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MATH 332: Vector and Tensor Analysis

Vector Algebra Symmetry
Ojk = Ok;j
Scalar Product
Unity Matrix
A -B = |B||A]cosf
1 00
Commutativity I'=0x)=1] 010
0 01
A-B=B-A
Magnitude Transformation of Rectangular Coordinates
AP =A-A

(L’; = QyETE + I(O)z
Vector Product

AxB=n|A| B|sind Summatz.on .from 1 to 3 is assumed over all
repeated indices

Anti-commutativity Vector F
ector Form

AxB=-BxA p

T 1
AxA=0 =)= v |, r=(x)=| 2
xh T3

Scalar Triple Product Transformation matrix

(AxB)-C Qary Quz Q3
' o= (o) = Qiorp Qigrg Qi
Cyclic symmetry (@) Qg1 Qg Qg

(AxB)-C=(BxC)-A=(CxA) B Matrix Form of the Transformation

Vector Triple Product r' = ax 4 20

Ax (BxC)=B(A-C)-C(A-B) Orthonormal Basis iy, (k=1,2,3)

Kronecker Symbol

Orientation of Orthonormal Basis:

Sa=oi=gh=) L ili=k right-handed if (i X ig) - i3 = +1
B 0 ififk left-handed if (i1 x is)- is=—1
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Transformation of Orthonormal Basis Levi-Civita (Alternating) Symbol
i) =iy, i =i} (+1 ( 3, k) = (1,2,3),
L ( 1),(3,1,2)
i, = cos(i, i)
. . Eijk = -1 (Z j? ) (27 173)
Orthogonality condition ( 1),(1,3,2)
Qo = 045, QO = 05 0 otherwise
Matrix Form of Orthogonality Condition ik = &V K
T _ g Anti-symmetry
T means transposition of a matrix (replacement €ijk = —Ejik = —Eikj = —Ekji

of rows by columns)
Cyclic symmetry
Proper transformation (no change of orientation)
Cijk = Ejki = Ckij
det(Oéj/k) =1 .
Orthonormal basis
Improper transformation (changes orientation)

1, X 1 = Ejr1 1y

det(ayry) = —1

‘(1] X lk) il:5jkl

Cartesian Vectors Vector Product in Cartesian Components

A=Ain, A=A i,

Scalar Product in Cartesian Components
Scalar Triple Product

(A B=A;B
(A X B) -C = gijkAiBjOk

Vector Product

X X X Tensor Notation

1 D) 13

A x B =det Al AQ Ag

By By Bs b =0l=3

Scalar Triple Product .
A=A

A Ay A

AxB)-C=det| By By, B .
AXB) ) Ci Cz Ci 0YA;B; = A;Bi=A-B
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A =aA

13 Jn J Matrix Form of a 2-tensor

Sihdis = Eikin = ik =0 A= (Ay) = Al
Azt Asy Ass
ik Aj Ak = e AiAy = i AiA; =0
A = aAa®
eijre™™ = 5;715?512 + 5T5Z5§ + 51?‘5?5§' Stress Tensor p;y,
— O] 00 — OISR Sy — 01616 Stress

mnk __ smgn msn
n,; unit normal

Moment of Inertia Tensor

€ijk€m]k = 25;”

N
5ijk5”k =6 j=1

Angular Momentum

Cartesian Tensors

(tensors in rectangular coordinates)

wy, angular velocity

Scalar: O-tensor ¢ Deformation Tensor

Vector: 1-tensor A;

; . 1 /0u; O ouy O
2-tensor A;i P U n U, n w Ouy
n-tensor A;, ;. 2\ 0z, Ox; Ox; Oxy

Transformation Laws u; displacement vector

o = Rate of Deformation Tensor
1 ov; a’Uk
A = A = = J
i — kL Vik 2(8xk+8xi>

/
AZJ == ai’kaj’lAkl

v; velocity vector field

fein T T fndn = Isotropic Tensors (built from d; only; no pre-
Matrix Form of the Transformation Laws ferred directions)
Vector Isotropic 2-tensor

A = p5z‘k
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Isotropic 4-tensor

Aikim = POitOtm, + POitOkm + XNim Ok

Tensor Algebra
Tensor Product
Ci, = A; By, Cijii = Aij B

Contraction
Diju = Ciiji
Trace
A=A,

Inner Product

(Ci=AuBy), Dy =CijuuBu

Symmetric Tensors
Sij = Sji

Sll 512 513
(Sz ) = 512 522 523
513 523 533

Anti-symmetric Tensors

0 Ap Agg
(Aig) = | —Aiz2 0 Ay
—Aig —As 0

Contraction of antisymmetric tensor
Ay =0

Symmetrization

1
Ty = §(Tm + Ths)

Antisymmetrization

1
Tij) = §(Tzk — Thi)

Decomposition of 2-Tensor

Tix = Tir) + i)

Duality
(Equivalence of antisymmetric 2-tensor to an ax-
ial vector)

- 1 -
A = §5ijchjk7 Aij = Ez’jkAk

A = Ay, Ay =Ay,  As3=Ap,

Principal Axes

Eigenvalues \(,) (characteristic values) and
Eigenvectors n (, (characteristic or principal di-
rections)

,I,angﬂ) _ )\(T)nir)
| n (T)| = 1

Characteristic Equation

det(ﬂk — )\6zk) =0

Tll - A T12 T13
det Tgl TQQ —A T23 =0
T3 Tze  Ti3— A

NN+ LA—13=0

Invariants of a 2-Tensor: I

I =T =T+ Th + T3

Thy Toy T T
Iy = det + det
2 ( Ty Tis ) ( To1 Th >
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Tll T13
+det
) (T31 Ty
Tll T12 T13
[3:det(ﬂk):det T21 T22 T23
T31 T32 T33

The eigenvalues A, (r = 1,2,3), of a symmetric

2-tensor are real

A symmetric 2-tensor has three orthogonal prin-
cipal axes ng), (r =1,2,3)

In the principal axes a symmetric 2-tensor T}, has
diagonal matrix

A 00
Tw)=1 0 X 0
0 0 X

Decomposition in terms of orthonormal eigenvec-
tors n (") and eigenvalues A(r)

3

To = Aoy 'ny”

r=1

Traceless Tensors (Deviators)

— 1
Tip =T — §5ikT

where T = Tj; (trace)

Decomposition

— 1
Ty =T + §5z‘ijj

Curvilinear Coordinates

¢ =q(r), (i=1,23)
Cartesian Coordinates
Ti = fb’z‘(Q)

Radius vector

r(q) = op(q)ix = 21(q) i1 + 22(q)is +23(q) i3

Basis (tangent vectors to coordinate curves)

_or
= 3

€;

Transformation of basis

/ k
€, =a e,

-/
— A ’
j €L =« ke]

ailkakj’ — 5; ’ Oéik’()ék/j _ 6;
Orientation:

right-handed if (e x e3)- e3> 0

and left-handed if (e X e3)- e3 <0

Reciprocal Basis

el e,=10

er X €
(81 X eg) .
where (j, k1) = (1,2,3),(2,3,1), (3, 1, 2)

e’ =
€3

Contravariant Components
A= Ae,,

Covariant components

A :Aiei,
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Transformation of components ds® = gy, dg’ dg"*

A= o L AR Al = oy A, Volume Element

AV = VGdg'di?dg®, G = det(gy)

Metric Tensor

or Or ik . 1| Tensors in Curvilinear Coordinate System
Jik = € € = N gr=e€e -e
aqt  0qF A
Contravariant components A%
Symmetry Covariant components A;
' ‘ Mixed components A%, A
9ik = Gki 5 glk = gkl Relations
Determinant of the Metric Tensor Ak = gin Ak = g Al = gingbma
etc

The matrix ¢%* is the inverse matrix of the matrix

gix given by Orthogonal Coordinate System

s det M @.@:07 if i £k
G o

Basis

g*=(-1)

where M is a 2 x 2 matrix obtained from the
3 x 3 matrix g;; by removing the i-th row and the e;-e,=¢e'-eF=0 ifi £k
k-th column

; 1
: leil =hi,  |e'|=+
Relations between components h;
. 4 - Metric
Ai = g A", A= g™ Ay =0, if i #k
= h2 (no summation!)
Displacement —0, itk
or . . g 1
dr = —dqg' 9" = — (no summation!)

h2

Line Element (Arc Length) Metric Coefficients

or Jr h: = or
ds2:dr~dr:a—qi akalqdq i ’aqi
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. 81’1 2 81’2 2 81’3 2
hi_\/(aq%) +(8qi> +(aqi

Relation between covariant and contravariant com-

ponents

A; = hiA" (no summation!)

Orthonormal Basis

Line Element

ds® = hi (dg')* + h3 (dg*)* + I3 (dg’)?

Volume Element

dV = hlhghg dql dq2 dq3

Cartesian Coordinates
Line Element

ds* = (dxy)? + (dwy)? + (dxs)?
Volume Element
dV = dl’l dl’g dl’g

Metric Coefficients

Cylindrical Coordinates

p =0,

T
p:\/x%—i—x%, tangoz—Q,
Ty

0 < <2m, —00 < 2 < 00

Z =3

T1 = pCosp, Ty = psin g,

Radius Vector

T3 = 2

r =pcospiy + psinpis + 2zig

Orthonormal basis
e, =cosplij+sinpis

€, = —sinpl; +cospis
e, = i3

Line Element

ds? = (dp)* + p*(dp)? + (dz)°

Volume Element

AV = pdpdedz]

Metric Coeflicients

h, =1, hy, = p, h,=1
Spherical Coordinates
r >0, 0<60<m, 0<p<2r
V? + a3
r=/z?+ a3+ 23 tanf = Y12
I3
x
tanp = =22
I

x1 = rsinf cos p, To = rsinfsin g,
T3 = 1 cos b

Radius Vector

r =rsinfcospi; +rsinfsingpis +rcosfis

Orthonormal Basis
e, =sinflcospi; +sinfsinpis + cosfis

ey =cosfcospiy+ cosfsinpis—sinfis
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€, = —slnpl; +Ccosply

Line Element

ds® = (dr)2 + T2(d9)2 + 72 sin? 0(dyp)*

Volume Element

dV = r*sin 6 dr df dy

Metric Coeflicients

h, =1, hg =, hy, = rsinf

Vector And Tensor Analysis

Functions of Single variable

Product Rules

d dy dA
“(pA) = A o
aeA) =g Aty
d dB dA
“(B-A)=—.A+B. .~
dt( ) dt + dt
d dB dA
E(B XA)—WXA‘FB XW
Trajectory
r(t) = xp(t) ig, a<t<b
Velocity
V—@
Cdt
Unit Tangent Vector
@
_dr_ at
ds dr
dt

Speed
_|dr| ds
v = al = a
Acceleration
_dv d’r
dt — d?

Arc Length (Line Element)

ds = |v|dt

Fields in Cartesian Coordinates

Partial derivatives

0

Nabla (Del) Operator

0;

|V = ix O = 1101 + 120, + i30s

Gradient

grad [ = V[ =ix 0,/ |

(grad f); = 0.f

Directional Derivative

ﬁ = @-gradf: u - gradf
ds ds

Flow Lines
dr

dt
dl’l o de‘Q . de’3
F B F;

— 3F

Divergence

divF =V .F =0,F
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Curt
iy iy i3
curl F = 81 82 83 r:|r|:\,x%—l—$%+x§
Fy F, F3 -
Vr=—| |Vr| =1
(curl F); = €;j,0; Fy, r
curl F = V x F = i, £,,40; F _dr
k%) Vf(r) .
Laplacian V-F(r)= r. d_F
r o dr
= 1 = 2 = . dF
A= divgrad =V*=V.V VXF(T):EXd—
r r

(F-V)r=F

Vector identities: . . .
Fields in Orthogonal Coordinate Sys-

Vx(Vx F)=-AF +V(V-F) tem (in orthonormal basis e;)
curl curl F = —AF + grad div F Vector Components
VxVp=0, F—F. e,
’curl grad = O‘
V- (VxF)=0,
: 1 0 1 0 1 0
grad f = elh_lﬁ_cﬂf+ e2h_28_q2f+ e3h_3(“)_q3f
V(fg) = (Vg + f(Vy)
V(fF)=(Vf)-F+ fVF ) 5
V x (fF) = (Vf) x F + f(v X F) divF = h1h2h3 {a—ql(hgthl)

0 0
+a_q2(h3h1F2> + _<h1h2F3)}

df oq*
dF
V- F(p) ZVQO'% 1 P P
IF curl F = e1h2h3 |:a—q2(h3F3) — [8_(]3(h2F2):|
V x F(p) =V x -
7 re, L [i(hp)_[i(hp)]
- 2h3h1 oF 141 oq" 31'3
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1 0 0
—i—es@ L‘?—ql(hQFz) - [a—q2(h1F1)1

1 0 hohs O
Af = — —
f h1h2h3{5’q1 ( hy aql >

0 h2h3 0 0 h2h3 0
vaa (han!) * o (2 %f)}

Cylindrical Coordinates:

1
grad f =e,0,f + eSO;QOf +e.0.f
) 1 1
divF = ;ap(pr) + ;@,Ep +0.F,

1] € re. e
19, 9, 0.
Pl F, pF, F,

curl F =
1 1, 9

Spherical Coordinates

1 1
grad f =e,0,f +ey—0pf + e,——0,f
r rsin 6

. 1 2 1 .
divF = T—Q&n(r F)+ 71Sin(989(sm€Fg)
1
— O, F,
+7“sin9 e
1 e, reg rsinfe,

curl F = 2—9 3r 89 a(p
resi F, rFy rsinfF,

1

r2sin §

(99 (Sin Qagf)

- 9?
r2sin® 6 “Df
Integrals
Parametrization of a curve C
r = r(t), a<t<b

Line Integrals

b

/F-dr:/F(x(t))%dt

C a

10

Circulation of vector field along a closed contour

%F-dr

c

Parametrization of a surface S

Unit Normal

h— O,r X O,r
|0yt X 01|

For a surface given by

the Unit Normal is
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Surface Element

dS =ndS = 0,r x O,r dudv

S = |0,r X Opr| dudv

For a surface given by

Z:f(xay)

a<z<b y(x) <y < ys(r)

the Surface Element is

45 = \[1+ (0u))? + (0,f)? dy dz

Surface Integral of a scalar field

d b
//gpdS //gp (u,v)) |Opr X Opr| dudv
S

b y2(x)
=/ o(r,y,2(7,y))
a y1(x)
V1 (012 + (0,F)? dy de

Flux of a Vector Field F through the surface S
//F-dS://F-ndS
S S

Line Integral of a Gradient

@(P)

Q
&/ﬁwwdr=ﬂ@—
P

Circulation of a Gradient along a closed contour

j{gradcp-dr =0
c

Gauss (Divergence) Theorem

/D//dideVzgj/F'dS

0D is a closed surface, which is the boundary of
the solid region D

Green’s Theorem

//(81172 - 82F1>dl’1d$2 = f(Fldxl -+ Fle‘Q)

S as

05 is a closed plane curve, which is the boundary
of the region S in the xjxo-plane

Stokes’ Theorem

//curlF-dS:ng-dr
S

oS

05 is a closed space curve, which is the boundary
of the surface S

Flux of a curl through a closed surface S

//curlF~dS—0
s

Tensor Fields

Flux of a Tensor Field

// Tixny, dS, // Tipn; dS
s 5
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Divergence of a Tensor (in Cartesian Coordi-
nates)
0iTi, Ok T

Directional Derivative (in Cartesian Coordi-

nates)
dT;k dl‘j
= —0.T;
ds ds 05T

Analog of curl of an antisymmetric 2-tensor
3eijk0iAji, = 01 Aoz + O A3y + 03412

= 81;11 + 82142 + 83143 = leA

12



