CP iy — CT0yCPeg) } -
(3.190)
Now, by using the Jacobi identity we get
1
Sabcdg = g {(C’“ng’pbf — C“fp(]”bg) Cfcd + C“bechqug} . (3191)
Relabeling (and permuting) indices we get
1
Sabcdg = ngcd {Oagp(]pbf + C“fp(]pgb + C“bp(]pfg} , (3.192)
which is equal to zero by the Jacobi identity.
Now, the bi-invariant metric is given by
9=71X* @ X" =Y @ Y". (3.193)

That is why, one can use either the left-invariant or the right-invariant basis
(but not both!). Although the coefficients of the left-invariant and the right-
invariant connection differ by sign, they define the same connection. The
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Christoffel coefficients of the bi-invariant metric are, of course, the same. To
clarify this point, the bi-invariant connection is defined either by

1 1
Vi Ry = 5C e = §[Ra, Ry, (3.194)

or
1 1
Vi L, = —5C%ale = E[La, Ly) . (3.195)

These equations define a unique connection V such that for any two vector

fields X and Y ]
VyY = §[X, Y]. (3.196)

Therefore, the curvature of this connection is
Riem = R"yL, @ X' @ X°® X? = R% R, @Y @Y @Y.  (3.197)
Finally, this curvature tensor is parallel, that is,
Vg,Riem = V Riem = 0. (3.198)

The Ricci curvature tensor is

Ric=RpX* @ X' =RuY*®@Y?, (3.199)
where 1 ]
Rab = _ZCcadCdbc = —Ztr CaCb, (3200)
and the scalar curvature is
1
R = Zv“chadCdbc. (3.201)

Laplace operator acting on functions for the bi-invariant metric is

A =7"LyLy = y"R,Ry. (3.202)

3.11 Semi-simple Groups
The Killing form is a bilinear form on the Lie algebra defined by

(A, B) = tr (AB). (3.203)
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In adjoint representation A = A*C, and B = B*C,,, therefore,
(A, B) = —v,,A°B" (3.204)
where the matrix v = (74) is defined by
Yap = —t1 (CoCh) = —C%4.CCg . (3.205)

A groups is called semi-simple if this matrix is non-degenerate. This is so
called Cartan metric on the Lie algebra. One can show that if this matrix is
non-degenerate, then it satisfies the equation (3.124),

CF = —Cov™, (3.206)

which means that the adjoint and the co-adjoint representations are equiva-
lent. That is, the adjoint representation of a semi-simple algebra is traceless,
trad = tr C, = 0, which means that every semi-simple group is uni-modular.

Of course, Cartan metric is not necessarily positive-definite. However, for
a compact semi-simple group it is positive definite. Moreover, for a compact
simple group Cartan metric is proportional to the Euclidean metric, that is,

Yab = ap , (3.207)

where ¢? is a positive constant. More generally, for an irreducible represen-
tation of a compact simple group

tr G Gy = —%Gzéab, (3.208)

where N is the dimension of the representation and G? is a positive number
characterizing the representation. One can show that the adjoint representa-
tion of a compact simple group is always irreducible and has the dimension
equal to the dimension of the group.

Thus, on semi-simple group there exists a bi-invariant metric (not neces-
sarily positive definite),

9=71X* @ X" =Y @ Y". (3.209)

This bi-invariant metric is unique up to scaling and can be written in terms
of the matrix-valued one-form C(X) (or C(Y)) in a very compact form

g=—tr[C(X) ® C(X)] = —tr [C(Y) ® C(Y)]. (3.210)
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The Ricci curvature tensor of a bi-invariant metric for semi-simple group
is proportional to the metric

1
Ric = 79, (3.211)

and, therefore, the scalar curvature is
n

=7

(3.212)

3.12 SL(2,C) and Its Subgroups: SL(2,R), SU(2), SU(1,1)
and SO(1,2)

The group SL(2,C) is the group of non-degenerate complex matrices with
unit determinant. Of course, it has the subgroup SL(2,R) of real non-
degenerate matrices with unit determinant, as well as the subgroup SU(2) of
complex unitary matrices with unit determinant. The Lie algebra of SL(2, C)
consists of traceless complex matrices, while the Lie algebra of SL(2,R) con-
sists of traceless real matrices and the Lie algebra of SU(2) consists of trace-
less complex anti-Hermitian matrices. Obviously, the dimensions of these
groups are

dimSL(2,C) =6,  dimSL(2,R) = dimSU(2) = 3. (3.213)

In the Lie algebra of SL(2, C) we can choose the following basis

1 0 2 1 0 1 1 — 0
01 = = ) O = = ) 03 = = )
2\ 0 2\ 210 0 i
(3.214)
1{0 1 10 —i 1({ =1 0
El =3 ) 22 - 5 ) 2]3 - 5 )
2110 i 0 0 1
(3.215)

so that the matrices o; are anti-Hermitian and the matrices 3Jj, are Hermitian,
that is,
ol =—-0; Sh=3%. (3.216)
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The Lie algebra formed by these matrices has the form

l05,05] = €ijrok, (3.217)
(05, 5] = ey, (3.218)
(X 3%5] = —eiok, (3.219)

where €;;;, is the Levi-Civita symbol. More explicitly,

[01,09] = 03, [0, 03] = 07, o3, 01] = 02, (3.220)
(o1, 5] = 23, [0, 23] = 2, (03, 51] = %9, (3.221)
(X1, 00] = X3, (Yo, 03] =34, (X3, 01] = X9, (3.222)
(X1, 3] = —03, (X0, 83] = —01, [X3,%1] =—02. (3.223)

Now, we immediately see that this algebra has a subalgebra formed by
the matrices oy, o5 and 3. This is the Lie algebra of SU(2).
Another subalgebra is formed by the real traceless matrices

Bl = 21 s BQ = 09, Bg == 23 . (3224)
It has the form
[Bh BQ] = B37 [B27 B3] = Bl ) [B37 Bl] = _BQ . (3225>

This is the Lie algebra of SL(2,R). We see that it is very similar to the Lie
algebra of SU(2). The only difference is the sign of the last commutator.
The third subalgebra is formed by the matrices

A =03, Ay =3, Az =3, (3.226)
it has the form
[A1, Ag] = Az, [Ay, As] = — Ay, [As, A1] = As. (3.227)
This is the algebra of complex traceless matrices that satisfy the identity
Al = =A™, (3.228)

where 7 is the matrix

n= . (3.229)
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The corresponding group SU(1, 1) is the group of complex matrices with unit
determinant that preserve the bilinear form 7 in the sense

Ul =nU~tp7t. (3.230)

This algebra is isomorphic to the Lie algebra of the group SO(1, 2).
In the following we will consider these algebras simultaneously. We in-
troduce parameters (A\;) = (A1, A2, A3) such that the algebra is given by

(G, Ga] = A\3Gs, Gy, Gs] = MGy, (G3,Gh] = MG (3.231)

Then for (X\;) = (1,1, 1) this is the algebra of SU(2), while for (X;) = (1, —1,1)
this is the algebra of SL(2,R), and for (\;) = (—1,1, 1) this is the algebra of
SU(1,1).

Notice also that if one of the parameters is equal to zero, this describes
the solvable Lie algebra of the group E(2) of motions of the R?, for example, if
(A;) = (1,0, 1) this is the Lie algebra of the group of motions of the zz-plane
in R®. In this case, Gy generates rotations around the y-axis and G| and G3
generate translations along the z-axis and the z-axis. If two parameters are
equal to zero, then this is the nilpotent Heisenberg algebra H3(R). Finally,
if all three parameters are equal to zero then this is just an Abelian algebra
of R3. We will only consider the case when all parameters are not equal to
Zero.

The structure constants of the group define the generators of the adjoint
representation

00 0 0 0 N\ 0 —X\ O
Ci=10 0 =X |, C= 0 0 0 |, Cs=1Xx 0 0
0 N3 O X3 0 0 0 0 0
(3.232)

We see that the matrices C, are traceless, which follows, of course, from the
fact that the group is uni-modular. Moreover, for ();) all matrices C, are
anti-symmetric.

Let x, be the canonical coordinates on the group. Then

0 —)\1333 )\11’2
Clz) =Coz" = | Ayx3 0 —Xozy | - (3.233)

—/\3.1’2 )\31‘1 0
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This enables us to compute the Cartan metric v = (74). We obtain

A3 0 0
1
Y= _é(tr Cacb) = 0 )\1)\3 0
0 0 M

(3.234)

We see that if all parameters \; are not equal to zero, then this metric is
non-degenerate, and, therefore, the groups SL(2,R), SU(2) and SU(1, 1) are

semisimple.

We parametrize the parameters \; by complex parameters p; such that

N = 2, (3.235)
and introduce the parameters
Wi = fofi3 Wy = 13 W3 = fl1fl2 - (3.236)
Then Wow e, wiw
A= 2, = =2 (3.237)
w1 %) w3
and the Cartan metric takes the form
w00
y=1 0 w? 0 (3.238)
0 0 w2
This suggest rescaling the coordinates by
Yi = Wi, (no summation!) (3.239)
Notice that these coordinates are complex, in general. Then
0 —Zj—fys i—i’yz
Clo)=| “y; 0 -2y (3.240)
—Sye 2 0
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Now, let €2 be a square root of the Cartan metric defined by

w1 0 0
Q=10 wy, 0 : (3.241)
0 0 w3
so that
0 =n. (3.242)
Then it is easy to check that
C(z) = QS(x)Q ™, (3.243)

where S(z) is anti-symmetric matrix

0 —ys w2
S(z) = Ys 0 —wn |- (3.244)
—y2 0

To rewrite it in a more compact and more familiar form, we introduce
the generators T, of the group SU(2) in adjoint representation defined by

(Te)be = vac (3.245)
or, more explicitly,
00 O 0 01 0 -1 0
hi=(00 -1 |, Ta=| 0 00|, Ts=]1 0 0
01 0 -1 0 0 0 0 0
(3.246)
Then the matrix S(z) takes the form
S(x) = ToYa , (3.247)
or
Sab(x) = —E&abclYec - (3248)
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Therefore, the matrix C' is now
Cab(2) = —QuagareS ¥ - (3.249)
One can show that the products of the matrices T}, form the Lie algebra
[T0, To] = €aneTe (3.250)
and, moreover, their products are
(TTy)ed = —Oavdea + daadbe - (3.251)

This form of the matrix S(z) and the matrix C'(x) greatly simplifies the
calculations. Indeed, one can easily compute the square of the matrix S

S? = —y°P, (3.252)
where
Y=yl 4 Y5 + Y5 = YaTaly = WiT] + wiah + wias, (3.253)

and P is a projection on the plane orthogonal to vector y* defined by

Pab(ZL‘) = 5ab — 5 (3254)
and satisfying the equations
PP=P, PS=SP=S, ttP=2. (3.255)
Therefore,
S = (—y*)"P, Sl = (—y*)" 8. (3.256)
Thus, for any analytic function of S one can compute
1 1
18) = FOH{ 310+ £(-1)] = F0) | P43 [0) = F=r)] S, (3250

where r = /—y2. By using this equation one can compute now any analytic
function of the matrix C'(x); we get

F(C) = FO)1+ {1 ) + F(=r)] — f<o>} 04 L [ = f(=r)] €

2 2r
(3.258)
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where II is another projection defined by
I=QPQ ", (3.259)
It satisfies the identities
=11, CIl=1IC = C, trll = 2. (3.260)

Notice that the projection II could be determined by the square of the
matrix C,
C? = —y°1I. (3.261)
Notice that the matrix C'(z) and the invariant y* are real; therefore, the
projection II is also real.
Let us introduce rescale coordinates according to

To = W2Te = Mg, (no summation!), (3.262)
so that
Y’ = T, . (3.263)
Then the projection II has the form
1
Hab = 5ab - —Qi‘al’b . (3264)
Y

Now, we can compute everything in canonical coordinates. The matrix
X determining the left-invariant one-forms has the form

—1 inh hr—1
x=oC=l_p (sinhr Ay coshr =1 (3.265)
C r r?
and its inverse, L = X!, determining the left-invariant vector fields is
C r r 1
L=—— =1 [— th(—>—1]n——c. 3.266
epC 1 [2"\3 2 (3-266)

The matrix Y determining the one-forms and the matrix R = Y ! determin-
ing the right-invariant vector fields are obtained by just changing the sign of
x, which is equivalent to changing the sign of C', that is,

y = Lzep(=0) _p (sinhr Ny coshr—1 (3.267)
C r r?
C r r 1

Now, one can obtain the metric, the connection, and the curvature.
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3.13 Example: SO(n)

Let us consider a specific example of a compact simple group SO(4). The
Betti numbers for this group are

BO == BG - ]., B3 - 2 . (3269)

The algebra of this group consists of real 4 x 4 traceless anti-symmetric
matrices and the dimension of this groups is dimSO(4) = 6. We consider
the group SO(n) for generality and will specify n = 6 later. The generators
of this algebra T;; can be labeled by two indices, 75 such that 7,7 =1,...,n
and ¢ < j. The Lie algebra has the form

(19, Th) = =48ty 17, (3.270)
which can be written in the form

[T, Tl = %Crsij,lers- (3.271)
where the structure constants are

C™ i = 80U 0510y - (3.272)

The factor % appears because we formally sum over all indices, whereas we
should only sum over r < s. Such factors will appear elsewhere too. The
Cartan metric defined by

1 .
(a, B) = Z%‘j,klawﬂkl, (3.273)
has the form .
Vizkt = =7 C i paC ks (3.274)
which can be computed now easily
Y =16(n — 2)6V .07 . (3.275)
This defines a positive definite quadratic form (for n > 2)

(o, 8) = Z%j,kloéwﬁkl =4(n —2)y; /7. (3.276)
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Notice that
o1 67 ok 8y = 8,07 (3.277)

therefore, the tensor 26 [kéﬂ j plays the role of the identity in the sense that
1 S S
3 (261 ,67) (268,61 4) = 261,67 . (3.278)

Therefore, the inverse of this metric, which will be denoted by “* should
be defined so that

1 ~17,1S A j
57 sy, w = 260,07 (3.279)
it reads .

Thus, this group is semi-simple (for n > 2) and has a bi-invariant metric.
The curvature of this metric is

1
Rijkirspg = 1—6’Yab,cd0abij,k10 A pq- (3.281)
This can be computed now; we obtain
Rij,kl,rS,pq = 32(” o 2) {5[i[r5j] [k(s[ql](sp]s] - 5[2'[(153'] [ké[rl]és]p}} . (3.282)

Here the position of indices on the right-hand side should not mean anything;
it is just written in this way for readability (they all should be down indices).
Also, there is anti-symmetrization over pairs of the pairs of indices ij, kl, rs
and pq separately. The Ricci tensor is

1 ~ a C
R’ij,T'S = 6_4fykl7pq’7ab,cdc bij,k)lC drs,pq . (3283)
We compute
—92) . .
Riype — >5[Z[r5ﬂs} : (3.284)

which should be equal to %%’jms-
Now, for any vector X* on the group we have

(n—2)

1 . -
RiC(X, X) = ZRZ‘LTSXUXTS = Xz‘jXU . (3285)

This is strictly positive for any non-zero X. Also, for any two-form (or an

anti-symmetric tensor X that is, X+ = — X*.4) we have
1 - -
Riem(X, X) = 6—4Rijykl,m,pqxkalxrsmq = (n —2)X" ;X" . (3.286)

This is also strictly positive for any non-zero X.
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3.14 Particular case: SO(4)
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