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Chapter 1

Classical Field Theory

1.1 Introduction

In these lectures we will use mostly the covariant spacetime approach to the
field theory developed mainly by De Witt [7, 12].

The basic object of any physical theory is the spacetime. We will denote
it by M and assume that it is a d-dimensional manifold with the topological
structure

M=1Ix3, (1.1)

where I is an open interval of the real line and ¥ is some (d — 1)-dimensional
manifold. ¥ can be compact or noncompact. More precisely, we assume the
spacetime to be a Riemannian manifold with a hyperbolic metric g of the sig-
nature (— + - - - +) which admits a foliation of spacetime into spacelike sections
identical to X.

The points of the spacetime are denoted by x and local coordinates by
o (u=0,1,...,d—1), 2% will be often denoted by t as well.

1.1.1 Superclassical fields

Let us consider a set of some say real smooth differentiable functions over the
spacetime
oA (z), A=1,2,...,p. (1.2)

If these functions transform according to some special rules under the transfor-
mation of the coordinates, i.e., if they form a representation of the diffeomor-
phism group they are said to be a classical field.

This can be formulated in a more mathematical language. Let us consider a
vector bundle V(M) over the spacetime M each fiber of which is a vector space
V., on which the Lorentz group O;(1,d—1), subscript 1 denoting the component
of O(1,d—1) containing the identity, acts. The sections of this vector bundle are
called classical tensor fields. They do not need to be irreducible representations
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of the Lorentz group. In general, the bundle V.(M) is the direct sum of all
bundles with sections being irreducible tensor representations of Lorentz group.

These tensor fields are represented by their components, which form a set of
smooth differentiable functions on the spacetime manifold

p: M — RP, (1.3)

p = dim V,. being the dimension of the corresponding vector space.

The label A denotes the collection of all possible discrete indices that label
the tensor product of irreducible representations.

We will always suppose that there exists also spin structure on the spacetime
manifold M, i.e., that the second Stiefel-Whitney class of M vanishes, and there
is an associated vector bundle V, (M), each fibre of which is a complex vector
space V,, on which the spin group Spini(1,d — 1), i.e. the covering group
of Lorentz group, acts. The sections of this bundle are called spinor fields.
The bundle V(M) we consider is, in general, the direct sum of all spin-tensor
bundles, having the sections as spin-tensor fields.

One of the most important theorems in quantum field theory is the theorem
about the connection of the spin and statistics. It states that there is a crucial
difference between the tensor fields and spin-tensor fields. All tensor fields have
bosonic statistics and are called boson fields and the spin-tensor fields have
fermionic statistics and are called fermion fields.

In QFT the classical fields become Hermitian operators on a Hilbert space.
The boson fields satisfy some commutation relations and the fermion ones — the
anticommutation relations

[B1,By)=h---, [F,F)y=h---, [BF]=0. (1.4)

where B and F' denote some boson and fermion fields, [,] and [,]4 are the
commutator and the anticommutator.

That is why in the classical limit 2 — 0 of QF'T the boson fields are assumed
to commute with each other and with the fermion fields

B1By = BBy, (1.5)

BF = FB, (1.6)

However, the fermion fields in the classical limit should be taken to anticommute
with each other

F\Fy = —FyF,. (1.7)

It is clear that the product of two (and, hence, of any even number) of fermion
fields is a boson field.

We do not restrict ourselves only to boson or fermion fields. The set 4
contains both boson and fermion fields. Such sets of the boson and fermion
fields are called super fields.
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To deal with the collection of the boson and fermion fields we define the
parity £(?) of the field component ¢ by

A 0, if o is bosonic
e(A) =e(p?) = (1.8)
. A . . .
1, if ! is fermionic.

Then commutation relations (1.5) — (1.7) can be written in a closed form
AP = (—1) BB 4 (1.9)

or
[, 0P)s = AP — (—1)F WP B A = . (1.10)

This is called supercommutator. To simplity the notation one can adopt the
convention that an index or symbol appearing in an exponent of (—1) is to be
understood as assuming the value 0 or 1 according as the associated quantity is
fermionic or bosonic and replace e(A) — A .

The variables ¢* satisfying the conditions (1.9) are called the Grassmanian
variables or supernumbers. They are said to form a Grassmanian algebra Ap
of dimension D. Thus the fields ¢ (x) at a fixed point z € M generate a
finite dimensional Grassmanian algebra, Ap, the fermion fields being the odd
elements of it and the boson fields the even ones. If we include the values of the
fields at all the points x € M, then we have infinitely dimensional Grassmanian
algebra A.,. Therefore

p: M — A (1.11)

The classical fields satisfying the commutation (1.10) relations are called super-
classical fields. That is why the starting point of QFT is not just the classical
field theory but rather the superclassical field theory.

1.1.2  Field configurations
A field configuration is defined to be the set of all o (z) for all =

o={p?(x): zeM, A=1,...,D}. (1.12)

To present this idea in a more visual way we will use the condensed notation
of De Witt. In this notation the discrete index A and the spacetime point x are
combined in one lable i = (A, )

o' = (x). (1.13)

The field ¢ becomes then an infinite-dimensional (continuous) column , i.e.,
a contravariant vector, the product of two fields, ¢’p*, and, in general, any
quantity with two upper indices like G** becomes infinite-dimensional matrix
(tensor)

Gt = GAB(z,y), i=(A,2); k= (B,y) (1.14)
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and so on. Intuitively one can use a finite-dimensional analogy. Let My be a
lattice (a finite subset of points) in M

My ={z,, a=1,...,N; z,€ M} C M. (1.15)
Then i = 1,...,D x N and ¢’ becomes a D x N finite-dimensional column
(vector)
o (z1)
¢! (zn)
Q' = : . (1.16)
P (21)
¢P(zn)

Thus the field configuration is just the set of the values of the field in all
points of the manifold. The matrix G** should be viewed on as a (D x N) x
(D x N) - dimensional matrix

G zy,21) ... G ay,on) | ... | GP(zy,21) ... GYP(z1,2p)
G(rn,z1) ... GYMay,on) | ... | GP(an,z1) ... GP(ryn,zN)
GPY(zy,21) ... GPYay,zy) | ... | GPP(xy,21) ... GPP(xy,2n)
GPl(zyn,71) ... GPYay,zNn)|...| GPP(zN,21) ... GPP(an,zn)
(1.17)

Further, as usual it will be always assumed that a summation over repeated
indices is performed. That is in condensed notation — a combined summation-
integration, i.e.

Jp = Jip' = /da: Ja(z)p?(z) (1.18)
M

Thus one can formally consider such objects, as the traces and the determinants
of the infinite-dimensional matrices.

The next object that is used extensively in QFT is the configuration space
M. Configuration space is the set of all possible field configurations

M={¢'}. (1.19)
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One can show that the configuration space in an infinite-dimensional superman-
ifold.

1.1.3 Field functionals

A supernumber-valued function S(¢) on the configuration space with
S(p): M — Ax (1.20)

is called a field functional. Functions on supermanifolds are defined by the
formal power series in fermion fields. Denoting the boson fields by x and the
fermion fields by 1, i.e.

p = ; (1.21)

one can write

S@) = ) farea, QP

n>0
= > / day - A fay o, (G T - 20 () - 68 (1),
n>0
(1.22)
where a; = (A4;,x;), with the spinor index A; running over A, = 1,...,q for

some ¢ < D. From the anticommutativity of the fermion fields it is clear that
far...a, (X) are antisymmetric in all their indices. These are infinite-dimensional
p-forms on supermanifold M.

The functional derivatives of the field functionals are defined as follows. Let
us consider an infinitesimal variation

St = 8™ (x) € C°(M). (1.23)

The set of all points of spacetime where d¢® is not equal to zero is called the
support of

Q = supp d¢' = {z € M, St (x) # 0}, (1.24)
5™ =0 for z ¢ Q. (1.25)

We assume that 6o’ has a compact support
QC M. (1.26)

Let 6S(¢) denote the corresponding change in S(p). If for all ¢ € M and all
dp € C*°(M) with compact support, §5(p) can be written in the form

55(p) = 8¢',; S(p) = S.i(p)dp
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= /dx S (x) (%S(g@)) :/ dx (S(QO) 5()0125(@) 5o (),
M

M
(1.27)
where the coefficients . .
1) 1)
i = -0 = , 1.2
S 5o S S S (1.28)
5 5
;= - =5—— 1.2
= e = 5w (129

are independent on the d¢°, then the S(i) is called differentiable functional on
M and ; S and S; are called the left and the right functional derivatives.

Now consider some finite variation h® and the value of the functional S(¢)
at the point ¢ + h. At a regular point ¢ it can be expanded in the functional
Taylor series

o 1 )
Slp+h) = S(p)+ S’ + 5 Sau(@)h*hi -
1 ) )
= Y S (ki b, (1.30)
"0 n!

where all variations are moved to the right.
The coefficients of this series are called the higher right functional derivatives

«—n

0

Siiroin = Sm~

(1.31)
Since the superfields ¢’ do not commute, the order of variation in Taylor
series is important. By rewriting it in the form

1. ;
Slp+h) => =Bt (), (1.32)
n>0

we define the higher left functional derivatives

o
inenin, S = WS (1.33)
In the usual notation the term of second order in this series looks more compli-
cated

—

52

S inhknt = /d:cd S(p) ————5—
& P @)

hB (y)hA (x). (1.34)
Changing the order of variations it is easy to find the relation between the left
and right derivatives. If the functional S itself is even (bosonic), i.e., €(S) = 0,
then
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Si=(-1)",58 (1.35)
In general
5 : 5
= (—1)i0 ) 2 1.
S5wl (1) 5@15, (1.36)

where £(5) is the parity of functional S. Besides

it S = (=1)* i S (1.37)
S i = (=1)*S i (1.38)
In other words one has
55 Ko 4
- — = (=1)"— - 1.
5 5 w0
— — = (=1)""— -, 1.4

From these equations it follows, that the mixed left-right second derivative of
an even functional possesses the following symmetry relation
S = (~1)HR S (1.41)

A matrix with down indices satisfying such a relation will be called supersym-
metric. This name is because the bilinear form

nEh = ' Eyh*, (1.42)

where F;j is a supersymmetric matrix with parity determined only by its indices,
e(Eik) = (i) + e(k), is symmetric.
If we write a supersymmetric matrix F in the block form

A B
(Bir) = , (1.43)
¢ D

where A and D are bose-bose and fermi-fermi sectors (and, therefore, even) and
B and C are the mixed bose-fermi and fermi-bose ones (and, hence, odd), then
the supersymmetry means that the matrices A and D are symmetric and B and
C satisfy the relations

AT = A, DT =D, (1.44)

BT = —C. (1.45)
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Example 1. The simplest functional is the field itself. The derivative of it is
defined by

5o’ = ¢’ 150" =505, o', (1.46)
or
5™ (x) = / dy soA(x)% 5p" (y) = / dyso® (y) g o” (x)
5B (y) 5B (y)
(1.47)
Therefore ‘ ‘ . '
s@l’k = 5lk, k’(pl - §Zk7 (1.48)
where ‘
5y = %58(z,y) (1.49)

is infinite-dimensional Kronecker symbol (continuous identity matrix). We also
have obviously the super commutation rule

— —

0k ik kO k
. = (-1 — + 67, 1.
5 (1) 5 0; (1.50)

Similary, for any linear functional
S = Jip' (1.51)

we get
S =J. (1.52)

Example 2. Consider now a quadratic functional.
L k

where F is a supersymmetric matrix

By, = (=1)k+itik g, (1.54)
We calculate
N 1 ik i sk
05 = 59" Eide" + 500 Eing” = ¢' Edg". (1.55)
Therefore _
S,k = (plEik- (156)
Further . 4
05y = 00 By = (—1)* Egide’. (1.57)
Hence
Ski = (—1)" By, (1.58)

S = E. (1.59)
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Thus using the functional differentiation one can define the concept of tan-
gent spaces and generalize, at least formally, almost the whole structure of
differential geometry to the infinite-dimensional supermanifold. In particular,
introducing a supersymmetric nondegenerate matrix F;x(p) that depends only
on the values of the fields but not on their derivatives and is diagonal in the
continuous part,

Eir() = Eap(e(2))d(x, y), (1.60)
one can define the ultra-local Riemannian metric on the supermanifold M by
E = d¢'Eilp)de”
= /dxd(pA(x)EAB(ga(x))d@B(x). (1.61)
M
This gives the interval between two field configurations ¢ and ¢+ dp. Then one

can define formally the connections, geodesics, curvature etc.

Example 3. Now, let us consider a special class of functionals, namely, local
functionals. These are functionals which depend on the values of the fields and
finite number of their derivatives.

The local functionals have the following form

S0 = [doLlo. e ) (1.62)
M
where
©.u = 0up, (1.63)
Popreopiny = Opy = Ouy (1.64)

and L is some function of the fields derivatives on one spacetime point. It is not
difficult to calculate the functional derivative of local functionals. We calculate

S(p+dp) = S(@)+/dm{5¢f‘8_+5¢x‘}“(f?+...}
Y

OpA

s+ fasset {25 -0, (545) e} s

where the dots contain the similar terms with higher derivatives of ¢. Thus we
obtain the Euler-Lagrange formula

5 = 08 oL a(ac>+_”

0o (x) — pA(w) M\ B,

0L N 9L
= W + Z(—l) 8M1 "'6Nn (7) (166)

A
n=1 8(p sH1 P



14 IvaN G. AVRAMIDI

Thus, the functional derivative of any local functional is given by

5 D
S = = 1.
"= 5w = D o7
where .
0
> D)"0u, - Oy 57— (1.68)
SD ngl u a A“u1 Hn
Similarly,
0 D
,=S——— = —_— 1.
S S&p"‘(m) E(x)DgaA(x) (1.69)

The functional derivative of a local functional is obviously again a local func-
tional

5 S D / DL(y)
S = = L(z)= [ dyd(z, . 1.70
o 0pt(x)  Det(z) (@) vl y)DW‘(y) (70
Thus the second derivative is simply given by
5 5 D D
Sk = S = Ly)d(z,y)) —=—. 1.71
= 58w 58~ Doty CW gy T

Therefore, the first derivative is a usual function on M but the second derivative
is a distribution. It is easy to see that the second derivative is actually the kernel
of a differential operator of order 2NN. For the functionals that include only the
first derivatives of the fields the second functional derivative looks like

A = i,S,k = < 8 A 8 + = (BABa +0 BAB) CAB) 5(1’,y), (172)

where . _ . _
1 0 1o} 0 1o}
L
AAB_2 (84,07M£8<p§+3<p7“;£8<pﬁ>’ (1.73)
9 .0 d .0
B4 = L —
AP Opt "0k, Dl 0P
1 9 .0 0 .0
+ 2o, -2 - 9 r : (1.74)
2 (&pi 008 0¢4 8@3)
9 .0 9 .0 a .0
= — —_— 1.
Canp 5 Aﬁago + 3 (&p“‘ 97 3wﬁ£3¢3> (1.75)

For real functional S(¢) and real ¢° the matrices A and C' are supersymmet-
ric and the matrix B is antisupersymmetric, and possess the following reality
(super-Hermitian) relations

Ay = A%y = (S)MPEAP A = (MR (L7
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BIIZXB _ —(—1)A+B+ABB]I§A _ (_1)A+B+ABBE«1;’ (177)
Cap = (—1)ATBFABC, p = (—1)ATBTABC & (1.78)
Recalling that 97 = —d,, it follows from these properties that the operator A

is self-adjont AT = A. This is the consequence of the symmetry and reality
properties of the functional differentiation.

1.1.4 Dynamics

The fundamental assumption of the field theory is that any dynamical system
can be described by an action functional. This means that the nature and dy-
namical properties of the system are completely determined by the action func-
tional. The action functional is a differentiable real-valued even supernumber-
valued scalar field on the configuration space

S: M- R, (1.79)

where R, is the set of all real even supernumbers. The choice of dynamical vari-
ables, i.e., the fields ¢, used to describe the system is not unique. Consequently,
the configuration space M, i.e., the set of all possible field configurations, is
also not unique. It depends on the choice of the dynamical variables ¢* (i.e.,
on the parametrization of the dynamical system) and on the boundary condi-
tions imposed at the time limits (and at spatial infinity if > is noncompact).
Analogously, the choice of the action functional is not unique.

However, for a given dynamical system all action functionals describe the
same physics, i.e., they must give physically equivalent sets of the dynamical
field configurations. The dynamical field configurations are defined as the field
configurations satisfying the stationary action principle: physically admissible
values for dynamical variables are those for which the action is stationary under
small disturbances with given boundary conditions

55 =0. (1.80)

In other words, the dynamical field configurations must satisfy the dynamical
equations of motion

95y (1.81)
ot
with given boundary conditions. The set of all dynamical field configurations
M, is a subspace of the configuration space My C M which is called the
dynamical subspace. In QFT it is often called the mass shell.
In the local field theory the dynamical equations are local partial differential
equations. This means that the action is a local functional

S(p) = /dx L(p,0p,...), (1.82)
Q
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Future

out-region

Bout() =0

tout

Bin(p) =0 Yin

in-region
Past &

Figure 1.1: Dynamics

where 2 C M is the region of spacetime which we are interested in from the
dynamical point of view and L called the Langrangian is a scalar density of unit
weight. The whole setting of the problem is illustrated on the Fig. 1.1.

In simple cases the region 2 is just
Q= (tinatout) X X (183)

and

90 = S U Sous U Soo, (1.84)

where Yoo = (tin, tout) X 0X. Besides, in the usual scattering problems of QFT
one takes ti, and toy first finite but at the very end of calculations let them go
to infinity

t:, — Foo. (1.85)

m
out
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1.2 Models in field theory

Let us list some simple field theoretical models.

Scalar fields. First of all, a system of scalar fields ¢4, (A =1,..., D), inter-
acting with gravitational and vector gauge fields is described by

1
w—/dﬂfg {——g“ 545V 0V, " 2(m2+€R)5AB%0A¢B—V(s0)},

(1.86)
where g,,,, is the metric of the spacetime, g = detg,,,

Ve = (0,08 + AT, ) of (1.87)
is the covariant derivative, AZ, (a=1,...,p) are the vector gauge fields, T, =
(T(;4 g) are the generators of the Lie algebra of the gauge group

[Ta7Tb] ce bTC7 (188)

C¢,, are the structure constants, m? is the mass parameter, ¢ is the coupling
constant to gravity, R is the scalar curvature, and V() is a potential for the
scalar fields, that does not depend on the derivatives of the fields ¢.

A more complicated system of scalar fields is the so called nonlinear o-model

1
So=—3 /dxgl/Qg“”EAB(go)VMDAV,,(pB, (1.89)
M
where Fap(p) is a local function of the scalar fields.

Yang-Mills fields. The system of vector gauge fields A, in curved spacetime
is described by the Yang-Mills Lagrangian

SYM = 4 ) dwgl/quagl/ﬁé‘ b y,l/ aﬁ (190>
M
where e is the coupling constant
FY, = 0,AL — 9,A% + C% AL A (1.91)

is the field strength of the gauge fields and C . are the structure constants of
a simple compact Lie group.

Gravity. The gravitational field is described by the metric tensor of the space-
time g,,. The simplest Lagrangian is the Einstein-Hilbert one

1/2 2A 1.92
Sen = 16G/d$g (R—2A), (1.92)
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where G is the Newtonian gravitational constant and A is the cosmological
constant. This is the only covariant action that leads to the equation of motion
of second order. One can, however, consider more complicated gravitational
Lagrangians

1 1 1
= [ droV/? —— e woaB |t p2 L
SR+R2 / x g 2]('2 1% QC + 6U2R + 167TG(
M

R— QA)} , (1.93)

where Cluag is the Weyl tensor, f is the tensor coupling constant and v — the
conformal one. This Lagrangian leads to equations of motion of fourth order.
That is why this model is also called the higher-derivative gravity. One of the
crucial difference between the sigma-model and gravity on the one side and
other models on the other side is that the coefficient in front of the derivatives
of the fields does depend on the fields, whereas for S,, Sy s it does not. As we
will see in further lectures, this coeflicient determines the Riemannian metric
of the configuration manifold M. That is for the scalar fields and Yang-Mills
fields this metric is constant, i.e., does not depend on the fields. Therefore, the
corresponding Riemannian curvature vanishes, i.e., the configuration space is,
in fact, flat. For the o-model and gravity this is not the case. The configuration
space metric is not constant, and, hence, the configuration space is curved. This
causes serious difficulties in quantizing these theories.

Spinor fields. All the previous models were bosonic. Let us also write down
a Lagrangian describing a system of spinor fields ¢ (which are fermionic)
interacting with gravitational and Yang-Mills fields

Sy = /dxgl/Qi/;AéAB (iv"V,, — m) P, (1.94)
M

Here
Vi = €4 Yas (1.95)

7a are the Dirac 2[4/2) x 2[4/2] matrices, satisfying the anticommutation relations

Ya Vb + WYa = 29abs (1.96)
with g, = diag (—1,1,...,1), and ey, are the 1-forms of the local Lorentz frame
satisfying the relations

Guv = gabezeﬁa (197)

1) is the Dirac conjugate spinor
=y, (1.98)
where 7 is the matrix of charge conjugation defined by

Y ==y (1.99)
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The covariant derivative of spinor fields is defined by

1
V0t = (auag‘ + iwabu%bag + A;T;‘B> VB, (1.100)

where Yap = Vo Vy) w“bu is the so called spinor connection

1 y 1 y
wabﬂ _ EgaceC (eby’ﬂ _ ebu,y) _ §gbcec (eay’# _ eau’y)
1
+ 590" geaelee (€0 — ) (1.101)

and e is the dual basis of contravariant vectors

eney = 0p, elteld = ok (1.102)

1.3 Small disturbances and Green functions

Let us consider the equations of motion

_s

(1.103)

They are, in general, complicated nonlinear partial differential equations. Let
©* be a solution of equations of motion and let us look for another solution in
the neighborhood of ¢, of the form ¢ + &, where 6 is an infinitesimal field.
Substifing ¢ + d¢ in the equations of motion

i,8(p +0¢p) = ,8(p) + 1,5,(9)0¢ +--- =0 (1.104)
and limiting ourselves to the quantities of the first order we get
Aij&pj = 0, (1105)

where
Ay =45 (1.106)

This is the homogeneous equation of small disturbances. Its solutions are known
as Jacobi fields. In practice it is convenient to introduce infinitesimal exter-
nal sources dJ; which cause the small disturbances. Let the action suffer the
following change

S(p) — S(p) + 6J;0" (1.107)

Then the equations of motion for the disturbed system becomes
i,5(p) = —0J;. (1.108)
In the first order, the solution of these equation of motion is

O+ 50, (1.109)
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where ¢ is the solution of
.S(p) =0 (1.110)
and d¢* is the solution of the equation

A (p)og? = =6 (1.111)

This is called the inhomogeneous equation of small disturbances. Its general
solution is the sum of a particular solution and an arbitrary Jacobi field.

1.4 Wronskian

As we have seen for the local theory without higher derivatives the operator of
small disturbances is a differential operator of second order and has the form

Aik = AAB(I,8)5(LE,y) (1112)
y 1
Aap(z,0) = {QLAZB@D + 3 (B 50, + 0,BY ) — C’AB} . (1.113)
and is formally self-adjoint, i.e., the matrices A*” and C' are supersymmetric
ARl = (—1)ATBTAB AR AR = A (1.114)
Chp = (~)*PHECp, (1.115)

and B* is antisupersymmetric
4 A A 4
BY, = —(—1)ATBTABRL (1.116)
Besides, for real fields the matrices are super-Hermitian
AR, = (—1)ATBFBAARY < ete. (1.117)

The operator A acts on the fields according to

AghF = /dyAAB(x,8)6(x,y)hB(y) = Aap(z,0)hP (z). (1.118)
BiA, = / Ay () A ap (0, 0)3(y.7) = h*(@)Aap (2.~ 9) . (1119)
On the other hand
hiAik = (—l)kAkihi = (—1)BABA(y,8)hA(y), (1120)
Apa(y, )0 = (~1)Ph*Aag (v, 0). (1.121)

The formally adjoint operator is

* v % 1 * * *
AXB(%@) = Aju(z,—0) = _auAlf;A 0y — ) (BMBAa# + aﬂBHBA) —Cpa
(1.122)
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Let us consider a bilinear form
I(g,h) = g (Auh") — (¢"Au) B
_ /dng (AAB ($ 5) ~ Aug (m,— 5)) KB, (1.123)
Q

where ) is a compact region of spacetime M with smooth boundary 0f2.
For the second order operators this can be shown to be

I(g,h) = /d:z: d, <gA W ap hB) - /dE/LgA W o5 hE (1.124)
Q o0
where .
WhHap=—AY% 0, + 0y A4+ Bug (1.125)

is called Wronskian operator associated with A.

For the operator A to be self-adjoint this antisymmetric bilinear form must
vanish. This means that formally self-adjoint operator is self-adjoint indeed on
the fields satisfying such boundary conditions that this surface integral vanishes.
(For example Dirichlet).

1.5 Retarded and advanced Green functions
Let us consider now the inhomogeneous equation of small disturbances
Aipdok = —6J;. (1.126)

Suppose that A is a nonsingular differential operator, i.e., with some boundary
conditions the solution of this equation exists and is unique.

This is not the case in the field theories with local gauge symmetries, such
as Yang-Mills theory and gravity. We will deal with such theories in the fur-
ther lectures. Anyway after imposing the corresponding supplementary gauge
conditions the operator A becomes non-singular in these theories too.

The solution of the equation (1.126) can be expressed then in terms of Green
functions

5o’ = GY8J; = /dy GAB(x,9)0J5(y), (1.127)
Q

where G% is the Green function, i.e., the solution of the equation
AipGP = ¢, (1.128)

with some boundary conditions.
In classical field theory one considers the retarded and advanced boundary
conditions, i.e.,
00" |20 =0, (1.129)



22 IvaN G. AVRAMIDI

5o |z, = 0. (1.130)

That is the retarded G~% and advanced Gt% Green functions satisfy the fol-
lowing boundary conditions

G =0 if i<},
Gt =0 if i>j. (1.131)

Here i < j (i > j) means that the time ¢; associated with the index ¢ lies to the
past (future) of the time ¢; associated with the index j.

Consequently, G~%(G7%) is nonvanishing only when the spacetime point z;
associated with ¢ lies on or inside the future (past) light cone emanating from
the spacetime point x; associated with j.

Future light cone

Past light cone
The self-adjointness of A gives rise to simple relations between the retarded
and the advanced Green functions. One can show that

GFI = (=1)YGF (1.132)
This is called reciprocity relations. The derivation is
0 = (~1)*kG* [Ak:e _ (_1)k+e+keAek} e
= _(_1)ijG—ji _ (_1)e(i+1)AekG—kiG+ej
= —(-1)9GI + Gt (1133)

Using the advanced and retarded Green functions one can define other Green
functions. First one can define a specific solution of the homogeneous equation
of small disturbances

G gt _ g, (1.134)
By definition it is antisupersymmetric
G = (1) G (1.135)

This function satisfies obviously

Ay G =0 (1.136)
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and is called Pauli-Jordan (sometimes also Schwinger) supercommutator func-
tion. It will give the supercommutator of linear field operators in quantum
theory

(¢, @], = ihGY (1.137)

It is clear that G(x, y) is nonvanishing only inside the light cone emanating from
the point y.

This means that for two spacetime points x and y which are separated by
a spacelike interval the field operators (super) commute. That is there are no
physical correlations between the fields in such points. This must be so in any
reasonable field theory because of the causality principle — the information
cannot be transferred faster than light.

1.6 Cauchy problem for Jacobi fields

The supercommutator function gives the solution of the Cauchy problem for the
Jacobi fields:
Aok =0 (1.138)

~ PN m
5o () = / 45, G (2, )W e (4, 0565 (9), (1.139)
Yin

where Y, is an arbitrary spacelike surface. Thus the Jacobi fields are completely
determined by the values of dp on >, and its first derivatives induced by the
Wronskian operator.

1.7 Feynman propagator

The most important boundary condition used in QFT are the causal (Feynman)
ones, which lead to the Feynman propagator. They can be described as follows.
The Feynman propagator G(z,y) is defined by the requirement that it should be
expanded in negative frequency modes in the in-region and in positive frequency
modes in the out-region, i.e., roughly speaking

Semtnty, t— —o0
G(z,y) = " t=a° (1.140)
Mettonty, [t — +oo
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In other words, the Feynman propagator is defined by the requirement that it
should be finite when
t — Fioco (1.141)

This becomes formally correct by the following procedure. Let us consider the
complexified spacetime when the time coordinate can take complex values. Let
us go in this complexified spacetime to the so called Euclidean section, when
the time is purely imaginary

t =it (1.142)

This is called the Wick rotation.
The spacetime metric of the Euclidean section becomes Riemannian with
the positive signature
g— gg (1.143)

sigh gppw = (+---+). (1.144)

Further, we also define the Euclidean Lagrangian and the action functional
L— —Lg (1.145)

S — iSg. (1.146)

The operator of small disturbances becomes elliptic differential operator
A — Apg. (1.147)

If , additionally, the Euclidean action Sg is a bounded functional, that is the
case in most 'normal’ field theories, then the operator Ag is positive elliptic
operator. Such an operator has a unique Fuclidean Green function defined by
the equation

ApGg =1. (1.148)

The corresponding boundary condition is the regularity of Gg at Euclidean
infinity xp — +o00, i.e., for 7 — oo too. But these are exactly the Feynman
boundary conditions. Therefore, the Feynman propagator is obtained by the
analytical continuation back to the Lorentzian spacetime

G —="a. (1.149)

If the Euclidean action is not bounded from below then the operator Ag is
not positive any longer — it can have zero modes as well as negative modes.
The Euclidean Green function as well as the Feynman propagator are not well
defined then. This causes difficulties in quantizing such models and could break
the stability and the unitarity of the theory.

There are many other Green functions obtained by linear combinations from
the advanced, retarded and Feynman ones.

For example, there is a symmetric Green function

(Gt +aG7), (1.150)
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AG = -1, (1.151)
G = (-1)7 G (1.152)
Further one defines the Hadamard Green function GV by
a4+ law
G—G+§G , (1.153)
which is a symmetric solution of the homogeneous equation
AGY =0, (1.154)
GWH = (—1)igWs (1.155)

The Wightman functions G*) are defined by
GH) =@ —iG*. (1.156)

All these Green function define in QFT the vacuum averages of the form <
out| ¢*¢? |in > for different boundary conditions.

1.8 Classical perturbation theory

Let J; be some finite external functions and the action functional suffer the
change _
S(p) = S(e) + Jip". (1.157)

The equations of motion for this system are

Si(p) = —J. (1.158)
Let ¢ be the solution of this equation:

Si(p) = —Ji. (1.159)

This means that ¢ is a functional of the sources J. The field ¢ is called the
background field.
Let us look for another solution

o=0¢+h (1.160)

where h is a finite disturbance.
Expanding the action in h

1 , _
S(¢ + h) = Z ES»il-uin ((b)h“' . hn
n>0 "
= S(¢)+ Si(e)h' + %h LSRG+

n>3
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and differentiating with respect to h we obtain

(5 1 1 i1
sS(0+h) = ;ﬁsnh ok

1 ) )
B S+ SehF+> i S b bt (1162)
n>2 "

Therefore, defining A = ; S and recalling that ; S = (=1)'S,; = —(—1)%J;

we obtain . ’
kK _ (_1\eT. _ al . . in ... i1
AphF = (=1)"J; = — 0.8y A (1.163)

n>2
If A is a nonsingular operator this nonlinear differential equation may be rewrit-
ten as an integro-differential one

) 1 ) .
BN DY i S h ) (1.164)

n>2
where h; is the solution of the linear inhomogeneous equation,
Rk = hk — (=1)iG* (1.165)

ho being a Jacobi field and G** some Green function of the operator A with
appropriate boundary conditions.
This integro-differential equation may be solved formally by iteration. The
result is a power series in hy
. 1 4 .
¥ :h"j-+G’“ZEiﬂl,_inhglmh}l. (1.166)
n>2

The coeflicients ;T;,. ;, are called the tree functions. It is not difficult to
calculate some first tree functions substituting the expansion (1.166) into the
equation (1.164).

T = 6.5 ko (1.167)

iTkmn = i,Skmn + 0,5 kpGPLS grmn.- (1.168)

Each tree function ;T;, . ;, can be presented as the sum of all tree graphs having
one trunk and n > 2 terminal branches.
Each internal line represents a Green function (propagator)

GF = ... (1.169)
and each verfex represents a vertex function
Sty & e M 23 (1.170)

Indices of the Green functions and vertex functions are paired together as the
combinatorics of the graph indicate, and summation-integrations are performed
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over all pairs. If G? is not supersymmetric each internal line may have an
orientation (e.g. for complex, i.e., charged, fields). Along each path from the
trunk to a terminal branch the orientation are all required to be the same.

Finally, a summation is carried out over all distinct permutations of the free
indices borne by the terminal branches with a factor (—1) included for each
interchange of a pair of fermionic indices.

Ty = (1.171)
\Ts = (1.172)
Ty = (1.173)
VT = (1.174)

The graphs for some low-order tree functions are given on the Fig (1.174)
If we multiply the tree functions by Green function for each index we obtain
the tree multi-point Green functions

le...kn _ (_1)PTi inGinknGin,lkn,l . Gi1k1 (1175)

1eee

The diagram for the multi-point Green functions are the same except for now
not only the internal lines but also the external ones represent Green function.

The multi-point Green functions appear for example, if Ay = 0 and, hence,
h} = —(—1)kG*J; and the solution is expanded in the external sources

k __ i ki n+i|+-+in kii...in T,
W= —(—1)'GR T+ 3 (1) — G,

n>2

. (1.176)

n

This solution is non-vanishing only when the sources are present.

In quantum scattering theory one encounters structures having the same
general form as hY;T;, ;. h'7---h'}. These terms are called tree amplitudes.
In the scattering theory they become physical quantities that yield transition
probabilities and transition rates.

From the structure of tree amplitudes it is clear that the whole scattering
process is divided in some elementary processes, namely the propagation of small
disturbances h in a given background ¢ from one spacetime point x to another
y. This process is described by the propagator G(z,y). Another elementary
process is the local interaction of the disturbances h (in the background ¢)
between themselves at a fixed spacetime point. These processes are described
by the tree vertex functions

S i (1.177)

In local theories the vertex functions S, . ;, are ultra-local, i.e., they contain
(n — 1) d-functions, i.e., the terms like

Sy i ki b = f4(h,0h,...,0™h) (1.178)

are local functionals.
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In polynomial field theories there are only finite number of different types of

interaction, since
Sy, =0 forn>N +1, (1.179)

N being the highest degree of the nonlinear terms in the action. However, in
non-polynomial theories like gravity there are infinite-many types of interac-
tions. This also causes difficulties in QFT by renormalizing such theories.



Chapter 2

Quantization of non-gauge
field theories

In this lecture we are going to describe the formal structure of the usual non-
gauge field theories.

Any dynamical system, both classical and quantum, is described by the
set of states and the dynamical evolution. The state of a classical dynamical
system at some time is characterized by the values of the fields and momentums
(or velocities), i.e., the first time derivatives at this time, more precisely, on a
spacelike surface. In other words, the state is a point in the phase space:

P = {(¢(z), o(x))|z € t, t € (tin, tout) } - (2.1)

Given a state at an initial time one is able to determine from the dynamical
equation of motion the states at all other times, which defines the dynami-
cal evolution of the classical dynamical system, so called dynamical trajectory.
Symbolically this is show on the Fig. 2

Thus each dynamical trajectory is a solution of the classical equation of
motion and as such defines a point in the configuration space M . The set of
all dynamical trajectories defines the dynamical configuration subspace or the
mass shell, Mgy C M.

29
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tout

Figure 2.1: Phase space

Figure 2.2: Configuration space

In other words, the dynamical subspace is the set of all solutions of equations
of motion with all possible initial conditions. Each solution, i.e., each point of
My, is parametrized by the initial state. Therefore, one can also call each point
in the dynamical configuration subspace a ‘state’ of the dynamical system.

Thus the values of the fields and their first time derivatives are independent
dynamical variables that completely describe the system. Any physical observ-
able A is some functional of the dynamical variables A(y). The value of the
physical observable in a given state is just the value of this functional on the
dynamical trajectory

Alp)p = Aler), (2.2)

where @p is the solution of the dynamical equations of motion with given initial
conditions P.

2.1 Quantum Field Theory.

In QFT this classical picture is modernized. In short, one has three postulates:

1. The phase space P is substituted by a Hilbert space H . The state of the
system is described by a wvector |1 > in this Hilbert space.
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2. The physical observables A are represented by Hermitian operators A act-
ing on the vectors of this Hilbert space

A:H—H, (2.3)

Al = A (2.4)

3. The mean value of an observable A in the state |1 > is defined in terms
of the inner product of Hilbert space

<A>=<|lAlY >. (2.5)

The fields also become quantum operators
A(@), (2.6)

which do not supercommute any longer. Formally they satisfy the same dynam-
ical equation of motion.

Si(¢) =0. (2.7)

Here there appears, of course, the known difficulty of ordering the non-commuting
factors in classical expressions. However, we will not take much attention to this.
The interested reader is referred to [].

If we split the field into a classical background part ¢ and a quantum one iz,
¢' = ¢ + Vhh, (2.8)

where A is the Planck constant, then the supercommutation relations can be
written in form

(6%, ¥, = Kl h¥], = inG™, (2.9)

The supercommutator G*¥ is, in general, not a function, but also an operator.

In the lowest order approximation, however, G is just the supercommutator
function of Pauli-Joirdan (or Schwinger) described in the first lecture.

2.2 S-matrix.

Most of the problems of standard QFT deal with the scattering processes. This
means that in the remote past one has well defined measurable physical states.
These can be, for example, two beams of free noninteracting particles that are
far away from each other in the space. These beams approach each other at
some finite time and do interact in some finite region 2. After the interaction
the beams go away again to infinity. (See Fig. 2.2). The particles at remote
future infinity are again free, i.e., they do not interact with each other.
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Figure 2.3: Scattering process

Free particles are described by the linearized equations of motion. Therefore,
it is not difficult to construct the states of free particles. The essential nontrivial
physical phenomena occur inside the dynamical region 2. This processes are
described by the nonlinear equations that are impossible to solve exactly, in
general.

To describe formally this kind of physics one introduces the so called scat-
tering matriz, or shortly S-matrix. Let A C H be the subspace of all initial
states and let |o;in > be an orthonormal complete set of initial state vectors
with « being some labels. That means

< o;inja/;in >= a0 (2.10)
and any initial state |in > can be presented in form

lin >= Z |a;in >< in; eefin > . (2.11)
(03

Further, let B C H be the subspace of all final states and let |3;out > be an
orthonormal complete set of final state vectors with other labels 3, i.e.,

< B;out|f’;out >= dgp (2.12)
and
lout >= Z |3; out >< out; Slout > (2.13)
B

for any final vector |out >. Here the summation over the labels « and f is
understood to include as usual the integration over continuous variables.
The scattering processes are described by the transitions amplitudes

< outlin > . (2.14)

It is clear that such transition amplitudes would be known if one knows all the
transition amplitudes
S0, a) L out; Blagin > . (2.15)

The matrix with such elements is called the scattering matriz, or S-matrix. Note
that if A # B then the S-matrix is not a square matrix. This could happen, for
example, if in the out-region there are some exotic states, such as bound states,
that cannot be presented as a linear combination of the initial vectors |a;in >.
Moreover, if the labels « and (or) 8 contain continuous labels then the S-matrix
is infinite-dimensional matrix.

If A = B and both sets are complete then one can define an operator, called
the scattering operator,

S=>la;in >< out;al. (2.16)
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The S-matrix is then a square matrix with the entries determined by the matrix
elements of this operator

S(f, @) =< out; B|S|a; out >=< in; B|S|a;in > . (2.17)
The scattering operator must be unitary
S’TS=1 (2.18)

and the sets |a;in > and |B;in > are said to be unitary equivalent. The scat-
tering operator transforms the initial vectors in the final ones and vice versa

|a;in >= S|a; out > (2.19)

< out; | =< in; «|S. (2.20)

2.3 Schwinger variational principle.

As we have seen the objects of main interest in QFT are the < out|in > tran-
sition amplitudes. We are now going to describe a very elegant and general
approach for calculating such amplitudes. Let |in > and |out > be some initial
and final states of a quantum dynamical system. Let us consider the transition
amplitude

< outlin > (2.21)

and ask the question: how does < out|in > change under a variation of the
action 0.5 of the form

0S8 = [ dedL(z), (2.22)
/

where 0L (x) has a compact support in €, i.e., tous > supp £ > ti,. We will often
call below the support of a local functional (like the action) simply the support
of the integrand, i.e.,

supp 65 % supp 6L = {reM:6L(x)#0}. (2.23)

The answer to this question gives the Schwinger’s variational principle which
states that
0 < outlin >= 14 < out|dS|in > . (2.24)

This principle gives a very powerful tool to study the transition amplitudes.
One can say that it is the quantization postulate, because the whole information
about the quantum fields will be derived from the only equation (2.24).

Let us change the external conditions by adding a linear interaction with
external classical sources in the dynamical region ) to the action

S(p) = S(p) + Jig’ (2.25)
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with touy > suppJ; > tin,. The amplitude < out|in > becomes a functional of
the sources Z(J):
Z(J) =< out|in > [s_s4s,- (2.26)

By using the Schwinger variational principle one can obtain the derivatives of
the functional Z(J).
Consider a specific variation of the action of the form

68 = 6" (2.27)

with tout > suppdJx > tin. From the Schwinger variational principle we have
in this case
§ < out |in >=i(=1)*CWs 1 < out| " |in > (2.28)

where e(out) is the parity of the vector |out > . Hence

16
S 7 = (—1)kelout) ¢ lin > . 2.2
A (-1) < out| @” |in > (2.29)

Now let us consider this amplitude and another variation of the form (2.27) with
0J; with support in the future with respect to the time ¢

tout > supp0J; >ty > tin. (2.30)
Then by defining a new initial state
OFin >= | ¥ ;in > (2.31)

one can again apply the Schwinger principle to get

§ <out|pflin> = ¢ < out|e”;in >
= i(—l)ja(out)&]j < out|@?|pF;in >
i(—1)75C 5,75 < out|@’ @F|in > . (2.32)
Therefore,
1 00, (—=1)U+k=eut)  out|@? GF|in > (2.33)
i) 8J;0J

for tout > t; >t > tin. In the opposite case
tout > tr > tj > tin, (234)

i.e., if the support of the second variation is in the past with respect to the time
tr we calculate

§ <out|pflin > = § < out;pFlin >

i < out; F|§.J;3 |in >

= i <out|p"§J;¢7|in >

= i(=1)ktiECs 1 < out|pF@ fin > . (2.35)
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That is

2

1 52 . L )

<;> mz = (—1)Jk+(3+k)5(OUt) < out\gﬁkcﬁ”in > (236)
J

for tous >t > t; > tin.
One can combine both cases in one formula by writing

1\> &2 , .
(;> mz = (=1)UFRE=Cu) < out|T (@7 ¢%)|in > (2.37)
J
where
A~ /\k
T (¢'¢") = e b=t (2.38)
—1)ikpkpi .
(1) R, te >t

is the chronological product.
One can show that in general

1\" o i, wir\ |
where we assumed for simplicity that

g(out) = e(in) = 0. (2.40)

In other words the functional Z(J) is the generating functional for chronological
amplitudes

N

? A NANE
Zu+m)=§:gmh~mm<omu%¢~~¢qhn>. (2.41)
n>0

The chronological amplitude of any (analytical) functional A(p)

1 i i
Alp) = —Ai i 0", (2.42)
n>0
is given by
1 . _
< out|T(A(p)|in > = Z EAil-uin < out|T (™ -+ ¢") |in >
n>0 "
1 1 o
= — A iy 4
n! Lotn i in (SJ“
n>0
14
= Al-—1]2Z(J). 2.43
(i 6J> () (2.43)

Let us now define another functional W (J) by

Z(J) =W (2.44)
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and consider its Taylor expansion

1 o
W(T+m) =~ i, G () (2.45)
=
with 5
Further we denote W)
¢'(J) = = (2.47)

and introduce the chronological mean value by

< owt|T(A(p))|in >

A(p) >= 2.48
<A > < outlin > (2.48)
It is easy to show that
19 ;
A _ - v W
< A(p) > (Z J)
16
= -— 2.49
( i) (2.49)
Therefore,
) . 1\" on .
Nn o, L, A — - —Ww_ 7 W
ST e (z) R A

in 1 d i2 - 71
(64150 ) (07 G5 ) o @50

In particular,

<@l >= ¢, (2.51)
<PIr >=¢'e" + %Q““, (2.52)
2
< GPrGT >= ikl + ¢> ighi) 4 (1> Giki, (2.53)

etc. Here the indices in the brackets are supersymmetrized, i.e., one has to sum
over all permutation of the indices adding factor (—1) for each term having odd
number of fermionic permutations, e.g.

(igki) — = ] ptgki _1)iG+k) pk it _1)iGi+k) 47 ik
UG = 2 {9'GH + (~1 UGG 1 (-1 gigh L (2.50)
Thus we see that ¢ is actually the mean field, G** is called the one-point Green

function, or propagator, and G¥in — the multi-point Green functions. They
describe the extent to which the mean values of products of field operators differ
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form products of the mean values. That is why they are also called correlation
functions.

Thus, whilst Z(J) is the generating functional for chronological amplitudes
the functional W (J) is the generating functional for the Green functions. The
Green functions satisfy the boundary conditions which are determined by the
states |in > and |out > .

2.4 The effective action.

The mean field itself is a functional of the sources, ¢ = ¢(J), the derivative of
the mean field being the propagator

5ot W

- — gl 2.55
55, 5aed ¢ (2.55)

Therefore, if G¥ is a non-degenerate matrix one can change the variables and
consider ¢ as independent variable and J(¢) (as well as all ofter functionals) as
the functional of ¢ . The derivative with respect to J is then

) ok o )
=——=0G"—. 2.
8J;  OJ; 6ok g dok (2.56)
In particular,
1§
A =Al¢ +67F— ) 1. 2.
< A(p) > (¢ +29 5¢’“> (2.57)
Also
g’inmh _ Ginkn 0 . ,gins 0 gizh (2 58)
Jpkn dgpks ' '
Let us consider now the operator equations of motion
Si(p) = — i (2.59)
The mean value of these equations reads
< S (@) >=—J,. (2.60)

Differentiating this equation with respect to J; and using eq. (2.56) we have
G, < 8i(p) >= 14, (2.61)

where the comma outside the brackets means differentiation with respect to the
background field ¢*, whereas the comma inside the brackets — the differenti-
ation with respect to the quantum field ¢*. If we assume Feynman boundary
conditions the propagator is supersymmetric

gik — (_1)i+k+ikgki. (2.62)
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This means that the matrix
ks < Si(P) > (2.63)

)

is supersymmetric too

k< SZ(@) >= (_1)i+k+iki7 < S,k(@) >, (264)

)

which can be also rewritten in form

(00550 50 = (~D* (@) 53 5z (2.65)

This means that there exists a functional T'(¢) such that
<S5(9) 521. = Fair (2.66)

Therefore, the equations (2.60) and (2.61) take the form
Ii=—Ji, (2.67)
DG = 5. (2.68)

One can also express the generating functional W directly in terms of the
functional I'. We have

¢ = (;}iw = gij&‘;vv. (2.69)
Using eq. (2.68) we obtain therefrom
Oy —; D¢ = i(r —T ;¢%). (2.70)
5 0p;
Therefore, _
W) = L(6(1) = D6 35-6'() (2.71)

up to some additive nonessential normalization constant. Using eqgs. (2.67),
(2.69) this can also be rewritten as

T(6) = W(I(0) — Ji(d) =W (J(9)). (2.72)

0J;
The equations (2.71) and (2.72) are nothing but the functional Legendre trans-
form.

The egs. (2.67) are the effective equations of motion determining the dynam-
ics of the background field ¢ = ¢g. That is why the functional I'(¢) is called the
effective action. The equation (2.68) determines the propagator on the back-
ground ¢y and higher order Green functions may be expressed in terms of the
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propagator and the derivatives of the effective action (called vertex functions)
by using the equation (2.58) and the identity

5 o .
ij — (_1\ymigik nj
5¢mg ( ]-) g km,F,ng . (273)
For example,
gh =gt 5(25 G = (-1)™ GGy L G (2.74)

2.5 Graphical representation.

There is a very convenient graphical representation of the Green functions. Let
us represent the propagator G by a thick line

Gl =, (2.75)
which can have orientation in case G% is not supersymmetric, and the derivatives
of the effective action of order 3 and higher by vertexes having prongs equal in
number to the number of functional differentiations

I

51

iy =N >3 (2.76)

Then the Green functions are represented by diagrams in which lines are
joined together at vertices in the same ways as the propagators in the explicit
expressions are coupled to derivatives of the effective action by dummy indices.

These diagrams are obtained by application of two rules:

1. The differentiation with respect to the source corresponds to the insertion
of an external line in all possible ways into a given diagram.

2. The differentiation with respect to the mean field corresponds to the in-
sertion of a verter prong in all possible ways into a given diagram.

Each Green function of a given order is expressible as the sum of all simply
connected (or tree) diagrams having a fixed number of external lines. Repre-
senting the Green functions G,,, (n > 3) by a polygon with n external lines

Ghin = n >3 (2.77)
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one can draw some low-order Green functions.

Here Py indicates that the indices associated with the external lines are
to be permuted just sufficiently to yield complete supersymmetry, N being the
number of permutations required.

Structure of the diagrams:

These are exactly the same diagrams of the classical perturbation theory for
the bare Green functions. They are tree diagrams. The only difference is in
substituting the bare (classical) propagator by the full (or dressed, exact) one

G} = {¢ (2.78)

and the bare vertex functions by the full (exact) ones

Siirecin} = {Tirccin - (2.79)
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The difference with the classical theory is that the full vertexes I'in) are
nonlocal and, in general, do not vanish for any n, also for polynomial theories.
The similarity with classical tree diagrams occurs because of the nature of the
problem: one is trying to solve the effective equations
r,=—-4J; (2.80)

)

instead of the classical ones
S, =—J,. (2.81)

)

So, the only difference is in substituting
S=T. (2.82)

Summarizing one can say that the knowledge of the effective action enables
one to compute all the scattering amplitudes, i.e., the S-matrix.

i) First of all, it determines the mean fields ¢ =< ¢ > by means of the eq.
(2.67).

i1) Second, it determines the propagator, i.e., the one-point Green function
G,

i4i) Further, it gives the vertex functions I' ;. ;. (n > 3) that together with
the propagator determine the multi-point Green functions G**='» (n > 3)
by means of the tree diagrams.

iv) Finally, the effective action determines the functional W, or the amplitude
< out|in >, that together with the multi-point Green functions determine
all the chronological amplitudes < out|T(A(¥))|in > and, hence, the S-
matrix.

2.6 Computation of the chronological mean val-
ues.

Thus we have seen how all the Green functions can be calculated in terms of
the propagator and the vertex functions.

Let us now show how the chronological values of any functional can be
calculated in terms of the Green functions. Consider some analytic functional

Alp) =D —Ai e (2.83)

n>0

From the equation (2.49) we know that the chronological mean value of this
functional can be presented in form

) 190 .
< A(p) >=e" WY (ZE) W), (2.84)
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We calculate

< A(p) >= A (li) AW () =W ()]
1

n=0

14 . k 1 i1.in
=A (;—) exp i [mg® + ) i1 G

on
n>2 =0
146 . ko pk . 1 /1\" g E S

f— o ing (6" +h") I . 91...0n

<i 6n> ¢ exp i), <z> Shiv " Ghin Y -

n>2 n
= h=0
B P n\i) ohir = Shin ' '
n>2
h=0
This result can be also rewritten in a slightly different form

. . — 1 /1\" 5 5 ool

< A(p) >= A(d):exp 17;2 — (Z> 5o 5on G : (2.86)

where the colon denotes the normal ordering, i.e., in the expansion of the ex-
ponent all the functional derivatives should be moved to the left and act to the
left. In other words, although the Green functions G are also functionals
of ¢, in the expansion of the normal ordered exponent the functional derivatives
are treated not to act on the Green functions.

2.7 Functional integration.

We are going now to introduce the notion of the functional integration, i.e., the
integration over the configuration space.

To do this let us consider first the finite dimensional approximation. That is
we substitute the spacetime manifold M with a finite subset of points My C M.
Consider first the boson fields. Then any field configuration ¢* becomes a finite-
dimensional column-vector, i.e., i =1,..., D x N . Thus the configuration space
M becomes a finite dimensional manifold My C M with local coordinates ¢°

We assume that the values of fields vary from —oco to +oco . So, in this
approximation, the configuration space My is just RP*V

My = RP*N, (2.87)

In some cases the values of the fields can be restricted by some constraints.
The configuration space My can be then a region of RP*N | or, more gen-
erally, can be some compact Riemannian space with some metric and so on.
But we will not consider such complications.

All such complications are connected with the global structure of the config-
uration space, the problem that is far away from its solution. In other words,
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our consideration is purely local in the configuration space. We consider actu-
ally the points of the configuration space that lie in the neighborhood of the
dynamical subspace M. This is the typical approach of the perturbation the-
ory — one has a classical background and some small quantum fluctuations
around this background. In the case when the weight of large fluctuations is
suppressed one can extent this small neighbourhood of the mass shell by the
whole tangent space. The error of such approximation is asymptotically small
in the semiclassical limit.

Any functional of the fields A(yp) is just a function of finite number of vari-
ables ¢’ . Let us suppose that this function falls off sufficiently rapidly at the
infinity, so that

0 7]

lim
p—Eoo

for any n and m. Let us consider the finite dimensional integral

DpA(p) (2.89)

with some measure

(2.90)

Such integrals have a number of crucial properties that do not depend much
on the dimension of the space RP*N

i) First of all, transformation rule of the measure under the change of vari-
ables

Dy = Dy’ det ‘ 0 . (2.91)

g9
tol4

ii) Second, there is the integration by parts without the off-integral terms

9 P)
DpA(p)=—B(¢) = — | DpA(p)=—B 2.92
[ PeaizzBe) = - [DeawznBe) 2o
iii) Third, there is the well defined Fourier transform

B(J) = /’Dgoe“*”A(go), (2.93)

Ap) = /DJe*WB(J) (2.94)

where Jop = Jo".
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iv) Fourth, the Fourier transform of the unity defines the delta-function

5(J) = /Dwe“ﬂ (2.95)

so that
/DJS(J —JNYA(J) = A(J"). (2.96)

v) Finally, there is a particular but very important class of such integrals, so
called Gaussian integrals. With our normalization of the measure we have

/DW—%W =1, (2.97)
where |p|? = pi6;r¢*. More generally,
/ Dpe 3949 = (detA) /2, (2.98)

where pAp = ¢ A", The determinant, detA, appears actually as the
Jacobian of the change of variables p — A~1/2¢ .

This formula is valid for any nondegenerate matrix A having eigenvalues with

positive real part:
Re A > 0. (2.99)

If

m
2

denote the eigenvalues of the matrix A then the formula (2.98) can be also
rewritten in the form

Aa(4), largh,(4)] < (2.100)

/ Dype~294% = |det A|~"/? exp(—iind(A)) (2.101)
where )
ind(4) = 5 Z arg Ao (A) (2.102)
is the index of the matrix A. By presenting the matrix A in the polar coordinates
A= VAA* e s (2.103)
where ) 4
arg(A) = glog ok (2.104)

we find that the index is determined by the trace of the phase

ind(A) = %tr arg(A). (2.105)
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For a nondegenerate Hermitian matrix A having non-zero real eigenvalues
one has also

/Dgpe%‘pmo = (det(—iA))fl/2
= |detA]”Y2 exp [% sign(A)} (2.106)
where
sign(A) = Ny (A) — N_(A) (2.107)

is the signature of the matrix A and Ny (A) and N_(A) are the numbers of the
positive and negative eigenvalues. Note that the formula (2.106) follows from
(2.107) with account of

ind(—iA) = —% sign(A). (2.108)

By shifting the integration variable ¢ — ¢ 4 const in Gaussian integrals we
obtain more general formulas

/Dgpeié“’A“@“J“’ = (detA)™? exp (—%JA1J> . (2.109)

/Dgpe%smww = (det(—iA))"Y/2 exp (%JGJ) (2.110)

where G = —A~L.
From these equation by expanding in power series in J we obtain a series of
integrals

/DweégpAw(pil . .<p7:277,+1 =0. (2.111)

/D@eésomqpil g

A . .
= (det(fm))*l/z(iﬁ)' <;) Gtz ... Gizn-1izn), (2.112)
n.

Using these integrals one can calculate, at least formally, integrals of arbi-
trary analytical functions with Gaussian measure

10 ;
3PAp - iJp
/Dgoe B (z aj) e
10 AN—1/2 i
B < - &]) det(—iA) exp <2JGJ) .

(2.113)

[pyeteasriteny
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2.8 Stationary phase method.

Let us consider now integrals depending on a small parameter A

2(J) = / Dy exp {%[S(cp) + J<p]} (2.114)

where S(¢) is a real valued function. Our aim is to calculate this integral in the
limit & — 0.

It is clear that as A — 0 the integral oscillates very fast and gives an asymp-
totically small contribution. The main contribution comes from the critical
point ¢§ where the phase S(p) + Jy is stationary. The critical points ¢q are
the solutions of the equations

— =—J; 2.115
aSDZ T ( )
and are, of course, some functions of J, ¢o = ¢o(J). We assume that there is
only finite number of critical points ¢g o(J), (& = 1,...,p), all of them being
isolated points. Then one can divide the whole integration region in the non-
overlapping neighborhoods of the critical points M,

P
U Mo c RY*P (2.116)
a=1

Ma[NMp=0, a#8. (2.117)

The whole integral becomes the sum of the integrals over the neighborhoods
of the critical points

2) = % [ voenn{3isto) + 701}
=~

+ asymptotically small terms. (2.118)

In each M, we change the integration variables o = gofm + h? and expand
the exponent in power series in h

, 1 .
S(e)+Je = S(poa)+ Jivy e+ ES,ik<¥70,a)hkhz +

+ Sir.in (P00) R - B (2.119)

2=

n>3

v

Then with the same accuracy we extend each integration region M, to the
whole space RP*N obtaining

27) = C e 1 (S(¢0.) + T
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1 (1 ) 1 ) ,
X /DheXP 7 §S,ik(¢0,a)hkhz + Z ms,il..iin(sﬁo,a)hl" R

n>3
(2.120)
This integral can be calculated by using the formula (2.113):
‘ ; —-1/2
Z(J) = 7 (5(®0,0)+J¢0,0) et e o
(/) ;6’1 et { —Sin(%0.a)
= AmD/2 o) o) ik
X expqi Z o S (@o,a)m g (O <§pi o,apk> ;
n>3 p=0
(2.121)
where G 0. 1s the inverse of S i1 (40)
S.i(0,0)Golo = 1. (2.122)

Note that the critical points ¢, are determined from the equation (2.115)
and do, therefore, depend on J. Let us rebuild the asymptotic expansion by
replacing J = hJ, i.e.,

/Dcpe 7 S()+iTe, (2.123)

The critical points, denoted now by g o, are defined as the solutions of the
equation

a8

35 =0 (2.124)

and do not depend on J.
In this case we have another asymptotic expansion

) L=
Z(J) = E exp (ﬁs(wo,a)JrZJtPo,a)
1 - kit -7 1k
X Dhexp ﬁi (g@o’a)h h +2th

+ 2> S i (Poa)h™ b } (2.125)

n>3

Using the formula (2.113) we obtain

. ) , ~1/2
ZGXP {%S(@o,o) + iJ@O,a] det (—%S,ik(sﬁo,a))

0 0
x exp h Z S i (800 (1) ap e Zap €xXp { hplGO pk)}

n>d p=J

(2.126)
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where G is the inverse of S ;(Po.q) :
S ik (Po,a)G = 4] (2.127)

Obviously, for J = 0 we have ¢4 (0) = @o.0, Go = Go and the expansions (2.121)
and (2.125) do coincide.

Let us rebuild the asymptotic expansion a bit more. We assume that there
is the only critical point that depends on J and it is itself an asymptotic series
in h. We do not know first how to determine it. Later we will get an equation
for it. So, let us denote this true critical point by ¢(.J) and expand the exponent
around it. By using the equation (2.113) we obtain analogously

27) = exp |5(5(6)+7) | der (3 S,z-k@)))‘l”

: hn—t 0 0
X exp 17;3 Ts’il”'i"w)ﬂ " er
7 .
X exp {Eh(pi +84(6)) G (6) (pr + S.k(0)) } (2.128)
p=J
where G () is defined by
S.in(¢)GM = —67. (2.129)
Now let us define another function
Z(J) = et (2.130)
From (2.128) we have the asymptotic expansion of W (.J):
W(J) = S(¢)+Jop+ %log det (—%)
hn—1 0 0
— ihl i 5. . — =
ihlog {exp i 7;) . Sirin (0) o oo
7 .
< exp | 3o+ S(@)GHO) .+ 540)] } (2131)
p=J
Now we demand ¢(J) to be defined from the equation
, Dpet (S@)+Ie) i
gy = W _ [ Dyer . (2.132)
3JZ fD(peE(S(LP)+J4P)
Then in the lowest approximation the matrix
i 2
git= 90 _ OW (2.133)

~OJy  0Jy0J;
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is just Gé’“ and, therefore, is nondegenerate. Then one can invert the function
@(J) and treat J as a function of the independent variable ¢: J = J(¢).
Defining yet another function of ¢ by the Legendre transform

I(¢) =W(J(¢) — J(d) (2.134)

we have

I(¢) = S(¢)+hélog det (;S,m(dﬂ)

. . hnfl o 0
— ihlog {exp ZZ nl Svilwin(d))ia . idp;
n>3 P rn

}. (2.135)
p=J (o)

X

exp | (0 + S()GH )+ 54100

The critical point ¢ is determined now from the equation

(o)
9’

In other words, the function I'(¢) is defined as the solution of the equation

exp {%rw)} - [Deex {% [S(so) (o ¢)‘;—ﬂ } . (2.137)

=—J. (2.136)

2.9 Anticommuting variables

In the exposition above the variables ¢ were assumed to be boson. That is why
the integral over My was just the usual Riemann (or Lebesgue) integral.

On the first glance it seems to be impossible to generalize the concept of
integration on the fermion anticommuting variables. However, it turns out to
be possible to define the integral over anticommuting variables purely formally,
i.e., by demanding some properties of this object to be valid (postulates) and
proving that the definition is consistent. The resulting object is still called
integral although it has nothing to do with the Riemann (or Lebesgue) measure
— these is no measure for anticommuting variables. The integral over fermion
variables was introduced mainly in the papers of F. Berezin [1, 2].

Let us consider just one anticommuting variable 8. From the anticommuta-
tivity with itself

00 = —00 (2.138)

it follows that it is nilpotent
02 = 0. (2.139)

Therefore, any function of it is linear

£(0) = a+ 0b. (2.140)
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The derivative of this function is defined as usual

of) _
5 =0 (2.141)

Consider a change of the variable 0
0=0(n) =e+nc (2.142)

where e and c¢ are some constants. Then, as usual

a% _ 2_779%. (2.143)
Let us now define a linear functional,

1) = [ db56), (2.144)

called formally integral, that satisfies the following rules:
I(f-c)=1(f) ¢ (2.145)
I(fr + f2) = 1(f1) + 1(f2), (2.146)
I(1) = /d9: ) (2.147)
1(6) = / 96 =1. (2.148)

By linearity this sufficies to calculate the integral of any function
I(a+60b)=al(1)+1(0)b="hb. (2.149)

In other words, this functional is nothing but the derivative.

1) = [ d07(6) = ,700). (2.150)

One can prove that with such definition of the integral the following usual
properties remain valid in anticommuting case too

1. Integration by parts

/def(e) (%ﬂ@)) _ +/d9 (f(@)%) 9(0). (2.151)

Note the 'wrong’ sign + here! Usually, for boson case, one has — in the
right hand side.
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2. Defining the Fourier transform by

) = / DOV £(9), (2.152)
# being a fermion variable,
PO = —60y, Y? =0. (2.153)
and .
Do == s, (2.154)
we also have the usual property
£6) = [ Doet 0 fw) = [ Doe 0 fw).  (2a5)
ie. _
r=1r (2.156)

3. The Fourier transform of the unity defines a §-functional

5(y) = / DYe'? (2.157)

which has the expected property
[ awswisw = 1. (2.158)

4. Using the definition we calculate formally

_ 0 _ on(0) 81 (n)
Jaoron = ey =50
In(8)
= — . 2.1
n [ nttn (2159)
Therefore, formally we have an unusual behavior under the change of the
variables )
00\~
di(n) = =— dn. 2.160
m=(5) (2.160)
This is to compare with the usual rule
of
= == 2.161
o) = (5 ) o (2.161)

for commuting variables and is the main difference between integration
over commuting and anticommuting variables.
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Having defined the one-dimensional integral over anticommuting variable
one can define the integral for many anticommuting variables and, in general,
by combing with the usual integral, one defines integrals over supervariables
that can be both boson and fermion ones.

Let us consider now many anticommuting variables 6%, (i = 1,...p), forming
a Grassmanian algebra A,

0°0% 4 6%0" = 0. (2.162)
Let us take a function of 8 and expand it in the power series in 6
L i
f(0) = Z ae Leefmag, - (2.163)
n>0

From the anticommutativity of 6 it is easy to see that the coefficients of this
series a;, . ;, are completely antisymmetric tensors in all their indices (so called

p-forms), i.e.,
iy = iy (2.164)

where square brackets mean the antisymmetrization.

If the number of the anticommuting variables is finite, say p, then it is clear
that the rank of the p-forms is restricted from above (n < p) — there are no
antisymmetric tensors of rank more than the dimension of the Grassmanian
algebra.

Therefore, any function of 6 is actually a polynomial

, 1. 1 . 4
FO) =a+0'a+ 500 ak; + -+ —0" 0 ai, . (2.165)
p!
The derivatives of such polynomials are defined as usual. And the integrals are
defined again pure formally as linear functionals using the rules (2.144)-(2.148)
for each variable 6%:

: 0

do*f(0) = — f(0 2.1

[ d50) = 10 (2:166)
Moreover, now one can also define the multiple integrals
i jnk i
/d@ ae” f /dG 9kf = 20 89kf( ) (2.167)
/d&’P 7 R (2.168)
a@lp 1...00% ! :

0 2.1

[d010) = 55 10) (2169)

where df = do! - - - doP.

The last integral is called the integral over the whole Grassmanian algebra
A,. Since any function f(6) is, in fact, a polynomial, this integral does not
depend on 6 and is just the highest order coefficient

/ d0£(0) = ar..,. (2.170)
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The integral over anticommuting variables in multidimensional case pos-
sesses all basic properties:

1. integration by parts

Y20 ( 3‘Zig<e>> —+ [ s <f<e> 53) 9(0), (2171)

2. Fourier transform

fw) = [ Do £6), (2.172)
£0) = [ Do fw), (2173)
where ¢ are anticommuting variables
Pk Ryt =0, 0" + 96 =0, (2.174)
and gt dor
= . —iEp
Do v i e de. (2.175)
3. d-function
S(y) = / Dhe?v (2.176)
[ pus)sw) = f0) (2.177)
4. Change of variables
0" = 6'(n), (2.178)
o0' |~
DO = det ‘5‘77’“ Dn. (2.179)

Note the inverse power of the Jacobian!

Let us prove eq. (2.179). This formula is easy to obtain from the definition
of the integral in term of the highest order derivative (2.169). Under linear
transformations

0t = Al nt, (2.180)

with A being a matrix with boson elements, we have easily

pl...p7 — A[1i1 ...Afp]nil sl =
= detAn'--.qP (2.181)
Therefore,
_r (det A)‘lL (2.182)
o0 ...90p onl ... onp” ‘
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and
DO = (det A) "' Dn. (2.183)

For a general nonlinear change of variables it suffices to prove (2.179) for
infinitesimal form

0" =n' +£(n). (2.184)
‘We have
/ d8f(6) = / dnJ (m) F(n) (2.185)
where
Fn) & £0() = f(n+€m)). (2.186)

and J is the fermionic generalization of the Jacobian.
On the right hand side we can just replace the integration variable by 6

/def(e) = /daj(e)f(e). (2.187)
To first order in 1 we have
70) = 0+ €00 = 5(0) + €)1 (2,189
By writing
J(0) =1+ e(0) (2.189)
we have from (2.187)
/d0 {5(9)f(0) + ¢ agé?) } = 0. (2.190)

Integrating by parts we rewrite this as

/d0 {5(9)]“(0) + (gi%> f(a)} —0 (2.191)

and, therefore, we have finally

0

£(0) = =& 50

(2.192)

Note that the sign here is determined by the sign in the integration by parts
formula. For boson variables this sign would be +1. Thus

J = 1-— fll = exp (1 — fll) = exp [—tr log (5}c + 5%)]
(det (1 +¢%)) " = (det6%) "

(2.193)

So we convinced ourselves that, indeed, the fermionic Jacobian is just the
inverse bosonic one (2.179).
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Thus we see that all the formulas of integration look almost the same in boson
and fermion case. The only difference is the sign in the formula of integration
by parts (2.171) and the inverse power of the Jacobian in the formula of the
change of variables (2.179), which is actually the cosequence of the integration
by parts.

Moreover, one can generalize all the formulas to the supervalued variables

Q0= , a=1,...,¢; A=1,....,p; p+q=D. (2.194)
wA

where y¢ are even (boson) and ¥ are odd (fermion) variables.
The functions of supervariables f(y) are the polynomial in odd variables
with coefficients depending on the even variables

)=, %QAL..A” ()t (2.195)

o<n<p

Let us assume the functions a4,.. 4, (x) to satisfy the conditions (2.88), i.e.,

for any k and m '
am
bioooybe 41 =0, 2.196
X X 3Xa1 .. .8Xa'm, a ( )

lim
x—0
Then by introducing the measure

dx'  dx? dyt dyP

D(p:DXDw\/%”'\/%W.”W. (2.197)
we define integral over supervariables
[reto) = [ox( [poroen)
D or
= /Dx e "Pay_p(x). (2.198)

Using this definition it is not difficult to prove the following properties.
Integration by parts takes the form

—

5m9@),  (219)

/D<pf(so)aii9(so) = —(—1)i/D<pf(<p)

where, according to our convention, the index 7 in the exponent of (—1) equals

0 for even variables and 1 for odd ones.
There is a well defined super Fourier transform

f) = [ DI s(p) (2:200)
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#e) = [ Dee ) (2201)

and the super-delta-functional
5(p) = / DJe'’? (2.202)
[ pesto—)10) = 1), (2209

The behavior of the super measure under a change of supervariables ¢ =
©(p) reads

[ pesto)= [Destorsieto) (2.204)
where o
J() = sdet ( aik) (2.205)

is the super-Jacobian.
Here sdet is the superdeterminant (sometimes also called Berezinian) defined
as follows. Let

, A B
E=(E") = (2.206)
C D

be a supermatrix where A and D are even nondegenerate matrices and B and
C are odd matrices. Then the superdeterminant is defined by

sdet E = det(A— BD 'C)det D!
= det Adet(D —CA'B)™'. (2.207)

It is clear that if B = C' = 0 then
sdet E = det A (det D)™!. (2.208)
The superdeterminant possesses very important properties: multiplicativity
sdet (E1Es) = sdet Eysdet Eo (2.209)

and the relation to the supertrace
sdet (exp E') = exp(strE). (2.210)

The supertrace, str, is defined by

strE = (—1)'E', =tr A —tr D (2.211)

Using the definition of the integral over supervariables one can show that the
formulas for the Gaussian integrals are still valid with the only replacement: the
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superdeterminant instead of the determinant. This is so because the Gaussian
integrals are calculated , in fact, just by the change of coordinates.
If one normalizes the measure by

1 .
/Dgp exp {2902Eik<pk} =1 (2.212)
for some fixed supersymmetric matrix F
Eg = (—1)* T By, (2.213)

then any Gaussian integral is
/Dgo exp { %@Ag@ + iJgp} = sdet (—iA) /2 exp {%JGJ} ) (2.214)

where A = E7'A and G = —A~!. It can be calculated by the change of
variables

o - [(_iE—lA)—l/ﬂl B — T (AR (2.215)

and taking into account the super Jacobian (2.204).
All other formulas (also for the stationary phase method) are the conse-
quences of this Gaussian integral and also remain valid.

2.10 Functional integral

The functional integral (called also path integral, or Feynman integral) is the
integral over the configuration space M. In field theory M is infinitely di-
mensional. Besides, it contains also fermion field configurations, i.e., it is a
superspace.

Formally it can be defined by the continuous limit of the finite-dimensional
case My — M when the number of the points N in the spacetime goes to
infinity.

A very important property of the Gaussian integrals consists in the fact that
their form does not depend much on the dimension of M. In the continuum
limit N — oo the finite-dimensional matrix A;; becomes a differential operator
and the inverse G = —A~! — its Green function. This Green function can
be well defined if one imposes some boundary conditions. This means that the
boundary conditions do actually enter the definition of the functional measure
Dy — one integrates over some field configurations with some boundary con-
ditions. Without the boundary conditions the functional measure is not well
defined. Further, there is a superdeterminant that enters the formula for the
Gaussian integral. If we manage to generalize the notion of the superdeter-
minant to the infinite-dimensional (functional) case, then we will have a well
defined Gaussian functional integral.

Thus, formally all the formulas are the same as in the finite-dimensional case
and we are allowed to do the change of variables and the integration by parts.
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One has to note that many (almost all) expressions are formally divergent —
if one tries to evaluate the integrals, one encounters the meaningless divergent
expressions. These divergences are purely local and are due to the local nature
of the quantum field theory. This difficulty can be overcome in the framework
of the renormalization theory, that will be discussed a bit in next lectures.

2.11 Functional representation of the generat-
ing functional

Let us now write the mean value of the operator equations of motion
< Si(p) >=—J; (2.216)

Using the formula for the mean values (2.49)
A() >= -— | Z(J 2.217
<a@)>=4(35;) 20) (2217
one can rewrite this equation in the form

{Sﬂ- G%) + Ji} Z(J)=0 (2.218)

This is a functional differential equation for Z(.J). Let us try a functional Fourier
transform

Z(J) = /Dwf(cp)e“% (2.219)

Substituting this integral in the equation (2.218) we calculate

0 = /Dwf(w) (S G%) + Ji> s

() (Si(p) + Ji) €%

Il
—
>}
S
~

Q8

Il
—
)

S
=
s
/-~
5]

S

1.9 >e““’ (2.220)

Thus we get a functional equation for the functional f(¢p)

—

o _
St

fp) if(©)S.i(p). (2.221)

The solution of this equation is obviously

flp) = Nets®) (2.222)
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with some normalization 'constant’ A/. Thus we obtained the generating func-
tional in form of a functional integral

Z(J) = ") =< out|in >= N/D(pexp {i[S(¢) + J¢]} . (2.223)

The chronological amplitudes and the mean values of any functional A(p)
are then defined by

< out| T(A(@)) |in >= N/Dwei(SWHJWA(@) (2.224)
R _ fD(pe'L(S(SD)"”J‘P)A(@)
< A(p) >= [Dpei577%) (2.225)

Using the relation of the functional W to the effective action (2.71) one can
obtain from (2.223) a functional equation for the effective action

e {10} = [Doen{jse -t -}, 20

where the Planck constant 7 is introduced for convenience. This will be helpful
to make the semiclassical expansion.

2.12 Relation between the effective action and
the classical action

Let us consider again the left hand side of the effective equations of motion
< Si(¢) >=Ti(9) (2.227)

Using the formula for the mean values (2.86) one can rewrite this in form

— 11 g o
F,i(qs) = S7z<¢) eXp § ? Z Eﬁmg Letne B (2.228)

n>2

where G-+in are the full (exact) Green functions. This can be called mized
perturbation theory since it includes both the full propagator G** and Green
functions G- (n > 3) and the bare vertex functions S, _;, (n > 3). It is not
so convenient because one has to express additionally the full Green functions
in terms of the bare propagator and vertex functions.

There is a more suitable expansion of the effective action directly in terms
of the classical action, i.e., in terms of the bare propagator and the classical
vertex functions. This expansion is obtained by solving the functional equation
(2.121) in form of a power series in the small parameter A:

L(¢) = S(¢) + X(9), (2.229)
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where

S(¢) = > KTk (9) (2.230)

k>1

is called the self-energy functional.

One should note from the beginning that this expansion is purely formal (or
asymptotic). There is no guaranty at all that it converges. Moreover, there are
indications that it diverges, in general.

Substituting the expansion (2.230) into the equation (2.121) , making the
change of variables

p=0¢+Vhh (2.231)

and expanding the action in Taylor series in h, we obtain

T (@) exp ithilf(k)(éb) /DheXP{i;hiAik(‘?)hk}

k>2

xexp iy BPTIS ()bt =iy BT g a(9)R7
k>3 E>1

(2.232)

where A;;, =; S ;. By expanding both sides of this equation in A and equating
the coefficients we obtain an infinite set of equations that determine recursively
all the contributions I'(,,). All the functional integrals appearing in this expan-
sion have the form

/ Dhes"Ahpin .. pin, (2.233)

These integrals are Gaussian and can be calculated in terms of the bare propa-
gator G = —A~1! using the formula (2.112).

It is this point that enables one to define the functional integration well —
one does not need other integrals in perturbation theory. As a result we express
the effective action in terms of the bare propagator and the vertex functions
only.

In particular,

D) = —5logsdet A, (2.234)
1 i 1 y
F(2) = 7ES,ijkG(ijanm) mngs - §S7¢jka(”ka) (2235)

etce.
Using the graphical representation one can present the result in the form
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We see immediately that each order in £ is represented by loop diagrams the
number of loops being equal to the order of perturbation theory. That is why the
semiclassical expansion in the Planck constant is called also the loop expansion.
We could, in principle, put & = 1 from the beginning. The appearance of & in
the eq. (2.229) is only to order the quantum corrections.

Thus, the self-energy functional ¥ describes all radiative corrections to the
classical theory and gives rise to the nonlocality of the effective dynamical equa-
tions

Si=—J;i— %, (2.236)

All the loop diagrams of the perturbation theory are actually divergent.
Therefore, it must ultimately be dealt with the methods of renormalization
theory.

Let us make finally some general remarks.

1. Thus the quantum mechanics is basically a theory of small disturbances.
The S-matrix may be regarded as a mathematical tool which goes be-
yond the simple linear approximation and describes the interaction of the
disturbances.

2. The entire quantum theory is summed up in the functional structure of
the effective action. The Green functions built from the effective action
contain, in fact, more information than just the S-matrix amplitudes.
Therefore, instead of asking separate questions about each distinct phys-
ical process we may ask equivalent questions about the effective action
T'(¢). For this it is necessary, however, that the background fields ¢ vary
over all permissible values.

3. Neither the classical action S nor the self-energy functional ¥ have physical
sense separately. Only the effective action

r=5+% (2.237)

has physical meaning and describes real physics. If the self-energy func-
tional contains terms similar to those in the classical action then only the
sums of their coefficients can be determined experimentally as observable
coupling constants.

If some terms in the self-energy functional have divergent coefficients then
they can be compensated by the counterterms in the classical action. In
other words, if one decomposes

¥ = pdiv 4 pfin, (2.238)

where ©4V and " are the divergent and finite parts of the self-energy
functional, then the effective action can be equivalently rewritten as

[=S8+%=(S+xdv) 4 pfin = gren 4 wfin (2.239)
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where _

gren — § 4 pdiv (2.240)
is the renormalized classical action. It is supposed that S is also divergent
initially, so that S™" is finite. This is the basis of the renormalization
theory.

To be more precise, let us write the classical action in the form

S(¢)= > cli(9), (2.241)

1<i<r

where I;(¢), (i =1,2,...,r) is a finite set of some functionals and ¢; are
the coupling constants. If the divergent part of the self-energy functional
has the same functional structure, i.e.,

2= 3" BiLi(9), (2.242)

1<i<r

then all the divergencies can be compensated, so that the renormalized
coupling constants
c;ren =c;+ 05 (2243)

are finite. Such field theories are called renormalizable QFT.

In non-renormalizable field theories there appear infinitely many divergent
terms of different functional type. Therefore, the effective action cannot
be made finite within the renormalization procedure.

. We stress once again that to construct the S-matrix with the help of the

effective action one needs only tree diagrams. No closed loops appear. The
vertices generated by the effective action are self-vertices (or full, exact or
dressed). All the quantum corrections are already included in them. Since
analogous tree diagrams appear in the classical perturbations theory (with
the substitution I' — S) one can say that the effective action describes
the dynamics of the coherent fields of large amplitude with due regard to
quantum corrections. This also remains true in the case when there is no
well defined S-matrix at all.



Chapter 3

Quantization of gauge field
theories

In the previous lecture it has been shown how to quantize a non-gauge field
theory. We defined the generating functionals Z(J) and W (J) and the effective
action I'(¢) and constructed the perturbation theory for these objects, i.e., the
diagramatic technique. All the diagrams are constructed of two kinds of the
constituent blocks — the propagator and the vertexes. If these objects turn
out to be well defined then all the diagrams are well defined (at least formally).
Thus the effective action (and consequently the S-matrix) is well defined, at
least perturbatively.

Of course, to do practical calculations, this is not enough and one has to
employ the apparatus of the renormalization theory. But on the formal level
the construction in the previous lecture is consistent. It gives simply a raw
framework that should be filled with further details and methods.

The bare vertex functions S;, ;. (n > 3) are simple ultralocal objects
— there are no difficulties at all in defining them correctly. As far as the
propagator G = —(S.ik) ! is concerned we simply assumed that there exists
some propagator that can be well defined by fixing some appropriate boundary
conditions.

It is this condition that determines the non-gauge field theory. However, it
is not always the case. Moreover, the most interesting field models (which are
also most important from the physical point of view) belong to another class of
field theories, so called gauge field theories, where this condition is not fulfilled.

To formulate this more precisely let us consider a dynamical system that is
described by a set of (for simplicity boson) fields ¢’ and an action functional
S(¢). The classical dynamics of the system is described by the equations of
motion

08
S;l 5QDZ 0 (3 )

All possible field configurations build the configuration space M = {®'}. The

63
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solutions of the classical equation of motion determine the dynamical subspace
(mass-shell) My C M,

Mo = {gpé: 571‘(@0) = 0} . (32)

Let ¢q be a point in My, i.e., a solution of the equations of motion (3.1) with
some boundary conditions. It should be noted that the boundary conditions are,
in general, not arbitrary. The equations of motion can impose some constraints
on possible boundary conditions. Let us consider the neighbourhood of ¢q in
My, i.e., let us consider another solution of the form @y = g + dp with the
same boundary conditions. The infinitesimal disturbance d¢p satisfies obviously
the homogeneous equation of small disturbances

S ik (p0)dp" = 0 (3.3)

and zero boundary conditions.

If all the equations (3.1) are functionally independent, i.e., if there is a
unique solution for given boundary conditions, then the matrix S ;x(vo) (so
called Hessian), is nondegenerate. In discrete language this means

rank S ;x (o) = D X N, (3.4)

where D is the number of field components and N is the number of points in
the spacetime. Hence the homogeneous equation of small disturbances with zero
boundary conditions has only trivial solution d¢ = 0, i.e., it does not have any
solutions of compact support.

In other words this means that all the solutions of the equations of motion are
1solated critical points of the action, i.e., in a sufficiently small neighbourhood
of any solution there is no other solution with the same boundary conditions.
(In the Euclidean formulation of QFT this is exactly what happens, also in the
continuum version). It might be useful to note that in these cases the matrix
(1.73)

00 g 0
AAB - 8@‘4 aQDB
determining the second time derivatives in the equation of small disturbances
is nondegenerate and the equations of motion can be, in principle, rewritten in
form

(3.5)

¢ = fA (0, @) (3.6)

In general, the equations (3.1) are not independent — there some linear
identities, called Noether identities, between them

571‘ :x = 0, (37)

where @ = (a,z) is a condensed index that also includes the spacetime point
and a = 1,...,p. This means that in the dynamical subspace M the Hessian
S ik (po) is degenerate

S.ik(e0) R’ (p0) = 0, (3.8)
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i.e., there are nontrivial solutions of homogeneous equations of small distur-
bances (3.3). In the discrete approximation « = 1,...,p X N, and R!, are some
rectangular matrices of the rank

rank R® < p x N. (3.9)
The rank of the Hessian is then
rank S ;x(¢o) = D x N —rank R', < (D —p) x N. (3.10)

This determines the 'number’ of the identities (3.7). The number of dynamical
degrees of freedom is equal to the number of independent equations and is less
or equal to (D — p). It is clear that it should be p < D, otherwise the system
would not have any dynamical degrees of freedom at all.

More generally, R?, is a set of vector fields on the configuration space M.
Defining

;0
R, = R, — 3.11
AL (3.11)
one can rewrite eq. (3.7) in the form
R,S = 0. (3.12)

The action S(¢p) is a scalar on M. Therefore, the equation (3.12), rewritten
in form

Lr.S =0, (3.13)

where L, is the Lie derivative, means that R, are the invariant flows on M.
This means nothing but there are some specific transformations of the fields

e’ = RLE (3.14)

that leave the action functional invariant:
8¢S =S 0¢0" = S,RLEY = 0. (3.15)

Here &% are some infinitesimal parameters
£ =¢%(x), (3.16)

that are functions over spacetime with compact support. Such transformations
are called invariance transformations and R,, are called the generators of invari-
ance transformations. It is clear that the generators are defined not uniquely.
If we transform them according to

R — R. +FYS;, (3.17)
with F'¥J being antisymmetric tensor fields on M

FY9 = —FI. (3.18)
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then the invariance condition ‘
SR, =0 (3.19)

still holds.
Moreover, even in the case when there are no invariance flows the vector
fields
A () = F7,8, (3.20)

in the tangent space T, at some point ¢ that does not lie in the dynamical
subspace, ¢ ¢ My, i.e., S; # 0, are orthogonal to S ;,

Al S, =0. (3.21)

However such vector fields are nonessential physically because they vanish on
the dynamical subspace, A% (¢g) = 0, and do not lead to the degeneracy of the
Hessian.

Besides, the generators R, are not independent. Up to transformations
(3.17) the commutator of two invariant flows is an invariance flow again. To
see this let us take the commutator of two invariance transformations. We have
obviously

(551552 - 652551)5 =0. (3.22)
This means that
[Ra, Rp]S = (RaRp — RR,)S =0, (3.23)
or in components 4 ,
(Ro xRS — Ry Rey) S = 0. (3.24)

More elegant the same equation follows from the property of the Lie derivative
[Lr.» Lrs] S = Lir, Rs)S- (3.25)

This identity says that the commutator of invariance transformations is again a
vector field on M that is orthogonal to S ;. Let us ask the question: What can
one say about the set of the flows R, from this identity? In such setting the
problem is too general. Therefore, we will make some restrictive assumptions.
In the tangent space T}, at some point ¢ there is a 1-form S ; and the vector
fields R!. The equation (3.19) means that all the vectors R! are orthogonal to
S

)

1. We assume that the vector fields R, (y) are linearly independent in the
tangent space Ty, at . This means that from

R.E* =0 (3.26)

it follows & = 0. Put it in another way: there are no £* # 0 of compact
support such that equation (3.26) holds. This also means that the dimen-
sion of the subspace of the linear combinations of the vectors R, is simply
the number of these vectors and is equal to

rank R' = p x N. (3.27)
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2. We also assume that the invariance flows R, are complete, i.e., they gen-
erate all invariant flows. This means that the subspace of all vectors
orthogonal to S ; is covered by linear combination of the vectors RY,.

Now it is clear that any vector field orthogonal to S; must be a linear
combination of the generators R?, and the transformations like (3.17). Therefore

[RouRﬁ] = C’PYQBR'V + S,jTjaﬂ (328)
or in components
R'sxRY, = R'o Ry = O 4R + 8,17 (3.29)

where C ; = C7, 5(p) are some scalar fields functionals on the configuration
space, satisfying the condition

5 =—C, (3.30)

and

1)
dpt
are some vector fields (differential operators) on M, satisfying the conditions

T 5 =T 4(¢) (3.31)

T

wp =T 5 =-T";.. (3.32)

Thus we see that the vector fields R, form an algebra (3.28) which is called
the gauge algebra. Moreover, one can check by explicit calculations that the
vector fields R, satisfy the Jacobi identity

[RalRo, Ry]] + [Rg, [Rey, Ry ]] + [y, [Ro, Rg]) = 0. (3.33)
There are three essentially different kinds of gauge algebras.

I. The simplest case is when there exists such a field redefinition and a trans-
formation of the generators that 7"/, ; vanish,

TV 5=0, (3.34)
and Co‘m do not depend on the fields

)
The gauge algebra takes the form of a infinite-dimensional Lie algebra
Ry, Rg] = C”Yoﬁ]l&y7 (3.36)

where CWMB are some constant functionals, satisfying the Jacobi identity

Y -
C ﬁ[/\C ] = 0. (3.37)
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In this case the gauge transformations form an infinite-dimensional Lie
group, so called gauge group G. The CO‘M are the structure constants of
this group. If €%, also vanish, C%, = 0, then gauge group is Abelian Lie
group and the field theory is called Abelian gauge theory (electrodynam-
ics). The most interesting gauge field models are non-Abelian (Yang-Mills,
gravity), when %, #0.

The flow vectors R, decompose the configuration space into the orbits.
An orbit is a subspace of M consisting of the points that are connected
by the gauge transformations. The space of orbits is then M = M/G.
The linear independence of the vectors R, at each point implies that each
orbit is a copy of the group manifold.

Figure 3.1: Configuration space of gauge fields

This case is the simplest and the most important one. It includes such
important systems as the Yang-Mills model and gravity.

The second class of gauge theories consists of such algebras when the
functionals T 3 vanish but the structure coefficients C’“ﬁ,y do depend on
the fields -
T”aﬁ =0, (3.38)
1)
Therefore, they are called not the structure constants but the structure
functions (or functionals). One should note that the structure functions
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can not be made constant by a redefinition of the flow vectors and the
reparametrization of the fields. If this is the case then we have again the
case I.

Now we have a closed algebra
[Rtxv Rﬂ} - Caaﬁ((p)R’Y (340)

and the flows still decompose the configuration space M into the orbits.
But the orbits are not group manifold. The relation (3.40) does not define
any Lie algebra and a Lie group.

III. This is the most general case when Tija 5 7 0 and C%_ depend on ¢. In
this case the flow vectors do not form a close system in general. Only
on the dynamical subspace My, where S; = 0, the gauge algebra closes.
Otherwise it is said to be open gauge algebra. Thus only M is decomposed
into the orbits.

Although we restricted ourselves in this lecture to the boson fields, the
whole exposition can be generalized to include also fermion fields. Then
the supergravity models are typical examples of the gauge theories of the
second and the third classes.

The absence of an explicit group structure in these cases causes serious
difficulties in quantizing such theories. Only recently there were found
effective methods to quantize general gauge theories — so called Batalin-
Fradkin-Vilkovisky method. We will not consider in these lectures the
such systems and refer the interested reader to the appropriate literature
[12].

3.1 Physical observables.

The gauge field theories are characterized by the presence of some transfor-
mations of the fields, gauge transformations, that leave the action invariant.
Therefore, such transformations do not play any role in solving the equations
of motion, i.e., in determining the dynamical subspace M. Two field configu-
rations that can be connected by a gauge transformation, i.e., two points in an
orbit, are physically equivalent. This means that physical dynamical variables
are the classes of gauge equivalent field configurations, i.e., the orbits. The
physical configuration space is, hence, the space of orbits M = M/G. In other
words the physicall observables must be the invariants of the gauge group.
Let us show that the invariance flows map the dynamical subspace My into
itself. Varying the identity
SR, =0 (3.41)

[e3%

we have

SRy + SR =0. (3.42)
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Figure 3.2:

Therefore, the gauge transformation of the left-hand side of the equations of
motion is _ _
0eS k= Skl 08" = =S’ (€7 (3.43)

This means that a point g of the dynamical subspace M, is not lead out of
M by gauge transfornations. In other words the orbits can not intersect My,
they can either lie completely in M or not to have any common point with
M. If only one point of an orbit lies in M, then the whole orbit does. The
vector fields R’,(¢o) at the tangent space at a point ¢y € My do not have
any orthogonal component to this tangent space. They only cover a part of the
tangent space, and, therefore, are all tangent vectors to M.

This becomes clear if we note that M is defined by vanishing of the func-
tional S ;(¢). Thus the normal vector to My is determined by the Hessian on
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Mo |
Ni(#o) = S,ik(ip0) A’ (3.44)

where g is a point in My and A? is an orbitrary constant functional. The
equation (3.42) on My, i.e., for S; = 0, means then that R’ (o) are orthogonal
to the normal vectors (3.43), R®, (00)N;(¢0), and are tangent to M.

Thus the field transformations of the form

Sp' = R ¢~ (3.45)

are unphysical. Following De Witt [12] we will call functionals A(y) which are
identically invariant, ‘
A;R', =0 (3.46)

i.e., everywhere on M, (like the action functional S(¢p)), absolute invariants and
functionals B(p) that are invariant only on My, i.e.,

Bi(po)R' o (o) =0 forpg € My (3.47)

but, in general, ‘ ‘
B;R' ,=8;F",, (3.48)

conditional invariants. It sufficies for physical observables to be only conditional
invariants.
3.2 Invariant measure on the configuration space

As in the previous lecture, to quantize the gauge field theories, we will need to
integrate over the configuration space M. One needs, thus, a measure u(y) on
M. In the gauge field theories this measure should be gauge-invariant, at least
formally. Gauge invariance means that u(p) should satisfy the condition

Lr =0 (3.49)
where Lp, is the Lie derivative along R,. In component language this reads:
(uRia)’i =piR', + pR', ;. (3.50)
It is easy to show that this equation guarantees that the measure

Dy u(e) (3.51)

is invariant under the gauge transformations
@' — o'+ R L2 (3.52)
If we introduce a symmetric nondegenerate matrix F;x (),

Ei = E;, det E#0 (3.53)
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that plays the role of the Riemannian metric on the configuration space M,
then one can always define the covariant measure in the usual way

1= (det E)Y/2. (3.54)

This measure will be gauge invariant, i.e., will satisfy the condition (3.49), if
the metric F is gauge invariant,

Lr, E=0 (3.55)
or in components
B Ry + EijR  + Byl = 0. (3.56)

These are nothing but the Killing equations. Thus the vector fields R,, must
be the Killing vectors of the metric F;j.

3.3 Ward identities

By differentiating the identity (3.7) one can get an infinite series of higher-order
identities

n i _
> (m> S itk B ol foin k) =05 n=0,1,2,.. (3.57)

0<m<n

or, explicitly,

S,R', =0, (3.58)
Sk, Ry + SR i, =0, (3.59)
Sikika R o 4 250k, R (o ) + SR ey = 0 (3.60)

These identities express the variation of the bare vertex functions Sy, ., in
terms of S; and S ;; and the vertex functions of lower order. Namely,

5§S,k1...kn = S’kl"-kniRiaga
n .
= — Z (m)svi(klmkaZO‘wkm+1...kn)§a- (361)

0<m<n—1

In many important cases it turns out to be possible to find a linear representation
of the gauge group, i.e., to choose the field variables in such a way that R*_ ()
are linear in ¢

Ria((p) = Aia + Ria,k@kv (362)

At and Ria’]C being constant functionals. Then all the derivatives of R’ of
higher orders vanish,

7
Ry by, =0

n=12,... (3.63)
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and the first derivatives R', ; are some constant matrices, forming a represen-
;

tation of the gauge Lie group, i.e.,

i k i k i
Rl = RgpRa; = Cuplly - (3.64)
This representation is called the defining representation and the contragradient
representation (formed by the matrices Fy ' = —R' ;) the co-defining repre-
sentation.

For linear representations the identities (3.57) take especially simple form
Shyknil e = =Sk deniB oy = = Shyokon1i R g, - (3.65)

These identities are called Ward identities.
The action of the gauge group on the vertices looks then

0¢S k. k RS Y A

= _S’ikQ...k’nRia7k1£a — e — S,kl.--kn_l’iRia,kn,ga' (366)

n

These transformation rules hold obviously for any absolute invariant. Thus the
functional derivatives of an absolute invariant transform as the direct product
of co-defining representations.

The generators R, transform according to

= R';,°RY, - O 8°R (3.67)

This means that R’ transform as direct product of defining representation and
the co-adjont representation.

In general, each field (Latin) index means the defining representation, or
co-defining representation if it is up or down, and each group (Greek) index
denotes the adjont or co-adjont representation if it is up or down. This means
that any functional

AL % (o) (3.68)

consisting of the product of the functional derivatives of absolute invariants (e.g.
the action) S;, ; (), the generators R’ (), their first derivative Ria)j and
the structure constants C” g 18 transforming according to the direct product of
defining, co-defining, adjont and co-adjont representation of the gauge group:

0A = R EAGG = R GEALG
FOUNE ALy — O g€ A S (3.69)
3.4 Special choice of field variables

Thus we have seen that the configuration space M is decomposed by the invari-
ance flows into the orbits. To describe the local geometry of the configuration
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space it is convencient to reparametrize it by introducing new local coordinates
I*(¢p) and x“(¢p), so that the variables I enumerate the orbits and the variables
x“ label the points in the orbits. The variables 14 () are obviously absolute
invariants which are, in general, very complicated nonlocal functionals satisfying
the identities

RoI* = IR, =0. (3.70)

The change of variables @/ = (I“(y), x*(¢)) should be nondegenerate. This

means that the matrix A
(#) = (1% x2) (371)

is nondegenerate
det (1%, x*;) #0. (3.72)

The vector fields 5;; are expressed as

6 _ s 6 L ad

(SSOi =X K 6XB ,iM—A' (373)

Since I# are absolute invariants it is clear that the vector fields R, are

parallel to 5%‘

40 g 0

S . 5 ‘
Ry = R,— =R\’ — + R I, — = F° 3.74
Oé(;(Pl aX ) JX[j + at i 5IA oz(SXﬁ ( )
where A
F? =x".R.. (3.75)
Introducing the notation
)
Xg=— 3.76
B 6X5 ( )
we have
R, = F? X;. (3.77)

Since the vector fields X are linearly independent and complete the matrix F'%
is nondegenerate. Therefore,

1)
B 5(pi

X5 = X' (3.78)

where 4 4
X' =R, F'9, (3.79)
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The vector fields X3 do obviously form an Abelian algebra

) )
[XQ,XQ] - |:(5X—a7 (SX—B:| =0. (380)

In terms of the fields ¢ this equation takes the form
Xlg o Xh = X' XH =0 (3.81)

This can be proved explicitly.
We calculate first

Xa,Xp] = F YR, FTYR, - F 'R, F R,
- Fﬁlﬂa[RﬂaF_h;}]RV - F_luﬁ[RVaFil,g]R#
+F M F YR, R,
= {F R, Py - FY R, P 1Y)

+FTUFT 0, R, (3.82)
Further
—1 —1 —1lo
R, 5] = —F ARy, FRF'
-1 —1lo - —1lo
= —F R, F}F % - FC, F5F™'%. (3.83)
Thus
FUMR,FT = — FUOF YR, FLIF'
FCn P (3.84)
Then _ '
[Ro, I, = F, ,RY, = R RE, + X R, R, (3.85)

But this is symmetric in o, u. Therefore,
—1 —1 —1 — —1 —1lo
Fle [R W F H PR, FT] = PO P (3.86)

Substituting this into equation (3.82) we prove that equation (3.80) really holds.
Let us now define a matrix

Nog = EgxR'  RF5. (3.87)

In local field theories this is actually a differential operator. It is always assumed
that the metric E; is ultralocal, i.e., it depends locally only on the fields but
not on their derivatives,

B = Ban(p(@))(a,a’). (3.88)
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In practical cases of interest the generators R’ are the first order differential
operators. Then N,z is the differential operator of second order.

Moreover, since the vector fields R?,, are linearly independent and the metric
E;1, is nondegenerate, the matrix N,z is nondegenerate too:

det Nog # 0. (3.89)

This means that there is an inverse operator N~'®%. In field theory this is a
Green function of N. To define it properly one has to specify some boundary
conditions.

Now consider an infinitesimal displacement d¢* and define

S1¢" = dpt + R £~ (3.90)

with ‘
¢ = —N"'F R Ey60". (3.91)

Then it is easy to see that §, ¢! is orthogonal to the vector fields R¢, in the
metric Fjx

S19"Eg R, = 0. (3.92)
In other words ' _
St =TI, 60" (3.93)
where _ ' _ _
Iy, =6, — R\ NP R E)), (3.94)

is the component of §¢° that is perpendicular to the orbit and
e’ = —R' N 'R ;B 60" (3.95)

is the tangent component.
The operator II'; is obviously an orthogonal projector satisfying the condi-
tions

I, =11, (3.96)
'R, =0, (3.97)
7 k

R' EyII%, = 0. (3.98)

. . . . J_
Using this projector one can define a metric £;

B, = B ITF, = By ITF, (3.99)



QUANTIZATION OF GAUGE FIELD THEORIES 77

that measures the perpendicular distance between two orbits labelled by I and
I+461

5157 = Elijégoiégoj =FE;;6,0'6,¢7. (3.100)
This can also be rewritten in terms of a metric in the space of orbits M
6182 = gap(I)0IA6IP. (3.101)
We have obviously
E55(9) = gap(L(@)I%(0) % (¢) (3.102)
and
rank E; = (D —p) x N. (3.103)
Since I4(yp) are gauge-invariant
Lp It =T%R =0 (3.104)
we also have .
Lr, gap =0 (or gapR', =0) (3.105)
) )
Le 1% =L A = — (Lg, I7) = 0. 3.106
2 l'i = Lra 55 5W(Ra ) ( )
In components
IR, + T4 RE, = (I',RY,) =0 (3.107)

Therefore, the orthogonal metric is also invariant
L
Lr,E~; =0. (3.108)

Together with the invariance of the metric E;; this also leads to the invariance
of the projector

Lp 1% = Lr, (EMEY)) = (Lp, E¥) B, + E¥Lr EY; =0. (3.109)
In components this equation means

HkJ}iRia + HkiRia,j - Hinka,i =0. (3.110)

3.5 Small disturbances

Let us study now in short the theory of small disturbances in gauge theories.
In the same way as for non-gauge theories we consider two close solutions, g
and ¢ = o + 0, of the equations of motion. That is we have

S.i(po) =0 (3.111)
and to first order in d¢ a homogeneous equation of small disturbances

S,ik(0)d* = 0. (3.112)
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Modifycing slightly the problem, we consider two close field configurations ¢
and ¢ = ¢ + dp where ¢ is a general point in M, i.e., it is not a solution of the
equation of motion (3.111) but satisfies the equation with some small external
disturbances

Si(¢) = —0J;. (3.113)

One can also treat d.J; just as the extent to which ¢ differs from a solution .
We get then the inhomogeneous equation of small disturbances

S ir(9)op" = —6.J;. (3.114)

In the case of non-gauge theories the operator S ;;, is non-degenerate, i.e., fixing
some boundary conditions there exists a well defined unique solution of this
equation.

The solution can be expressed in terms of the Green functions of the operator
S ik

)

5ot = G™*6.Ty (3.115)

where G** satisfies the equation for the Green functions
S iGF = —", (3.116)

with some boundary conditions.

The main difference (and the problem) of the gauge theories is that the
operator S ;i is degenerate on mass shell. That is even by fixing the boundary
conditions the solution of the equation (3.114) is not unique. Indeed from the
identities

SR, =—RF, .Sy (3.117)

we have that any fields of the form
Sept = RE €2 (3.118)
with £ being small functions of compact support, satisfy the equation
S.irbe™ = R, ,£76J. (3.119)

The right hand side of this equation is of second order in disturbances.
Therefore, in the first order
S 0" =0 (3.120)

and 0¢F are the zero-modes of the operator S ik. This means, if d¢ is a solution
then
0+ bep (3.121)

is also a solution for any &. Thus, the operator S ;; does not have well defined
Green functions. Note that, since {* has a compact support, adding of d¢¢ does
not change the boundary conditions for de.

Strictly speaking the operator S ;;(¢) is non degenerate for ¢ ¢ My, i.e.,
if S;(¢) # 0, because the right hand side of equation (3.119) is not strictly
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zero. But the limit to the physical field configurations, i.e., to the dynamical
subspace My, is singular — there appear infinitely many zero modes and S ;i
becomes degenerate. Thus instead of having a well defined unique solution for
fixed boundary conditions we have a class of physically equivalent solutions, an
orbit.

In discrete version the number of the zero modes is equal to the rank of the
generators. Therefore, the rank of the operators S ;i is

rankS ;x = (D —p) x N. (3.122)

To deal with such situations one has to choose a representative solution in
each orbit. This can be done by imposing some p x N supplementary conditions,
so called gauge conditions. We choose the supplementary conditions in the form

X%0¢p" = 0. (3.123)
The matrix x¢ here is a rectangular matrix of rank
rankx® =p x N. (3.124)
This guaranties that the matrix
% = X%Riﬁ (3.125)

is non-degenerate.
Further, let us define

Air = S.ik + X% BapX - (3.126)

where (3,5 is a local symmetric nondegenerate matrix.
The operator A is a symmetric non-degenerate operator even on mass-shell.
Indeed, from the Ward identities eq. (3.42) rewritten in the form

ApwRE, = =S R, + X "By F", (3.127)

or
R Aijy = =S ;R + FByax, (3.128)

it follows that on mass shell, (i.e., for S; = 0), any zero-mode hj),

Aghk =0, (3.129)
must satisfy the equation
0= R Amhl = F,5,5x" . (3.130)
Therefore
X7k =0, (3.131)

and, further,
0= Ayhl =S hk. (3.132)
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Therefore, on mass shell the zero-modes of the operator A are the zero-modes
of the operator S;;. But we know from the completeness condition that all
zero-modes of S ;;, have the form

hE = RF ¢~ (3.133)
Substituting this into the equation (3.131) we get
0=x" Rk £ = FF e (3.134)
The operator F'% is nonsingular by construction. Therefore, we find that
£*=0. (3.135)

This means that there are no functions of compact support that satisfy the
equation (3.129). This proves that the operator A is non-singular on mass-shell.
By analyticity this means also that it is nonsingular in the neighbourhood of
the mass shell.

3.6 De Witt gauge conditions
A natural and very convenient choice of the functional x< is
X% = B*PRY; By (3.136)
where 397 is the inverse of the matrix B,5. The supplementary condition
X%6¢9" = PR 3 Erid’ =0 (3.137)

means then that small disturbance §¢’ is orthogonal to the orbit.
Any field disturbance d¢° can be decomposed in the tangent and orthogonal
components

5t = 01" + bt (3.138)

where _ _
Sep’ = R & (3.139)
St =TI 5", (3.140)

Since rank R’ = p x N we have the rank of the projector II
rankIl’, = (D — p) x N. (3.141)

This means that there are (D — p) x N independent orthogonal disturbances
d1¢" This orthogonal disturbances are nothing but the linearized invariant
variables 14 (),

I ¢+ 0p) = I (@) + I (9)0L 0" + -+ (3.142)
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Whereas I4(y) are very complicated nonlocal nonlinear functionals of the fields
o, the orthogonal disturbances are also nonlocal but linear.

In De Witt gauge conditions the operators F' and A take especialy simple
form

F% = B*TR' Ey, R = B*"Nyp (3.143)
Air = Sk + Eim R 3P R By (3.144)

where the operator N is defined in (3.87). Both operators, N and A, are
symmetric non-degenerate operators.

The De Witt gauge conditions maintain the manifest covariance automati-
cally, because all the quantities transform according to the sort and the position
of their indices.

Indeed, we have

¢ (R*5Ew) = (RF3ER);R.&
(R B By + R iy 1) €
{RY R, Brs + RYy (*Eka‘ij,i - Ejz'ijy,O } &

= {-R (B By) + (RY, B, = RS R,) B | €

= R, (R%EL) & +C° 5 (RN ER) €. (3.145)

Then one chooses the matrix 3, to transform as its indices indicate
O¢Bap = ﬁaﬁﬂ‘Rjyf’Y = _Cé'yﬁﬁaéé—’y - 067a555§7 (3.146)
5¢B°% = BRI €7 = O 3B8°PET 4 CF B, (3.147)

Therefrom and using the eqgs.(3.143)-(3.145) we obtain easily

0 X = 0¢ (B°7 R's Bra) = C°5xi€7 — RY, X7 (3.148)
3¢ F% = C% s FO¢" — C° 3 F5¢7 (3.149)
O¢Aik, = —R", Akl — R, A& (3.150)

We see that the operator A;, is manifestly covariant, i.e., if transform like the
invariant metric Ejj, or second derivative of an absolute invariant S ;.

Thus we have defined a non-singular operator A. Using this operator one
can solve the equations of small disturbances (3.114)

S 67 = —0J;. (3.151)
When the gauge conditions (3.123) are satisfied they can be replaced by
Ao = —0J; (3.152)

and can be solved in terms of the Green functions of the operator A with given

boundary conditions. The general solution is then given by adding an arbitrary
field of the form R? £°.
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3.7 Functional integral in gauge theories

Now we are going to quantize the gauge theories by means of the Feyman
functional integral. In the same way as in non-gauge theories we consider the
in— and out— regions, define some |in > and |out > states in these region and
study the amplitude < out|in >. In analogy with non-gauge theories we write
the amplitude in form of a funcional integral

< outlin >= /Dgof(go)eis(“’), (3.153)

where S(¢) is the action and f(¢) is some unknown functional.

The problem with this integral is that it is defined only formally even in the
non-gauge theories. In gauge theories there is an additional difficulty caused by
the gauge invariance of the action. The formal convergence of this integral was
guaranteed by the exponential exp(iS(¢)). The main contribution came from
the critical points, i.e., the solutions of the equation of motion.

The contributions of the field configurations that lie far away from the mass
shell were suppressed by the oscillations of the integrand. Therefore, the func-
tional integral could be defined in perturbation theory, where it just takes into
account the small fluctuations around the mass shell. It turned out to be pos-
sible to define this integral by means of the diagrammatic technique (see the
previous lecture).

In gauge gield theories the action S(p) is invariant along the orbits. This
means that the large fluctuations along the orbits are not suppressed because
there is no fast oscillation of exp(iS(yp)) — it remains constant along the orbits.
Thus the convergence of the functional integral along the orbits must be guaran-
teed by the functional f(y). As we have seen all field configurations on an orbit
are physically equivalent. Therefore, we actually do not have to integrate along
the orbits at alll We only have to integrate over the orbit space M = M/G.

To give a concrete meaning to these intuitive ideas let us consider a reparametriza-
tion of the configuration space M by the coordinates @' = (I, x®), where 14
label the orbits and x® the points in the orbit. From the invariance of the action
functional it follows that it depends only on I,

S(p) = S(I). (3.154)

Therefore, it defines an action functional on the orbit space M. This functional
is an usual non-gauge functional, however, extremely nonlocal. Therefore, we
can write

< outlin >= / DIj(I)eS!) (3.155)
M

where fi(I) is some measure. This integral can be obviously rewritten as an
integral over M by introducing a J-functional

< outlin >= /DIDxﬂ(I)é(X - (:)eig(l) (3.156)
M
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where (% are some constants.
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The trick consists now in changing the integration variables and going back

to the initial field variables . Using
DIDx = DpJ (),

where
J(p) =det B

) ) TA.
sz — ()51 = ( ,2)
s X(XJ'

<outfin >= [ DI (P(I(e)d(x(p) - e

is the Jacobian, we obtain

Thus we have found the functional f(y) in equation (3.153)

fle) = J(@)al1(9))d(x(p) = &)
Let us calculate the Jacobian J(p). We have

(logJ) ; = tr (B™'B}).
Bk — M M
g 6IA x> )
Therefore

N 5<Pi 5@i If‘z‘j _ 5<Pi A 5<Pi a
(log‘])d - (51’4’5)(0‘) (Xoiij - 5IAI-,1'J'+ 5XQX ,27°

The matrix B~! reads

Remembering eq. (3.79) we have

5<Pi i i —18
X =X', =R'gF .
Therefore,
5301. « —18 |, « I
WX iji F~ X ,in el
—1 « 7 —1 « 7
= FOU(XR) , — VX R
_ —18 pa —18 . a pi
= FGFG, —F X iR
= (logdet F) ; — F", x*;R's ;.
Therefrom

%

o IA

(log /) ; = (logdet F) ; — F~x" Rl + 5T I

(3.157)

(3.158)

(3.159)

(3.160)

(3.161)

(3.162)

(3.163)

(3.164)

(3.165)

(3.166)

(3.167)
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If we factorize out the det F'

J(p) = fi(p)det F(p) (3.168)
then f(¢) can be rewritten as
f(#) = ulp)det F(p)d(x(#) =€) (3.169)
where
() = ple)a((p)) (3.170)

is the measure on the configuration space M. The measure p(p) transforms as

j ~16 o pi o’ N pi
(log ) jR?, = —F Y x*. Ry . R7_ +M—AIA R+ (logp) ;R7,  (3.171)

@(I) is invariant since it depends only on the invariants I

(log 1) i R’ = 0. (3.172)
Further using the identity .
IR =0 (3.173)
we have ' '
IR+ TR =0 (3.174)
and, hence,
¢’ A 09" 4
5IAI RJ = 5IAI Rj (3.175)

Using another identity

i $=k 7
i 09" g _5<pIA 5s05a

L= — = 3.176
Todgk dpi 614 5 ( )
and remembering equation (3.165) we get from (3.175)
O A m, = (5, s VR, = RPN R R
STA - J 5x® J T 754 aX Vit s
= —R+F X CO 4R+ P xRy R
= —-R; +O°;a +F X R R (3.177)
Substituting equation (3.177) in (3.171) we obtain finally
(logp) ;R = =R ; + C%,,. (3.178)

The quantities Riw and C'%, contain a combined summation-integration of
d-functions with coincident arguments and are purely formal constant objects.
These objects can be given a practical sence within the framework of the renor-
malization theory. In the renormalizable theories these objects can be made to
vanish. Up to such objects the measure p(yp) is gauge-invariant

(log ) jR?,, = 0. (3.179)
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One can simply make a conjecture, so called path integral quantization conjec-
ture, that the local measure p(yp) is constant and, hence, can be normalized to
unity

() = 1. (3.180)

A bit more elegant is to put
() = (det B)'/2, (3.181)

which cancels a part of most strong ultra-violet divergences, so called volume
divergences, in the perturbation theory.
Thus we have finally

< outfin >= / Diop(ip)det F()S(x(9) — &) expliS(9)]. (3.182)

One can transform the functional integral further by introducing some additional
field variables and functional integrations. First, one can use the Fourier integral
representation of the functional delta functional to get

< outfin >= / DD Au(p)det F(i2) exp {i[S(9) + Aa(x*(¢) — €]} (3.183)

The new field A, plays the role of a Lagrange multiplier. It is assumed to
satisfy the appropriate boundary conditions in the in- and out- regions coherent
to those of the fields ¢’. The total functional in the exponent

S(e) + Alx(p) =€) (3.184)

is not gauge invariant any longer. Therefore, its second derivative is a nonde-
generate operator and has well defined Green functions.

Remembering that the constants (¢ were arbitrary one can go a bit further
and integrate eq. (3.182) over ¢ with a Gaussian measure

/dC(det B)'/2 exp (;C“ﬂ WC”) (3.185)

with a nondegenerate matrix 3. As a result we get finally

<outfin >= [ Dpnlip)(det §) et Flp) exp {z‘[sw n 1x“(so)ﬂwx”(<p)]} .

2

(3.186)

The second term in the total functional in the exponent breaks down the

gauge invariance. It is called the gauge-breaking term. Therefore, the expo-

nential is not gauge invariant and guaranties the convergence of the functional

integral for large . Its second derivative determines a non-singular operator of

small disturbances. It has a well defined Green function (propagator) and gives

a basis for the perturbation theory similar to that constructed in the previous
lecture.
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Often it is convenient to go further and to represent the determinants arising
in equation (3.186) in terms of functional integrals over auxillary anticommuting
Grassmanian field variables, so called ghost fields. Remembering the formulas
of the previous lecture one can write

det F(p) = / DODY exp {i0o F 497 } (3.187)

det 31/? = / Dw exp {;w“ﬁlww”}, (3.188)

where 126, w" are the ghost fields satisfying appropriate boundary conditions
in in— out— regions coherent with those of the fields .
Therefore, the < out|in > amplitude takes the form

< outlin >= /D@D@bDGDw exp(iStot (0, ¥, 0, w)) (3.189)

where

Stor (i, 6,) = S() + X (@) (9) + B F 07 + S B (3.190)

Thus a system of gauge fields ¢ described by the action S(y) is equivalent to
an auxillary system of the fields ¢?, 1), 8%, w* described by the non-gauge action
Stot (@, ¥, 8,w). Therefore, by introducing the sources one can use now the whole
apparatus of the generating functionals and construct the effective action and
the S- matrix. Since the total action Siot(ip, 1,0, w) is not gauge invariant its
second derivative is a nonsingular operator and has a well defined propagator.
All the material of previous lecture is applicable to the total action. The only
difference is that the ghost fields are purely formal and should not appear in
the physical states in in- and out- regions.
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