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Chapter 1

Classical Field Theory

1.1 Introduction

In these lectures we will use mostly the covariant spacetime approach to the
field theory developed mainly by De Witt [7, 12].

The basic object of any physical theory is the spacetime. We will denote
it by M and assume that it is a d-dimensional manifold with the topological
structure

M = I× Σ, (1.1)

where I is an open interval of the real line and Σ is some (d − 1)-dimensional
manifold. Σ can be compact or noncompact. More precisely, we assume the
spacetime to be a Riemannian manifold with a hyperbolic metric g of the sig-
nature (−+ · · ·+) which admits a foliation of spacetime into spacelike sections
identical to Σ.

The points of the spacetime are denoted by x and local coordinates by
xµ (µ = 0, 1, . . . , d− 1), x0 will be often denoted by t as well.

1.1.1 Superclassical fields

Let us consider a set of some say real smooth differentiable functions over the
spacetime

ϕA(x), A = 1, 2, . . . , p. (1.2)

If these functions transform according to some special rules under the transfor-
mation of the coordinates, i.e., if they form a representation of the diffeomor-
phism group they are said to be a classical field.

This can be formulated in a more mathematical language. Let us consider a
vector bundle Vc(M) over the spacetime M each fiber of which is a vector space
Vc, on which the Lorentz group O1(1, d−1), subscript 1 denoting the component
of O(1, d−1) containing the identity, acts. The sections of this vector bundle are
called classical tensor fields. They do not need to be irreducible representations
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of the Lorentz group. In general, the bundle Vc(M) is the direct sum of all
bundles with sections being irreducible tensor representations of Lorentz group.

These tensor fields are represented by their components, which form a set of
smooth differentiable functions on the spacetime manifold

ϕ : M → R
p, (1.3)

p = dimVc being the dimension of the corresponding vector space.
The label A denotes the collection of all possible discrete indices that label

the tensor product of irreducible representations.
We will always suppose that there exists also spin structure on the spacetime

manifold M , i.e., that the second Stiefel-Whitney class of M vanishes, and there
is an associated vector bundle Va(M), each fibre of which is a complex vector
space Va, on which the spin group Spin1(1, d − 1), i.e. the covering group
of Lorentz group, acts. The sections of this bundle are called spinor fields.
The bundle Va(M) we consider is, in general, the direct sum of all spin-tensor
bundles, having the sections as spin-tensor fields.

One of the most important theorems in quantum field theory is the theorem
about the connection of the spin and statistics. It states that there is a crucial
difference between the tensor fields and spin-tensor fields. All tensor fields have
bosonic statistics and are called boson fields and the spin-tensor fields have
fermionic statistics and are called fermion fields.

In QFT the classical fields become Hermitian operators on a Hilbert space.
The boson fields satisfy some commutation relations and the fermion ones – the
anticommutation relations

[B̂1, B̂2] = ~ · · · , [F̂1, F̂2]+ = ~ · · · , [B̂, F̂ ] = 0. (1.4)

where B and F denote some boson and fermion fields, [, ] and [, ]+ are the
commutator and the anticommutator.

That is why in the classical limit ~→ 0 of QFT the boson fields are assumed
to commute with each other and with the fermion fields

B1B2 = B2B1, (1.5)

BF = FB, (1.6)

However, the fermion fields in the classical limit should be taken to anticommute
with each other

F1F2 = −F2F1. (1.7)

It is clear that the product of two (and, hence, of any even number) of fermion
fields is a boson field.

We do not restrict ourselves only to boson or fermion fields. The set ϕA

contains both boson and fermion fields. Such sets of the boson and fermion
fields are called super fields.
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To deal with the collection of the boson and fermion fields we define the
parity ε(ϕA) of the field component ϕA by

ε(A) ≡ ε(ϕA) =

 0, if ϕA is bosonic

1, if ϕA is fermionic.
(1.8)

Then commutation relations (1.5) — (1.7) can be written in a closed form

ϕAϕB = (−1)ε(A)ε(B)ϕBϕA (1.9)

or
[ϕA, ϕB ]s = ϕAϕB − (−1)ε(A)ε(B)ϕBϕA = 0. (1.10)

This is called supercommutator. To simplity the notation one can adopt the
convention that an index or symbol appearing in an exponent of (−1) is to be
understood as assuming the value 0 or 1 according as the associated quantity is
fermionic or bosonic and replace ε(A)→ A .

The variables ϕA satisfying the conditions (1.9) are called the Grassmanian
variables or supernumbers. They are said to form a Grassmanian algebra ΛD
of dimension D. Thus the fields ϕA(x) at a fixed point x ∈ M generate a
finite dimensional Grassmanian algebra, ΛD, the fermion fields being the odd
elements of it and the boson fields the even ones. If we include the values of the
fields at all the points x ∈M , then we have infinitely dimensional Grassmanian
algebra Λ∞. Therefore

ϕ : M → Λ∞. (1.11)

The classical fields satisfying the commutation (1.10) relations are called super-
classical fields. That is why the starting point of QFT is not just the classical
field theory but rather the superclassical field theory.

1.1.2 Field configurations

A field configuration is defined to be the set of all ϕA(x) for all x

ϕ = {ϕA(x) : x ∈M, A = 1, . . . , D}. (1.12)

To present this idea in a more visual way we will use the condensed notation
of De Witt. In this notation the discrete index A and the spacetime point x are
combined in one lable i ≡ (A, x)

ϕi ≡ ϕA(x). (1.13)

The field ϕi becomes then an infinite-dimensional (continuous) column , i.e.,
a contravariant vector, the product of two fields, ϕiϕk, and, in general, any
quantity with two upper indices like Gik becomes infinite-dimensional matrix
(tensor)

Gik = GAB(x, y), i ≡ (A, x); k ≡ (B, y) (1.14)
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and so on. Intuitively one can use a finite-dimensional analogy. Let MN be a
lattice (a finite subset of points) in M

MN = {xa, a = 1, . . . , N ; xa ∈M} ⊂M. (1.15)

Then i = 1, . . . , D × N and ϕi becomes a D × N finite-dimensional column
(vector)

ϕi =



ϕ1(x1)
...

ϕ1(xN )
...

ϕD(x1)
...

ϕD(xN )


. (1.16)

Thus the field configuration is just the set of the values of the field in all
points of the manifold. The matrix Gik should be viewed on as a (D × N) ×
(D ×N) - dimensional matrix

G11(x1, x1) . . . G11(x1, xN ) . . . G1D(x1, x1) . . . G1D(x1, xN )
...

...
...

...

G11(xN , x1) . . . G11(xN , xN ) . . . G1D(xN , x1) . . . G1D(xN , xN )
...

...
. . .

...
...

GD1(x1, x1) . . . GD1(x1, xN ) . . . GDD(x1, x1) . . . GDD(x1, xN )
...

...
...

...

GD1(xN , x1) . . . GD1(xN , xN ) . . . GDD(xN , x1) . . . GDD(xN , xN )


(1.17)

Further, as usual it will be always assumed that a summation over repeated
indices is performed. That is in condensed notation — a combined summation-
integration, i.e.

Jϕ ≡ Jiϕi ≡
∫
M

dx JA(x)ϕA(x) (1.18)

Thus one can formally consider such objects, as the traces and the determinants
of the infinite-dimensional matrices.

The next object that is used extensively in QFT is the configuration space
M. Configuration space is the set of all possible field configurations

M =
{
ϕi
}
. (1.19)
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One can show that the configuration space in an infinite-dimensional superman-
ifold.

1.1.3 Field functionals

A supernumber-valued function S(ϕ) on the configuration space with

S(ϕ) :M→ Λ∞ (1.20)

is called a field functional. Functions on supermanifolds are defined by the
formal power series in fermion fields. Denoting the boson fields by χ and the
fermion fields by ψ, i.e.

ϕ =

 χ

ψ

 , (1.21)

one can write

S(ϕ) =
∑
n≥0

fa1...an(χ)ψan · · ·ψa1

≡
∑
n≥0

∫
dx1 · · · dxnfA1···An(χ;x1 . . . xn)ψAn(xn) · · ·ψA1(x1),

(1.22)

where ai ≡ (Ai, xi), with the spinor index Ai running over Ai = 1, . . . , q for
some q < D. From the anticommutativity of the fermion fields it is clear that
fa1...an(χ) are antisymmetric in all their indices. These are infinite-dimensional
p-forms on supermanifold M.

The functional derivatives of the field functionals are defined as follows. Let
us consider an infinitesimal variation

δϕi ≡ δϕA(x) ∈ C∞(M). (1.23)

The set of all points of spacetime where δϕi is not equal to zero is called the
support of δϕi

Ω ≡ supp δϕi =
{
x ∈M, δϕA(x) 6= 0

}
, (1.24)

δϕA = 0 for x /∈ Ω. (1.25)

We assume that δϕi has a compact support

Ω ⊂M. (1.26)

Let δS(ϕ) denote the corresponding change in S(ϕ). If for all ϕ ∈ M and all
δϕ ∈ C∞(M) with compact support, δS(ϕ) can be written in the form

δS(ϕ) = δϕi i,S(ϕ) = S,i(ϕ)δϕ
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=
∫
M

dx δϕA(x)

( →
δ

δϕA(x)
S(ϕ)

)
=
∫
M

dx

(
S(ϕ)

←
δ

δϕA(x)

)
δϕA(x),

(1.27)

where the coefficients

i,S ≡
→
δ

δϕi
S ≡

→
δ

δϕA(x)
S, (1.28)

S,i ≡ S
←
δ

δϕi
≡ S

←
δ

δϕA(x)
(1.29)

are independent on the δϕi, then the S(ϕ) is called differentiable functional on
M and i,S and S,i are called the left and the right functional derivatives.

Now consider some finite variation hi and the value of the functional S(ϕ)
at the point ϕ + h. At a regular point ϕ it can be expanded in the functional
Taylor series

S(ϕ+ h) def= S(ϕ) + S,i(ϕ)hi +
1
2
S,ik(ϕ)hkhi + · · ·

=
∑
n≥0

1
n!
S,i1...in(ϕ)hin · · ·hi1 , (1.30)

where all variations are moved to the right.
The coefficients of this series are called the higher right functional derivatives

S,i1...in = S

←
δ
n

δϕi1 · · · δϕin
. (1.31)

Since the superfields ϕi do not commute, the order of variation in Taylor
series is important. By rewriting it in the form

S(ϕ+ h) =
∑
n≥0

1
n!
hi1 · · ·hinin...i1,S(ϕ), (1.32)

we define the higher left functional derivatives

in...i1,S ≡
→
δn

δϕin · · · δϕi1
S. (1.33)

In the usual notation the term of second order in this series looks more compli-
cated

S,ikh
khi ≡

∫
dx dy

S(ϕ)

←
δ2

δϕA(x)δϕB(y)

 hB(y)hA(x). (1.34)

Changing the order of variations it is easy to find the relation between the left
and right derivatives. If the functional S itself is even (bosonic), i.e., ε(S) = 0,
then
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S,i = (−1)i i,S (1.35)

In general

S

←
δ

δϕi
= (−1)i(1+ε(S))

→
δ

δϕi
S, (1.36)

where ε(S) is the parity of functional S. Besides

···ik··· ,S = (−1)ik ···ki··· ,S (1.37)

S, ···ik··· = (−1)ikS, ···ki··· (1.38)

In other words one has

→
δ

δϕi

→
δ

δϕk
= (−1)ik

→
δ

δϕk

→
δ

δϕi
, (1.39)

←
δ

δϕi

←
δ

δϕk
= (−1)ik

←
δ

δϕk

←
δ

δϕi
. (1.40)

From these equations it follows, that the mixed left-right second derivative of
an even functional possesses the following symmetry relation

i,S,k = (−1)i+k+ik
k,S,i. (1.41)

A matrix with down indices satisfying such a relation will be called supersym-
metric. This name is because the bilinear form

ηEh ≡ ηiEikhk, (1.42)

where Eik is a supersymmetric matrix with parity determined only by its indices,
ε(Eik) = ε(i) + ε(k), is symmetric.

If we write a supersymmetric matrix E in the block form

(Eik) =

 A B

C D

 , (1.43)

where A and D are bose-bose and fermi-fermi sectors (and, therefore, even) and
B and C are the mixed bose-fermi and fermi-bose ones (and, hence, odd), then
the supersymmetry means that the matrices A and D are symmetric and B and
C satisfy the relations

AT = A, DT = D, (1.44)

BT = −C. (1.45)
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Example 1. The simplest functional is the field itself. The derivative of it is
defined by

δϕi = ϕi,kδϕ
k = δϕkk,ϕ

i, (1.46)

or

δϕA(x) =
∫
dy

(
ϕA(x)

←
δ

δϕB(y)

)
δϕB(y) =

∫
dyδϕB(y)

( →
δ

δϕB(y)
ϕA(x)

)
(1.47)

Therefore
ϕi,k = δik, k,ϕ

i = δik, (1.48)

where
δik = δABδ(x, y) (1.49)

is infinite-dimensional Kronecker symbol (continuous identity matrix). We also
have obviously the super commutation rule

→
δ

δϕi
ϕk = (−1)ikϕk

→
δ

δϕi
+ δki . (1.50)

Similary, for any linear functional

S = Jiϕ
i (1.51)

we get
S,i = Ji. (1.52)

Example 2. Consider now a quadratic functional.

S =
1
2
ϕiEikϕ

k (1.53)

where E is a supersymmetric matrix

Eik = (−1)k+i+ikEki. (1.54)

We calculate
δS =

1
2
ϕiEikδϕ

k +
1
2
δϕiEikϕ

k = ϕiEikδϕ
k. (1.55)

Therefore
S,k = ϕiEik. (1.56)

Further
δS,k = δϕiEik = (−1)kEkiδϕi. (1.57)

Hence
S,ki = (−1)kEki, (1.58)

i,S,k = Eik. (1.59)
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Thus using the functional differentiation one can define the concept of tan-
gent spaces and generalize, at least formally, almost the whole structure of
differential geometry to the infinite-dimensional supermanifold. In particular,
introducing a supersymmetric nondegenerate matrix Eik(ϕ) that depends only
on the values of the fields but not on their derivatives and is diagonal in the
continuous part,

Eik(ϕ) = EAB(ϕ(x))δ(x, y), (1.60)

one can define the ultra-local Riemannian metric on the supermanifold M by

E = dϕiEik(ϕ)dϕk

=
∫
M

dxdϕA(x)EAB(ϕ(x))dϕB(x). (1.61)

This gives the interval between two field configurations ϕ and ϕ+dϕ. Then one
can define formally the connections, geodesics, curvature etc.

Example 3. Now, let us consider a special class of functionals, namely, local
functionals. These are functionals which depend on the values of the fields and
finite number of their derivatives.

The local functionals have the following form

S(ϕ) =
∫
M

dxL(ϕ,ϕ,µ, . . . , ϕ,µ1...µN ) (1.62)

where
ϕ,µ ≡ ∂µϕ, (1.63)

ϕ,µ1...µN ≡ ∂µ1 · · · ∂µNϕ, (1.64)

and L is some function of the fields derivatives on one spacetime point. It is not
difficult to calculate the functional derivative of local functionals. We calculate

S(ϕ+ δϕ) = S(ϕ) +
∫
dx

{
δϕA

→
∂L
∂ϕA

+ δϕA,µ

→
∂L
∂ϕA,µ

+ · · ·

}
=

= S(ϕ) +
∫
dxδϕA

{ →
∂L
∂ϕA

− ∂µ

(→
∂ L
∂ϕA

)
+ · · ·

}
(1.65)

where the dots contain the similar terms with higher derivatives of ϕ. Thus we
obtain the Euler-Lagrange formula

i,S ≡
→
δ S

δϕA(x)
=

→
∂ L

∂ϕA(x)
− ∂µ

( →
∂ L
∂ϕA,µ

)
+ · · ·

=
→
∂L

∂ϕA(x)
+

N∑
n=1

(−1)n∂µ1 · · · ∂µn

( →
∂ L

∂ϕA,µ1...µn

)
(1.66)
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Thus, the functional derivative of any local functional is given by

i,S ≡
→
δ

δϕA(x)
S ≡

→
D

DϕA(x)
L(x), (1.67)

where →
D
DϕA

=
→
∂

∂ϕA
+
∑
n≥1

(−1)n∂µ1 · · · ∂µn

→
∂

∂ϕA,µ1...µn

(1.68)

Similarly,

S,i ≡ S
←
δ

δϕA(x)
≡ L(x)

←
D

DϕA(x)
. (1.69)

The functional derivative of a local functional is obviously again a local func-
tional

i,S ≡
→
δ S

δϕA(x)
=

→
D

DϕA(x)
L(x) =

∫
dy δ(x, y)

→
DL(y)
DϕA(y)

. (1.70)

Thus the second derivative is simply given by

i,S,k ≡
→
δ

δϕA(x)
S

←
δ

δϕB(y)
=

→
D

DϕA(y)
(L(y)δ(x, y))

←
D

DϕB(y)
. (1.71)

Therefore, the first derivative is a usual function on M but the second derivative
is a distribution. It is easy to see that the second derivative is actually the kernel
of a differential operator of order 2N . For the functionals that include only the
first derivatives of the fields the second functional derivative looks like

∆ik ≡ i,S,k =
(
−∂µAµνAB∂ν +

1
2

(BµAB∂µ + ∂µB
µ
AB)− CAB

)
δ(x, y), (1.72)

where

AµνAB ≡
1
2

( →
∂

∂ϕA,µ
L
←
∂

∂ϕB,ν
+

→
∂

∂ϕA,ν
L
←
∂

∂ϕB,µ

)
, (1.73)

BµAB ≡
→
∂

∂ϕA
L
←
∂

∂ϕB,µ
−

→
∂

∂ϕA,µ
L
←
∂

∂ϕB

+
1
2
∂ν

( →
∂

∂ϕA,µ
L
←
∂

∂ϕB,ν
−

→
∂

∂ϕA,ν
L
←
∂

∂ϕB,µ

)
, (1.74)

CAB ≡ −
→
∂

∂ϕA
L
←
∂

∂ϕB
+

1
2
∂µ

( →
∂

∂ϕA
L
←
∂

∂ϕB,µ
+

→
∂

∂ϕA,µ
L
←
∂

∂ϕB

)
. (1.75)

For real functional S(ϕ) and real ϕi the matrices A and C are supersymmet-
ric and the matrix B is antisupersymmetric, and possess the following reality
(super-Hermitian) relations

AµνAB = AνµAB = (−1)A+B+ABAµνBA = (−1)A+B+ABAµν ∗AB , (1.76)
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BµAB = −(−1)A+B+ABBµBA = (−1)A+B+ABBµ ∗AB , (1.77)

CAB = (−1)A+B+ABCAB = (−1)A+B+ABC ∗
AB . (1.78)

Recalling that ∂+
µ = −∂µ it follows from these properties that the operator ∆

is self-adjont ∆+ = ∆. This is the consequence of the symmetry and reality
properties of the functional differentiation.

1.1.4 Dynamics

The fundamental assumption of the field theory is that any dynamical system
can be described by an action functional. This means that the nature and dy-
namical properties of the system are completely determined by the action func-
tional. The action functional is a differentiable real-valued even supernumber-
valued scalar field on the configuration space

S :M→ Rc, (1.79)

where Rc is the set of all real even supernumbers. The choice of dynamical vari-
ables, i.e., the fields ϕi, used to describe the system is not unique. Consequently,
the configuration space M, i.e., the set of all possible field configurations, is
also not unique. It depends on the choice of the dynamical variables ϕi (i.e.,
on the parametrization of the dynamical system) and on the boundary condi-
tions imposed at the time limits (and at spatial infinity if

∑
is noncompact).

Analogously, the choice of the action functional is not unique.
However, for a given dynamical system all action functionals describe the

same physics, i.e., they must give physically equivalent sets of the dynamical
field configurations. The dynamical field configurations are defined as the field
configurations satisfying the stationary action principle: physically admissible
values for dynamical variables are those for which the action is stationary under
small disturbances with given boundary conditions

δS = 0. (1.80)

In other words, the dynamical field configurations must satisfy the dynamical
equations of motion

δS

δϕi
= 0 (1.81)

with given boundary conditions. The set of all dynamical field configurations
M0 is a subspace of the configuration space M0 ⊂ M which is called the
dynamical subspace. In QFT it is often called the mass shell.

In the local field theory the dynamical equations are local partial differential
equations. This means that the action is a local functional

S(ϕ) =
∫
Ω

dxL(ϕ, ∂ϕ, . . .), (1.82)
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Figure 1.1: Dynamics

where Ω ⊂ M is the region of spacetime which we are interested in from the
dynamical point of view and L called the Langrangian is a scalar density of unit
weight. The whole setting of the problem is illustrated on the Fig. 1.1.

In simple cases the region Ω is just

Ω = (tin, tout)× Σ (1.83)

and

∂Ω = Σin ∪ Σout ∪ Σ∞, (1.84)

where Σ∞ = (tin, tout)× ∂Σ. Besides, in the usual scattering problems of QFT
one takes tin and tout first finite but at the very end of calculations let them go
to infinity

t in
out
→ ∓∞. (1.85)
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1.2 Models in field theory

Let us list some simple field theoretical models.

Scalar fields. First of all, a system of scalar fields ϕA, (A = 1, . . . , D), inter-
acting with gravitational and vector gauge fields is described by

Sϕ =
∫
M

dx g1/2

{
−1

2
gµνδAB∇µϕA∇νϕB −

1
2

(m2 + ξR)δABϕAϕB − V (ϕ)
}
,

(1.86)
where gµν is the metric of the spacetime, g = detgµν ,

∇µϕA =
(
∂µδ

A
B +AaµT

A
a B

)
ϕB (1.87)

is the covariant derivative, Aaµ, (a = 1, . . . , p) are the vector gauge fields, Ta =
(TAa B) are the generators of the Lie algebra of the gauge group

[Ta, Tb] = CcabTc, (1.88)

Ccab are the structure constants, m2 is the mass parameter, ξ is the coupling
constant to gravity, R is the scalar curvature, and V (ϕ) is a potential for the
scalar fields, that does not depend on the derivatives of the fields ϕ.

A more complicated system of scalar fields is the so called nonlinear σ-model

Sσ = −1
2

∫
M

dxg1/2gµνEAB(ϕ)∇µϕA∇νϕB , (1.89)

where EAB(ϕ) is a local function of the scalar fields.

Yang-Mills fields. The system of vector gauge fields Aaµ in curved spacetime
is described by the Yang-Mills Lagrangian

SYM = − 1
4e2

∫
M

dx g1/2gµαgνβδabF
a
µνF

b
αβ (1.90)

where e is the coupling constant

F aµν = ∂µA
a
ν − ∂νAaµ + CabcA

b
µA

c
ν (1.91)

is the field strength of the gauge fields and Cabc are the structure constants of
a simple compact Lie group.

Gravity. The gravitational field is described by the metric tensor of the space-
time gµν . The simplest Lagrangian is the Einstein-Hilbert one

SEH =
1

16πG

∫
M

dx g1/2(R− 2Λ), (1.92)
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where G is the Newtonian gravitational constant and Λ is the cosmological
constant. This is the only covariant action that leads to the equation of motion
of second order. One can, however, consider more complicated gravitational
Lagrangians

SR+R2 =
∫
M

dx g1/2

{
− 1

2f2
CµναβC

µναβ +
1

6ν2
R2 +

1
16πG

(R− 2Λ)
}
, (1.93)

where Cµναβ is the Weyl tensor, f is the tensor coupling constant and ν — the
conformal one. This Lagrangian leads to equations of motion of fourth order.
That is why this model is also called the higher-derivative gravity. One of the
crucial difference between the sigma-model and gravity on the one side and
other models on the other side is that the coefficient in front of the derivatives
of the fields does depend on the fields, whereas for Sϕ, SYM it does not. As we
will see in further lectures, this coefficient determines the Riemannian metric
of the configuration manifold M. That is for the scalar fields and Yang-Mills
fields this metric is constant, i.e., does not depend on the fields. Therefore, the
corresponding Riemannian curvature vanishes, i.e., the configuration space is,
in fact, flat. For the σ-model and gravity this is not the case. The configuration
space metric is not constant, and, hence, the configuration space is curved. This
causes serious difficulties in quantizing these theories.

Spinor fields. All the previous models were bosonic. Let us also write down
a Lagrangian describing a system of spinor fields ψA (which are fermionic)
interacting with gravitational and Yang-Mills fields

Sψ =
∫
M

dx g1/2ψ̄AδAB (iγµ∇µ −m)ψB . (1.94)

Here
γµ = eaµγa, (1.95)

γa are the Dirac 2[d/2]×2[d/2] matrices, satisfying the anticommutation relations

γaγb + γbγa = 2gab, (1.96)

with gab = diag (−1, 1, . . . , 1), and eaµ are the 1-forms of the local Lorentz frame
satisfying the relations

gµν = gabe
a
µe
b
ν , (1.97)

ψ̄ is the Dirac conjugate spinor

ψ̄ = ψ+η, (1.98)

where η is the matrix of charge conjugation defined by

γ+
µ = −ηγµη−1. (1.99)
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The covariant derivative of spinor fields is defined by

∇µψA =
(
∂µδ

A
B +

1
2
ωabµγabδ

A
B +AaµT

A
a B

)
ψB , (1.100)

where γab = γ[aγb], ωabµ is the so called spinor connection

ωabµ =
1
2
gaceνc

(
ebν,µ − ebµ,ν

)
− 1

2
gbceνc

(
eaν,µ − eaµ,ν

)
+

1
2
gaegbfgcde

ν
ee
σ
f e
d
µ

(
ecν,σ − ecσ,ν

)
, (1.101)

and eµa is the dual basis of contravariant vectors

eaµe
µ
b = δab , eµae

a
ν = δµν . (1.102)

1.3 Small disturbances and Green functions

Let us consider the equations of motion

i,S =
δS

δϕi
= 0. (1.103)

They are, in general, complicated nonlinear partial differential equations. Let
ϕi be a solution of equations of motion and let us look for another solution in
the neighborhood of ϕ, of the form ϕ + δϕ, where δϕi is an infinitesimal field.
Substifing ϕ+ δϕ in the equations of motion

i,S(ϕ+ δϕ) = i,S(ϕ) + i,S,j(ϕ)δϕj + · · · = 0 (1.104)

and limiting ourselves to the quantities of the first order we get

∆ijδϕ
j = 0, (1.105)

where
∆ij = i,S,j (1.106)

This is the homogeneous equation of small disturbances. Its solutions are known
as Jacobi fields. In practice it is convenient to introduce infinitesimal exter-
nal sources δJi which cause the small disturbances. Let the action suffer the
following change

S(ϕ)→ S(ϕ) + δJiϕ
i. (1.107)

Then the equations of motion for the disturbed system becomes

i,S(ϕ) = −δJi. (1.108)

In the first order, the solution of these equation of motion is

ϕi + δϕi, (1.109)
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where ϕ is the solution of
i,S(ϕ) = 0 (1.110)

and δϕi is the solution of the equation

∆ij(ϕ)δϕj = −δJi. (1.111)

This is called the inhomogeneous equation of small disturbances. Its general
solution is the sum of a particular solution and an arbitrary Jacobi field.

1.4 Wronskian

As we have seen for the local theory without higher derivatives the operator of
small disturbances is a differential operator of second order and has the form

∆ik = ∆AB(x, ∂)δ(x, y) (1.112)

∆AB(x, ∂) =
{
−∂µAµνAB∂ν +

1
2

(BµAB∂µ + ∂µB
µ
AB)− CAB

}
. (1.113)

and is formally self-adjoint, i.e., the matrices Aµν and C are supersymmetric

AµνAB = (−1)A+B+ABAµνAB , AµνAB = AνµAB, (1.114)

CµAB = (−1)A+B+ABCµBA (1.115)

and Bµ is antisupersymmetric

BµAB = −(−1)A+B+ABBµBA. (1.116)

Besides, for real fields the matrices are super-Hermitian

AµνAB = (−1)A+B+BAAµν ∗AB etc. (1.117)

The operator ∆ acts on the fields according to

∆ikh
k =

∫
dy∆AB(x, ∂)δ(x, y)hB(y) = ∆AB(x, ∂)hB(x). (1.118)

hi∆ik =
∫
dyhA(y)∆AB(y, ∂)δ(y, x) = hA(x)∆AB

(
x,−

←
∂
)
. (1.119)

On the other hand

hi∆ik = (−1)k∆kih
i = (−1)B∆BA(y, ∂)hA(y), (1.120)

∆BA(y, ∂)hA = (−1)BhA∆AB

(
y,−

←
∂
)
. (1.121)

The formally adjoint operator is

∆+
AB(x, ∂) = ∆∗BA(x,−∂) = −∂µAµν ∗BA ∂ν −

1
2
(
Bµ∗BA∂µ + ∂µB

µ∗
BA

)
− C∗BA

(1.122)
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Let us consider a bilinear form

I(g, h) ≡ gi
(
∆ikh

k
)
−
(
gi∆ik

)
hk

=
∫
Ω

dx gA
(

∆AB

(
x,
→
∂
)
−∆AB

(
x,−

←
∂
))

hB , (1.123)

where Ω is a compact region of spacetime M with smooth boundary ∂Ω.
For the second order operators this can be shown to be

I(g, h) =
∫
Ω

dx ∂µ

(
gA

↔
Wµ

AB hB
)

=
∫
∂Ω

dΣµgA
↔
Wµ

AB hB (1.124)

where ↔
Wµ

AB= −AµνAB
→
∂ ν +

←
∂ ν A

µν
AB +BµAB (1.125)

is called Wronskian operator associated with ∆.
For the operator ∆ to be self-adjoint this antisymmetric bilinear form must

vanish. This means that formally self-adjoint operator is self-adjoint indeed on
the fields satisfying such boundary conditions that this surface integral vanishes.
(For example Dirichlet).

1.5 Retarded and advanced Green functions

Let us consider now the inhomogeneous equation of small disturbances

∆ikδϕ
k = −δJi. (1.126)

Suppose that ∆ is a nonsingular differential operator, i.e., with some boundary
conditions the solution of this equation exists and is unique.

This is not the case in the field theories with local gauge symmetries, such
as Yang-Mills theory and gravity. We will deal with such theories in the fur-
ther lectures. Anyway after imposing the corresponding supplementary gauge
conditions the operator ∆ becomes non-singular in these theories too.

The solution of the equation (1.126) can be expressed then in terms of Green
functions

δϕi = GijδJj =
∫
Ω

dy GAB(x, y)δJB(y), (1.127)

where Gij is the Green function, i.e., the solution of the equation

∆ikG
kj = −δji (1.128)

with some boundary conditions.
In classical field theory one considers the retarded and advanced boundary

conditions, i.e.,
δϕ+|Σout = 0, (1.129)
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δϕ−|Σin = 0. (1.130)

That is the retarded G−ij and advanced G+ij Green functions satisfy the fol-
lowing boundary conditions

G−ij = 0 if i < j,

G+ij = 0 if i > j. (1.131)

Here i < j (i > j) means that the time ti associated with the index i lies to the
past (future) of the time tj associated with the index j.

Consequently, G−ij(G+ij) is nonvanishing only when the spacetime point xi
associated with i lies on or inside the future (past) light cone emanating from
the spacetime point xj associated with j.

Future light cone

Past light cone
The self-adjointness of ∆ gives rise to simple relations between the retarded

and the advanced Green functions. One can show that

G±ij = (−1)ijG∓ji. (1.132)

This is called reciprocity relations. The derivation is

0 = (−1)ikG−ik
[
∆ke − (−1)k+e+ke∆ek

]
G+ej

= −(−1)ijG−ji − (−1)e(i+1)∆ekG
−kiG+ej

= −(−1)ijG−ji +G+ij . (1.133)

Using the advanced and retarded Green functions one can define other Green
functions. First one can define a specific solution of the homogeneous equation
of small disturbances

G̃ij
def= G+ij −G−ij . (1.134)

By definition it is antisupersymmetric

G̃ij = −(−1)ijG̃ji. (1.135)

This function satisfies obviously

∆ikG̃
kj = 0 (1.136)
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and is called Pauli-Jordan (sometimes also Schwinger) supercommutator func-
tion. It will give the supercommutator of linear field operators in quantum
theory [

ϕ̂i, ϕ̂j
]
s

= i~G̃ij (1.137)

It is clear that G̃(x, y) is nonvanishing only inside the light cone emanating from
the point y.

This means that for two spacetime points x and y which are separated by
a spacelike interval the field operators (super) commute. That is there are no
physical correlations between the fields in such points. This must be so in any
reasonable field theory because of the causality principle — the information
cannot be transferred faster than light.

1.6 Cauchy problem for Jacobi fields

The supercommutator function gives the solution of the Cauchy problem for the
Jacobi fields:

∆ikδϕ
k = 0 (1.138)

δϕAJ (x) =
∫

Σin

dΣµG̃AB(x, y)
↔
WBC

µ

(y, ∂)δϕCJ (y), (1.139)

where Σin is an arbitrary spacelike surface. Thus the Jacobi fields are completely
determined by the values of δϕ on Σin and its first derivatives induced by the
Wronskian operator.

1.7 Feynman propagator

The most important boundary condition used in QFT are the causal (Feynman)
ones, which lead to the Feynman propagator. They can be described as follows.
The Feynman propagator G(x, y) is defined by the requirement that it should be
expanded in negative frequency modes in the in-region and in positive frequency
modes in the out-region, i.e., roughly speaking

G(x, y) =


∑
n
e−iωntun , t→ −∞∑

n
e+iωntvn , t→ +∞

t = x0 (1.140)
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In other words, the Feynman propagator is defined by the requirement that it
should be finite when

t→ ±i∞ (1.141)

This becomes formally correct by the following procedure. Let us consider the
complexified spacetime when the time coordinate can take complex values. Let
us go in this complexified spacetime to the so called Euclidean section, when
the time is purely imaginary

t = iτ. (1.142)

This is called the Wick rotation.
The spacetime metric of the Euclidean section becomes Riemannian with

the positive signature
g → gE (1.143)

sign gEµν = (+ · · ·+). (1.144)

Further, we also define the Euclidean Lagrangian and the action functional

L → −LE (1.145)

S → iSE . (1.146)

The operator of small disturbances becomes elliptic differential operator

∆→ ∆E . (1.147)

If , additionally, the Euclidean action SE is a bounded functional, that is the
case in most ’normal’ field theories, then the operator ∆E is positive elliptic
operator. Such an operator has a unique Euclidean Green function defined by
the equation

∆EGE = 1. (1.148)

The corresponding boundary condition is the regularity of GE at Euclidean
infinity xE → ±∞, i.e., for τ → ±∞ too. But these are exactly the Feynman
boundary conditions. Therefore, the Feynman propagator is obtained by the
analytical continuation back to the Lorentzian spacetime

GE
τ−→−it−→ G. (1.149)

If the Euclidean action is not bounded from below then the operator ∆E is
not positive any longer — it can have zero modes as well as negative modes.
The Euclidean Green function as well as the Feynman propagator are not well
defined then. This causes difficulties in quantizing such models and could break
the stability and the unitarity of the theory.

There are many other Green functions obtained by linear combinations from
the advanced, retarded and Feynman ones.

For example, there is a symmetric Green function

Ḡ =
1
2
(
G+ +G−

)
, (1.150)
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∆G = −1, (1.151)

Ḡij = (−1)ijḠji. (1.152)

Further one defines the Hadamard Green function G(1) by

G = Ḡ+
i

2
G(1), (1.153)

which is a symmetric solution of the homogeneous equation

∆G(1) = 0, (1.154)

G(1)ij = (−1)ijG(1)ji (1.155)

The Wightman functions G(±) are defined by

G(±) = G− iG±. (1.156)

All these Green function define in QFT the vacuum averages of the form <
out| ϕ̂iϕ̂j |in > for different boundary conditions.

1.8 Classical perturbation theory

Let Ji be some finite external functions and the action functional suffer the
change

S(ϕ)→ S(ϕ) + Jiϕ
i. (1.157)

The equations of motion for this system are

S,i(ϕ) = −Ji. (1.158)

Let φ be the solution of this equation:

S,i(φ) = −Ji. (1.159)

This means that φ is a functional of the sources J . The field φ is called the
background field.

Let us look for another solution

ϕ = φ+ h (1.160)

where h is a finite disturbance.
Expanding the action in h

S(φ+ h) =
∑
n≥0

1
n!
S,i1...in(φ)hin · · ·hi1

= S(φ) + S,i(φ)hi +
1
2
hi i,S,k(φ)hk +

+
∑
n≥3

1
n!
S,i1...in(φ)hin · · ·hi1 (1.161)
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and differentiating with respect to h we obtain

δ

δhi
S(φ+ h) =

∑
n≥0

1
n! i,

S,i1...inh
in · · ·hi1

= i,S + i,S,kh
k +

∑
n≥2

1
n! i,

S,i1...inh
in · · ·hii . (1.162)

Therefore, defining ∆ik = i,S,k and recalling that i,S = (−1)iS,i = −(−1)iJi
we obtain

∆ikh
k = (−1)iJi −

∑
n≥2

1
n! i,

S,i1...inh
in · · ·hi1 . (1.163)

If ∆ is a nonsingular operator this nonlinear differential equation may be rewrit-
ten as an integro-differential one

hk = hkJ +Gki

∑
n≥2

1
n! i,

S,i1...inh
in · · ·hi1

 , (1.164)

where hJ is the solution of the linear inhomogeneous equation,

hkJ = hk0 − (−1)iGkiJi, (1.165)

h0 being a Jacobi field and Gki some Green function of the operator ∆ with
appropriate boundary conditions.

This integro-differential equation may be solved formally by iteration. The
result is a power series in hJ

hk = hkJ +Gki
∑
n≥2

1
n! i

Ti1...inh
in
J · · ·h

i1
J . (1.166)

The coefficients iTi1...in are called the tree functions. It is not difficult to
calculate some first tree functions substituting the expansion (1.166) into the
equation (1.164).

iTkm = i,S,km, (1.167)

iTkmn = i,Skmn + i,S,kpG
pqS,qmn. (1.168)

Each tree function iTi1...in can be presented as the sum of all tree graphs having
one trunk and n ≥ 2 terminal branches.

Each internal line represents a Green function (propagator)

Gik ⇐⇒ ...... (1.169)

and each verfex represents a vertex function

S,i1...in ⇐⇒ .... n ≥ 3 (1.170)

Indices of the Green functions and vertex functions are paired together as the
combinatorics of the graph indicate, and summation-integrations are performed
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over all pairs. If Gik is not supersymmetric each internal line may have an
orientation (e.g. for complex, i.e., charged, fields). Along each path from the
trunk to a terminal branch the orientation are all required to be the same.

Finally, a summation is carried out over all distinct permutations of the free
indices borne by the terminal branches with a factor (−1) included for each
interchange of a pair of fermionic indices.

1T2 = (1.171)

1T3 = (1.172)

1T4 = (1.173)

1T5 = (1.174)

The graphs for some low-order tree functions are given on the Fig (1.174)
If we multiply the tree functions by Green function for each index we obtain

the tree multi-point Green functions

Gk1...kn = (−1)PTi1...inG
inknGin−1kn−1 · · ·Gi1k1 (1.175)

The diagram for the multi-point Green functions are the same except for now
not only the internal lines but also the external ones represent Green function.

The multi-point Green functions appear for example, if h0 = 0 and, hence,
h k
J = −(−1)kGkiJi and the solution is expanded in the external sources

hk = −(−1)iGkiJi +
∑
n≥2

(−1)n+i1+···+in 1
n!
Gki1...inJin · · ·Ji1 . (1.176)

This solution is non-vanishing only when the sources are present.
In quantum scattering theory one encounters structures having the same

general form as hiJ iTi1...inh
in
J · · ·h

i1
J . These terms are called tree amplitudes.

In the scattering theory they become physical quantities that yield transition
probabilities and transition rates.

From the structure of tree amplitudes it is clear that the whole scattering
process is divided in some elementary processes, namely the propagation of small
disturbances h in a given background φ from one spacetime point x to another
y. This process is described by the propagator G(x, y). Another elementary
process is the local interaction of the disturbances h (in the background φ)
between themselves at a fixed spacetime point. These processes are described
by the tree vertex functions

S,i1...in . (1.177)

In local theories the vertex functions S,i1...in are ultra-local, i.e., they contain
(n− 1) δ-functions, i.e., the terms like

i,S,i1...inh
in · · ·hi1 = fA (h, ∂h, . . . , ∂mh) (1.178)

are local functionals.
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In polynomial field theories there are only finite number of different types of
interaction, since

S,i1...in = 0 for n ≥ N + 1, (1.179)

N being the highest degree of the nonlinear terms in the action. However, in
non-polynomial theories like gravity there are infinite-many types of interac-
tions. This also causes difficulties in QFT by renormalizing such theories.



Chapter 2

Quantization of non-gauge
field theories

In this lecture we are going to describe the formal structure of the usual non-
gauge field theories.

Any dynamical system, both classical and quantum, is described by the
set of states and the dynamical evolution. The state of a classical dynamical
system at some time is characterized by the values of the fields and momentums
(or velocities), i.e., the first time derivatives at this time, more precisely, on a
spacelike surface. In other words, the state is a point in the phase space:

P = {(ϕ(x), ϕ̇(x))|x ∈ Σt, t ∈ (tin, tout)} . (2.1)

Given a state at an initial time one is able to determine from the dynamical
equation of motion the states at all other times, which defines the dynami-
cal evolution of the classical dynamical system, so called dynamical trajectory.
Symbolically this is show on the Fig. 2

Thus each dynamical trajectory is a solution of the classical equation of
motion and as such defines a point in the configuration space M . The set of
all dynamical trajectories defines the dynamical configuration subspace or the
mass shell, M0 ⊂M.

29
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Figure 2.1: Phase space

Figure 2.2: Configuration space

In other words, the dynamical subspace is the set of all solutions of equations
of motion with all possible initial conditions. Each solution, i.e., each point of
M0, is parametrized by the initial state. Therefore, one can also call each point
in the dynamical configuration subspace a ‘state’ of the dynamical system.

Thus the values of the fields and their first time derivatives are independent
dynamical variables that completely describe the system. Any physical observ-
able A is some functional of the dynamical variables A(ϕ). The value of the
physical observable in a given state is just the value of this functional on the
dynamical trajectory

A(ϕ)|P = A(ϕP ), (2.2)

where ϕP is the solution of the dynamical equations of motion with given initial
conditions P .

2.1 Quantum Field Theory.

In QFT this classical picture is modernized. In short, one has three postulates:

1. The phase space P is substituted by a Hilbert space H . The state of the
system is described by a vector |ψ > in this Hilbert space.
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2. The physical observables A are represented by Hermitian operators Â act-
ing on the vectors of this Hilbert space

Â : H → H, (2.3)

Â† = Â. (2.4)

3. The mean value of an observable A in the state |ψ > is defined in terms
of the inner product of Hilbert space

< A >=< ψ|Â|ψ > . (2.5)

The fields also become quantum operators

ϕ̂i ≡ ϕ̂A(x), (2.6)

which do not supercommute any longer. Formally they satisfy the same dynam-
ical equation of motion.

S,i(ϕ̂) = 0. (2.7)

Here there appears, of course, the known difficulty of ordering the non-commuting
factors in classical expressions. However, we will not take much attention to this.
The interested reader is referred to [].

If we split the field into a classical background part φ and a quantum one ĥ,

ϕ̂i = φi +
√
~ĥi, (2.8)

where ~ is the Planck constant, then the supercommutation relations can be
written in form

[ϕ̂i, ϕ̂k]s = ~[ĥi, ĥk]s = i~ ˆ̃Gik. (2.9)

The supercommutator ˆ̃Gik is, in general, not a function, but also an operator.
In the lowest order approximation, however, ˆ̃G is just the supercommutator
function of Pauli-Joirdan (or Schwinger) described in the first lecture.

2.2 S-matrix.

Most of the problems of standard QFT deal with the scattering processes. This
means that in the remote past one has well defined measurable physical states.
These can be, for example, two beams of free noninteracting particles that are
far away from each other in the space. These beams approach each other at
some finite time and do interact in some finite region Ω. After the interaction
the beams go away again to infinity. (See Fig. 2.2). The particles at remote
future infinity are again free, i.e., they do not interact with each other.
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Figure 2.3: Scattering process

Free particles are described by the linearized equations of motion. Therefore,
it is not difficult to construct the states of free particles. The essential nontrivial
physical phenomena occur inside the dynamical region Ω. This processes are
described by the nonlinear equations that are impossible to solve exactly, in
general.

To describe formally this kind of physics one introduces the so called scat-
tering matrix, or shortly S-matrix. Let A ⊂ H be the subspace of all initial
states and let |α; in > be an orthonormal complete set of initial state vectors
with α being some labels. That means

< α; in|α′; in >= δαα′ (2.10)

and any initial state |in > can be presented in form

|in >=
∑
α

|α; in >< in;α|in > . (2.11)

Further, let B ⊂ H be the subspace of all final states and let |β; out > be an
orthonormal complete set of final state vectors with other labels β, i.e.,

< β; out|β′; out >= δββ′ (2.12)

and
|out >=

∑
β

|β; out >< out;β|out > (2.13)

for any final vector |out >. Here the summation over the labels α and β is
understood to include as usual the integration over continuous variables.

The scattering processes are described by the transitions amplitudes

< out|in > . (2.14)

It is clear that such transition amplitudes would be known if one knows all the
transition amplitudes

S(β, α) def=< out;β|α; in > . (2.15)

The matrix with such elements is called the scattering matrix, or S-matrix. Note
that if A 6= B then the S-matrix is not a square matrix. This could happen, for
example, if in the out-region there are some exotic states, such as bound states,
that cannot be presented as a linear combination of the initial vectors |α; in >.
Moreover, if the labels α and (or) β contain continuous labels then the S-matrix
is infinite-dimensional matrix.

If A = B and both sets are complete then one can define an operator, called
the scattering operator,

S =
∑
α

|α; in >< out;α|. (2.16)
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The S-matrix is then a square matrix with the entries determined by the matrix
elements of this operator

S(β, α) =< out;β|S|α; out >=< in;β|S|α; in > . (2.17)

The scattering operator must be unitary

S†S = 1 (2.18)

and the sets |α; in > and |β; in > are said to be unitary equivalent. The scat-
tering operator transforms the initial vectors in the final ones and vice versa

|α; in >= S|α; out > (2.19)

< out;α| =< in;α|S. (2.20)

2.3 Schwinger variational principle.

As we have seen the objects of main interest in QFT are the < out|in > tran-
sition amplitudes. We are now going to describe a very elegant and general
approach for calculating such amplitudes. Let |in > and |out > be some initial
and final states of a quantum dynamical system. Let us consider the transition
amplitude

< out|in > (2.21)

and ask the question: how does < out|in > change under a variation of the
action δS of the form

δS =
∫
Ω

dxδL(x), (2.22)

where δL(x) has a compact support in Ω, i.e., tout > suppL > tin. We will often
call below the support of a local functional (like the action) simply the support
of the integrand, i.e.,

supp δS def= supp δL = {x ∈M : δL(x) 6= 0} . (2.23)

The answer to this question gives the Schwinger’s variational principle which
states that

δ < out|in >= i < out|δŜ|in > . (2.24)

This principle gives a very powerful tool to study the transition amplitudes.
One can say that it is the quantization postulate, because the whole information
about the quantum fields will be derived from the only equation (2.24).

Let us change the external conditions by adding a linear interaction with
external classical sources in the dynamical region Ω to the action

S(ϕ)→ S(ϕ) + Jiϕ
i (2.25)
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with tout > suppJi > tin. The amplitude < out|in > becomes a functional of
the sources Z(J):

Z(J) =< out| in > |S→S+Jϕ. (2.26)

By using the Schwinger variational principle one can obtain the derivatives of
the functional Z(J).

Consider a specific variation of the action of the form

δS = δJkϕ
k (2.27)

with tout > supp δJk > tin. From the Schwinger variational principle we have
in this case

δ < out | in >= i(−1)kε(out)δJk < out | ϕ̂k |in > (2.28)

where ε(out) is the parity of the vector |out > . Hence

1
i

δ

δJk
Z = (−1)kε(out) < out| ϕ̂k |in > . (2.29)

Now let us consider this amplitude and another variation of the form (2.27) with
δJj with support in the future with respect to the time tk

tout > supp δJj > tk > tin. (2.30)

Then by defining a new initial state

ϕ̂k| in >= |ϕk ; in > (2.31)

one can again apply the Schwinger principle to get

δ < out |ϕk|in > = δ < out|ϕk; in >
= i(−1)jε(out)δJj < out|ϕ̂j |ϕk; in >

= i(−1)jε(out)δJj < out|ϕ̂jϕ̂k|in > . (2.32)

Therefore, (
1
i

)2
δ

δJj

δ

δJk
Z = (−1)(j+k)ε(out) < out|ϕ̂jϕ̂k|in > (2.33)

for tout > tj > tk > tin. In the opposite case

tout > tk > tj > tin, (2.34)

i.e., if the support of the second variation is in the past with respect to the time
tk we calculate

δ < out|ϕ̂k|in > = δ < out;ϕk|in >
= i < out;ϕk|δJjϕ̂j |in >
= i < out|ϕ̂kδJjϕ̂j |in >
= i(−1)jk+jε(out)δJj < out|ϕ̂kϕ̂j |in > . (2.35)
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That is (
1
i

)2
δ2

δJjδJk
Z = (−1)jk+(j+k)ε(out) < out|ϕ̂kϕ̂j |in > (2.36)

for tout > tk > tj > tin.
One can combine both cases in one formula by writing(

1
i

)2
δ2

δJjδJk
Z = (−1)(j+k)ε(out) < out|T (ϕ̂jϕ̂k)|in > (2.37)

where

T
(
ϕ̂jϕ̂k

)
=

 ϕ̂jϕ̂k, tj > tk

(−1)jkϕ̂kϕ̂j , tk > tj
(2.38)

is the chronological product.
One can show that in general(

1
i

)n
δn

δJin · · · δJi1
Z =< out|T

(
ϕ̂in · · · ϕ̂i1

)
|in > (2.39)

where we assumed for simplicity that

ε(out) = ε(in) = 0. (2.40)

In other words the functional Z(J) is the generating functional for chronological
amplitudes

Z(J + η) =
∑
n≥0

in

n!
ηi1 · · · ηin < out|T

(
ϕ̂in · · · ϕ̂i1

)
|in > . (2.41)

The chronological amplitude of any (analytical) functional A(ϕ)

A(ϕ) =
∑
n≥0

1
n!
Ai1...inϕ

in · · ·ϕi1 , (2.42)

is given by

< out|T (A(ϕ)|in > =
∑
n≥0

1
n!
Ai1...in < out|T

(
ϕ̂in · · · ϕ̂i1

)
|in >

=
∑
n≥0

1
n!
Ai1...in

1
in

δn

δJin · · · δJi1
Z

= A

(
1
i

δ

δJ

)
Z(J). (2.43)

Let us now define another functional W (J) by

Z(J) = eiW (J) (2.44)
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and consider its Taylor expansion

W (J + η) =
∑
n≥0

1
n!
ηi1 · · · ηinGin...i1(J) (2.45)

with
Gin...i1(J) =

δn

δJin · · · δJi
W (J). (2.46)

Further we denote

φi(J) def=
δW (J)
δJi

(2.47)

and introduce the chronological mean value by

< A(ϕ̂) >=
< out|T (A(ϕ̂))|in >

< out|in >
. (2.48)

It is easy to show that

< A(ϕ) > = e−iWA

(
1
i

δ

δJ

)
eiW

= A

(
φ+

1
i

δ

δJ

)
· 1. (2.49)

Therefore,

< ϕ̂in · · · ϕ̂i1 > =
(

1
i

)n
e−iW

δn

δJin · · · δJi1
eiW

=
(
φin +

1
i

δ

δJin

)
· · ·
(
φi2 +

1
i

δ

δJi2

)
φi1 . (2.50)

In particular,
< ϕ̂i >= φi, (2.51)

< ϕ̂iϕ̂k >= φiφk +
1
i
Gik, (2.52)

< ϕ̂iϕ̂kϕ̂j >= φiφkφj +
3
i
φ(iGkj) +

(
1
i

)2

Gikj , (2.53)

etc. Here the indices in the brackets are supersymmetrized, i.e., one has to sum
over all permutation of the indices adding factor (−1) for each term having odd
number of fermionic permutations, e.g.

φ(iGkj) =
1
3

{
φiGkj + (−1)i(j+k)φkGji + (−1)j(i+k)φjGik

}
. (2.54)

Thus we see that φ is actually the mean field, Gik is called the one-point Green
function, or propagator, and Gii...in — the multi-point Green functions. They
describe the extent to which the mean values of products of field operators differ
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form products of the mean values. That is why they are also called correlation
functions.

Thus, whilst Z(J) is the generating functional for chronological amplitudes
the functional W (J) is the generating functional for the Green functions. The
Green functions satisfy the boundary conditions which are determined by the
states |in > and |out > .

2.4 The effective action.

The mean field itself is a functional of the sources, φ = φ(J), the derivative of
the mean field being the propagator

δφi

δJj
=

δ2W

δJjδJi
= Gji. (2.55)

Therefore, if Gij is a non-degenerate matrix one can change the variables and
consider φ as independent variable and J(φ) (as well as all ofter functionals) as
the functional of φ . The derivative with respect to J is then

δ

δJi
=
δφk

δJi

δ

δφk
= Gik δ

δφk
. (2.56)

In particular,

< A(ϕ) >= A

(
φj +

1
i
Gjk δ

δφk

)
· 1. (2.57)

Also

Gin...i1 = Ginkn
δ

δφkn
· · · Gi3k3

δ

δφk3
Gi2i1 . (2.58)

Let us consider now the operator equations of motion

S,i(ϕ̂) = −Ji. (2.59)

The mean value of these equations reads

< S,i(ϕ̂) >= −Ji. (2.60)

Differentiating this equation with respect to Jj and using eq. (2.56) we have

Gjk k, < S,i(ϕ̂) >= δji , (2.61)

where the comma outside the brackets means differentiation with respect to the
background field φk, whereas the comma inside the brackets — the differenti-
ation with respect to the quantum field ϕ̂i. If we assume Feynman boundary
conditions the propagator is supersymmetric

Gik = (−1)i+k+ikGki. (2.62)
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This means that the matrix
k, < S,i(ϕ̂) > (2.63)

is supersymmetric too

k, < S,i(ϕ̂) >= (−1)i+k+ik
i, < S,k(ϕ̂) >, (2.64)

which can be also rewritten in form

〈
S(ϕ̂)

←
δ

δϕ̂i
〉 ←δ
δφk

= (−1)ik
〈
S(ϕ̂)

←
δ

δϕ̂k
〉 ←δ
δφi

. (2.65)

This means that there exists a functional Γ(φ) such that

< S(ϕ̂)
←
δ

δϕ̂i
>= Γ

←
δ

δφi
. (2.66)

Therefore, the equations (2.60) and (2.61) take the form

Γ,i = −Ji,, (2.67)

k,Γ,iGij = −δjk. (2.68)

One can also express the generating functional W directly in terms of the
functional Γ. We have

φi =
δ

δJi
W = Gij δ

δφj
W. (2.69)

Using eq. (2.68) we obtain therefrom

δ

δφi
W = −j,Γ,iφi =

δ

δφj
(Γ− Γ,iφi). (2.70)

Therefore,

W (J) = Γ(φ(J))− Γ(φ(J))
←
δ

δφi
φi(J) (2.71)

up to some additive nonessential normalization constant. Using eqs. (2.67),
(2.69) this can also be rewritten as

Γ(φ) = W (J(φ))− Ji(φ)
δ

δJi
W (J(φ)). (2.72)

The equations (2.71) and (2.72) are nothing but the functional Legendre trans-
form.

The eqs. (2.67) are the effective equations of motion determining the dynam-
ics of the background field φ = φ0. That is why the functional Γ(φ) is called the
effective action. The equation (2.68) determines the propagator on the back-
ground φ0 and higher order Green functions may be expressed in terms of the
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propagator and the derivatives of the effective action (called vertex functions)
by using the equation (2.58) and the identity

δ

δφm
Gij = (−1)miGikkm,Γ,nGnj . (2.73)

For example,

Gkij = Gkm δ

δφm
Gij = (−1)miGkmGippm,Γ,nGnj . (2.74)

2.5 Graphical representation.

There is a very convenient graphical representation of the Green functions. Let
us represent the propagator G by a thick line

Gij ⇐⇒, (2.75)

which can have orientation in case Gij is not supersymmetric, and the derivatives
of the effective action of order 3 and higher by vertexes having prongs equal in
number to the number of functional differentiations

Γ,i1...in ⇐⇒ n ≥ 3 (2.76)

Then the Green functions are represented by diagrams in which lines are
joined together at vertices in the same ways as the propagators in the explicit
expressions are coupled to derivatives of the effective action by dummy indices.

These diagrams are obtained by application of two rules:

1. The differentiation with respect to the source corresponds to the insertion
of an external line in all possible ways into a given diagram.

2. The differentiation with respect to the mean field corresponds to the in-
sertion of a vertex prong in all possible ways into a given diagram.

Each Green function of a given order is expressible as the sum of all simply
connected (or tree) diagrams having a fixed number of external lines. Repre-
senting the Green functions Gn, (n ≥ 3) by a polygon with n external lines

Gi1...in ⇐⇒ n ≥ 3 (2.77)
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one can draw some low-order Green functions.

Here PN indicates that the indices associated with the external lines are
to be permuted just sufficiently to yield complete supersymmetry, N being the
number of permutations required.

Structure of the diagrams:

These are exactly the same diagrams of the classical perturbation theory for
the bare Green functions. They are tree diagrams. The only difference is in
substituting the bare (classical) propagator by the full (or dressed, exact) one

G} =⇒ {G (2.78)

and the bare vertex functions by the full (exact) ones

S,i1...in} =⇒ {Γ,i1...in . (2.79)
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The difference with the classical theory is that the full vertexes Γ(n) are
nonlocal and, in general, do not vanish for any n, also for polynomial theories.
The similarity with classical tree diagrams occurs because of the nature of the
problem: one is trying to solve the effective equations

Γ,i = −Ji (2.80)

instead of the classical ones
S,i = −Ji. (2.81)

So, the only difference is in substituting

S =⇒ Γ. (2.82)

Summarizing one can say that the knowledge of the effective action enables
one to compute all the scattering amplitudes, i.e., the S-matrix.

i) First of all, it determines the mean fields φ =< ϕ > by means of the eq.
(2.67).

ii) Second, it determines the propagator, i.e., the one-point Green function
Gij .

iii) Further, it gives the vertex functions Γ,i1...in (n ≥ 3) that together with
the propagator determine the multi-point Green functions Gi1...in (n ≥ 3)
by means of the tree diagrams.

iv) Finally, the effective action determines the functional W , or the amplitude
< out|in >, that together with the multi-point Green functions determine
all the chronological amplitudes < out|T(A(ϕ̂))|in > and, hence, the S-
matrix.

2.6 Computation of the chronological mean val-
ues.

Thus we have seen how all the Green functions can be calculated in terms of
the propagator and the vertex functions.

Let us now show how the chronological values of any functional can be
calculated in terms of the Green functions. Consider some analytic functional

A(ϕ) =
∑
n≥0

1
n!
Ain...i1ϕ

i1...in . (2.83)

From the equation (2.49) we know that the chronological mean value of this
functional can be presented in form

< A(ϕ) >= e−iW (J)A

(
1
i

δ

δJ

)
eiW (J). (2.84)
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We calculate

< A(ϕ̂) >= A

(
1
i

δ

δη

)
ei[W (J+η)−W (J)]

∣∣∣∣
η=0

= A

(
1
i

δ

δη

)
exp

i
ηkφk +

∑
n≥2

1
n!
ηin · · · ηi1Gi1...in


∣∣∣∣∣∣
η=0

= A

(
1
i

δ

δη

)
eiηk(φk+hk)exp

i∑
n≥2

1
n!

(
1
i

)n ←
δ

δhin
· · ·

←
δ

δhi1
Gi1...in


∣∣∣∣∣∣η=0
h=0

= A(φ+ h)exp

i∑
n≥2

1
n!

(
1
i

)n ←
δ

δhin
· · ·

←
δ

δhi1
Gi1...in


∣∣∣∣∣∣
h=0

. (2.85)

This result can be also rewritten in a slightly different form

< A(ϕ̂) >= A(φ): exp

i∑
n≥2

1
n!

(
1
i

)n ←
δ

δφin
· · ·

←
δ

δφi1
Gi1...in

 : (2.86)

where the colon denotes the normal ordering, i.e., in the expansion of the ex-
ponent all the functional derivatives should be moved to the left and act to the
left. In other words, although the Green functions Gi1...in are also functionals
of φ, in the expansion of the normal ordered exponent the functional derivatives
are treated not to act on the Green functions.

2.7 Functional integration.

We are going now to introduce the notion of the functional integration, i.e., the
integration over the configuration space.

To do this let us consider first the finite dimensional approximation. That is
we substitute the spacetime manifold M with a finite subset of points MN ⊂M .
Consider first the boson fields. Then any field configuration ϕi becomes a finite-
dimensional column-vector, i.e., i = 1, . . . , D×N . Thus the configuration space
M becomes a finite dimensional manifold MN ⊂ M with local coordinates ϕi

. We assume that the values of fields vary from −∞ to +∞ . So, in this
approximation, the configuration space MN is just RD×N

MN = R
D×N . (2.87)

In some cases the values of the fields can be restricted by some constraints.
The configuration space MN can be then a region of RD×N , or, more gen-
erally, can be some compact Riemannian space with some metric and so on.
But we will not consider such complications.

All such complications are connected with the global structure of the config-
uration space, the problem that is far away from its solution. In other words,
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our consideration is purely local in the configuration space. We consider actu-
ally the points of the configuration space that lie in the neighborhood of the
dynamical subspace M0. This is the typical approach of the perturbation the-
ory — one has a classical background and some small quantum fluctuations
around this background. In the case when the weight of large fluctuations is
suppressed one can extent this small neighbourhood of the mass shell by the
whole tangent space. The error of such approximation is asymptotically small
in the semiclassical limit.

Any functional of the fields A(ϕ) is just a function of finite number of vari-
ables ϕi . Let us suppose that this function falls off sufficiently rapidly at the
infinity, so that

lim
ϕ→±∞

∣∣∣∣ϕi1 · · ·ϕin ∂

∂ϕk1
· · · ∂

∂ϕkm
A(ϕ)

∣∣∣∣→ 0 (2.88)

for any n and m. Let us consider the finite dimensional integral∫
RD×N

DϕA(ϕ) (2.89)

with some measure

Dϕ ≡ dϕ1

√
2π
· · · dϕ

D×N
√

2π
. (2.90)

Such integrals have a number of crucial properties that do not depend much
on the dimension of the space RD×N .

i) First of all, transformation rule of the measure under the change of vari-
ables

Dϕ = Dϕ′det
∣∣∣∣ ∂ϕ∂ϕ′

∣∣∣∣ . (2.91)

ii) Second, there is the integration by parts without the off-integral terms

∫
DϕA(ϕ)

∂

∂ϕi
B(ϕ) = −

∫
DϕA(ϕ)

←
∂

∂ϕi
B(ϕ) (2.92)

iii) Third, there is the well defined Fourier transform

B(J) =
∫
DϕeiJϕA(ϕ), (2.93)

A(ϕ) =
∫
DJe−iJϕB(J) (2.94)

where Jϕ = Jkϕ
k.
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iv) Fourth, the Fourier transform of the unity defines the delta-function

δ̃(J) =
∫
DϕeiJϕ, (2.95)

so that ∫
DJδ̃(J − J ′)A(J) = A(J ′). (2.96)

v) Finally, there is a particular but very important class of such integrals, so
called Gaussian integrals. With our normalization of the measure we have∫

Dϕe− 1
2 |ϕ|

2
= 1, (2.97)

where |ϕ|2 = ϕiδikϕ
k. More generally,∫

Dϕe− 1
2ϕAϕ = (detA)−1/2, (2.98)

where ϕAϕ ≡ ϕiAikϕ
k. The determinant, detA, appears actually as the

Jacobian of the change of variables ϕ→ A−1/2ϕ .

This formula is valid for any nondegenerate matrix A having eigenvalues with
positive real part:

ReA > 0. (2.99)

If
λa(A), |argλa(A)| < π

2
(2.100)

denote the eigenvalues of the matrix A then the formula (2.98) can be also
rewritten in the form∫

Dϕe− 1
2ϕAϕ = |detA|−1/2 exp(−i ind(A)) (2.101)

where
ind(A) =

1
2

∑
a

arg λa(A) (2.102)

is the index of the matrix A. By presenting the matrix A in the polar coordinates

A =
√
AA∗ ei arg(A), (2.103)

where
arg(A) =

1
i
log

A√
AA∗

, (2.104)

we find that the index is determined by the trace of the phase

ind(A) =
1
2

tr arg(A). (2.105)



Quantization of non-gauge field theories 45

For a nondegenerate Hermitian matrix ∆ having non-zero real eigenvalues
one has also ∫

Dϕe i2ϕ∆ϕ = (det(−i∆))−1/2

= |det∆|−1/2 exp
[
iπ

4
sign(∆)

]
(2.106)

where
sign(∆) = N+(∆)−N−(∆) (2.107)

is the signature of the matrix ∆ and N+(∆) and N−(∆) are the numbers of the
positive and negative eigenvalues. Note that the formula (2.106) follows from
(2.107) with account of

ind(−i∆) = −π
4

sign(∆). (2.108)

By shifting the integration variable ϕ→ ϕ+ const in Gaussian integrals we
obtain more general formulas∫

Dϕe− 1
2ϕAϕ+iJϕ = (detA)−1/2 exp

(
−1

2
JA−1J

)
. (2.109)

∫
Dϕe 1

2ϕ∆ϕ+iJϕ = (det(−i∆))−1/2 exp
(
i

2
JGJ

)
(2.110)

where G = −∆−1.
From these equation by expanding in power series in J we obtain a series of

integrals ∫
Dϕe i2ϕ∆ϕϕi1 · · ·ϕi2n+1 = 0. (2.111)

∫
Dϕe i2ϕ∆ϕϕi1 · · ·ϕi2n

= (det(−i∆))−1/2 (2n)!
n!

(
i

2

)n
G(i1i2 · · ·Gi2n−1i2n). (2.112)

Using these integrals one can calculate, at least formally, integrals of arbi-
trary analytical functions with Gaussian measure∫

Dϕe i2ϕ∆ϕ+iJϕB(ϕ) =
∫
Dϕe i2ϕ∆ϕB

(
1
i

∂

∂J

)
eiJϕ

= B

(
1
i

∂

∂J

)
det(−i∆)−1/2 exp

(
i

2
JGJ

)
.

(2.113)
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2.8 Stationary phase method.

Let us consider now integrals depending on a small parameter ~

Z(J) =
∫
Dϕ exp

{
i

~

[S(ϕ) + Jϕ]
}

(2.114)

where S(ϕ) is a real valued function. Our aim is to calculate this integral in the
limit ~→ 0.

It is clear that as ~→ 0 the integral oscillates very fast and gives an asymp-
totically small contribution. The main contribution comes from the critical
point ϕi0 where the phase S(ϕ) + Jϕ is stationary. The critical points ϕ0 are
the solutions of the equations

∂S

∂ϕi
= −Ji. (2.115)

and are, of course, some functions of J , ϕ0 = ϕ0(J). We assume that there is
only finite number of critical points ϕ0,α(J), (α = 1, . . . , p), all of them being
isolated points. Then one can divide the whole integration region in the non-
overlapping neighborhoods of the critical points Mα,

p⋃
α=1

Mα ⊂ RN×D (2.116)

Mα

⋂
Mβ = ∅, α 6= β. (2.117)

The whole integral becomes the sum of the integrals over the neighborhoods
of the critical points

Z(J) =
∑
α

∫
Mα

Dϕ exp
{
i

~

[S(ϕ) + Jϕ]
}

+ asymptotically small terms. (2.118)

In each Mα we change the integration variables ϕi = ϕi0,α + hi and expand
the exponent in power series in h

S(ϕ) + Jϕ = S(ϕ0,α) + Jiϕ
i
0,α +

1
2
S,ik(ϕ0,α)hkhi +

+
∑
n≥3

1
n!
S,i1...in(ϕ0,α)hin · · ·hi1 . (2.119)

Then with the same accuracy we extend each integration region Mα to the
whole space RD×N obtaining

Z(J) =
∑
α

exp
[
i

~

(S(ϕ0,α) + Jϕ0,α)
]
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×
∫
Dh exp

 i

~

1
2
S,ik(ϕ0,α)hkhi +

∑
n≥3

1
n!
S,i1...in(ϕ0,α)hin · · ·hi1

 .

(2.120)

This integral can be calculated by using the formula (2.113):

Z(J) =
∑
α

e
i
~

(S(ϕ0,α)+Jϕ0,α)det
(
− i
~

S,ik(ϕ0,α)
)−1/2

× exp

i∑
n≥3

~
(n−1)/2

n!
S,i1...in(ϕ0,α)

∂

i∂pin
· · · ∂

i∂pi1

 exp
(
i

2
piG

ik
0,αpk

)∣∣∣∣∣∣
p=0

,

(2.121)

where Gik0,α is the inverse of S,ik(ϕ0)

S,ik(ϕ0,α)Gkj0,α = −δji . (2.122)

Note that the critical points ϕα are determined from the equation (2.115)
and do, therefore, depend on J . Let us rebuild the asymptotic expansion by
replacing J = ~J̄ , i.e.,

Z(J̄) =
∫
Dϕe i~S(ϕ)+iJ̄ϕ. (2.123)

The critical points, denoted now by ϕ̄0,α, are defined as the solutions of the
equation

∂S

∂ϕ
= 0, (2.124)

and do not depend on J̄ .
In this case we have another asymptotic expansion

Z(J) =
∑
α

exp
(
i

~

S(ϕ̄0,α) + iJ̄ϕ̄0,α

)

×
∫
Dh exp

{
i

~

1
2
S,ik(ϕ̄0,α)hkhi + iJ̄kh

k

+
i

~

∑
n≥3

1
n!
S,i1...in(ϕ̄0,α)hin · · ·hi1

}
. (2.125)

Using the formula (2.113) we obtain

Z(J) =
∑
α

exp
[
i

~

S(ϕ̄0,α) + iJ̄ ϕ̄0,α

]
det
(
− i
~

S,ik(ϕ̄0,α)
)−1/2

× exp

 i

~

∑
n≥3

1
n!
S,i1...in(ϕ̄0,α)

∂

i∂pin
· · · ∂

i∂pi1

 exp
{
i

2
~piḠ

ik
0 pk

}∣∣∣∣
p=J̄

(2.126)
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where Ḡik0 is the inverse of S,ik(ϕ̄0,α) :

S,ik(ϕ̄0,α)Ḡkj0 = −δji . (2.127)

Obviously, for J = 0 we have ϕα(0) = ϕ̄0,α, G0 = Ḡ0 and the expansions (2.121)
and (2.125) do coincide.

Let us rebuild the asymptotic expansion a bit more. We assume that there
is the only critical point that depends on J and it is itself an asymptotic series
in ~. We do not know first how to determine it. Later we will get an equation
for it. So, let us denote this true critical point by φ(J) and expand the exponent
around it. By using the equation (2.113) we obtain analogously

Z(J) = exp
[
i

~

(
S(φ) + Jφ

)]
det
(
− i
~

S,ik(φ)
)−1/2

× exp

i∑
n≥3

~
n−1

n!
S,i1...in(φ)

∂

i∂pin
· · · ∂

i∂pi1


× exp

{
i

2
~

(
pi + S,i(φ)

)
Gik(φ)

(
pk + S,k(φ)

)}∣∣∣∣
p=J

(2.128)

where Gik(φ) is defined by

S,ik(φ)Gkj = −δji . (2.129)

Now let us define another function

Z(J) = e
i
~
W (J) (2.130)

From (2.128) we have the asymptotic expansion of W (J):

W (J) = S(φ) + Jφ+
i~

2
log det

(
− iS,ik(φ)

~

)

− i ~ log

{
exp

i∑
n≥3

~
n−1

n!
S,i1...in(φ)

∂

i∂pin
· · · ∂

i∂pi1


× exp

[
i

2
~(pi + S,i(φ))Gik(φ)(pk + S,k(φ))

]∣∣∣∣
p=J

}
. (2.131)

Now we demand φ(J) to be defined from the equation

φi(J) =
∂W

∂Ji
=
∫
Dϕe i~ (S(ϕ)+Jϕ)ϕi∫
Dϕe i~ (S(ϕ)+Jϕ)

. (2.132)

Then in the lowest approximation the matrix

Gik =
∂φi

∂Jk
=

∂2W

∂Jk∂Ji
(2.133)
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is just Gik0 and, therefore, is nondegenerate. Then one can invert the function
φ(J) and treat J as a function of the independent variable φ: J = J(φ).

Defining yet another function of φ by the Legendre transform

Γ(φ) = W (J(φ))− J(φ)φ (2.134)

we have

Γ(φ) = S(φ) + ~
i

2
log det

(
− i
~

S,ik(φ)
)

− i ~ log

{
exp

i∑
n≥3

~
n−1

n!
S,i1...in(φ)

∂

i∂pin
· · · ∂

i∂pi1


× exp

[
i

2
~(pi + S,i(φ))Gik(φ)(pk + S,k(φ))

]∣∣∣∣
p=J(φ)

}
. (2.135)

The critical point φ is determined now from the equation

∂Γ(φ)
∂φi

= −Ji. (2.136)

In other words, the function Γ(φ) is defined as the solution of the equation

exp
{
i

~

Γ(φ)
}

=
∫
Dϕ exp

{
i

~

[
S(ϕ)− (ϕ− φ)

δΓ
δφ

]}
. (2.137)

2.9 Anticommuting variables

In the exposition above the variables ϕ were assumed to be boson. That is why
the integral over MN was just the usual Riemann (or Lebesgue) integral.

On the first glance it seems to be impossible to generalize the concept of
integration on the fermion anticommuting variables. However, it turns out to
be possible to define the integral over anticommuting variables purely formally,
i.e., by demanding some properties of this object to be valid (postulates) and
proving that the definition is consistent. The resulting object is still called
integral although it has nothing to do with the Riemann (or Lebesgue) measure
— these is no measure for anticommuting variables. The integral over fermion
variables was introduced mainly in the papers of F. Berezin [1, 2].

Let us consider just one anticommuting variable θ. From the anticommuta-
tivity with itself

θθ = −θθ (2.138)

it follows that it is nilpotent
θ2 = 0. (2.139)

Therefore, any function of it is linear

f(θ) = a+ θb. (2.140)
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The derivative of this function is defined as usual

∂f(θ)
∂θ

= b. (2.141)

Consider a change of the variable θ

θ = θ(η) = e+ ηc (2.142)

where e and c are some constants. Then, as usual

→
∂

∂η
=
→
∂ θ

∂η

→
∂

∂θ
. (2.143)

Let us now define a linear functional,

I(f) =
∫
dθf(θ), (2.144)

called formally integral, that satisfies the following rules:

I(f · c) = I(f) · c, (2.145)

I(f1 + f2) = I(f1) + I(f2), (2.146)

I(1) =
∫
dθ = 0, (2.147)

I(θ) =
∫
dθ θ = 1. (2.148)

By linearity this sufficies to calculate the integral of any function

I(a+ θb) = aI(1) + I(θ)b = b. (2.149)

In other words, this functional is nothing but the derivative.

I(f) =
∫
dθf(θ) =

∂

∂θ
f(θ). (2.150)

One can prove that with such definition of the integral the following usual
properties remain valid in anticommuting case too

1. Integration by parts∫
dθf(θ)

( →
∂

∂θ
g(θ)

)
= +

∫
dθ

(
f(θ)

←
∂

∂θ

)
g(θ). (2.151)

Note the ’wrong’ sign + here! Usually, for boson case, one has − in the
right hand side.



Quantization of non-gauge field theories 51

2. Defining the Fourier transform by

f̃(ψ) =
∫
Dθeiθψf(θ), (2.152)

ψ being a fermion variable,

ψθ = −θψ, ψ2 = 0. (2.153)

and
Dθ =

dθ√
i

= e−i
π
4 dθ, (2.154)

we also have the usual property

f(θ) =
∫
Dψe+iψθf̃(ψ) =

∫
Dψe−iθψ f̃(ψ). (2.155)

i.e.
˜̃
f = f. (2.156)

3. The Fourier transform of the unity defines a δ-functional

δ(ψ) =
∫
Dθeiθψ (2.157)

which has the expected property∫
dψ δ(ψ)f(ψ) = f(0). (2.158)

4. Using the definition we calculate formally∫
dθf(η(θ)) =

∂

∂θ
f(η(θ)) =

∂η(θ)
∂θ

∂f(η)
∂η

=
∂η(θ)
∂θ

∫
dηf(η). (2.159)

Therefore, formally we have an unusual behavior under the change of the
variables

dθ(η) =
(
∂θ

∂η

)−1

dη. (2.160)

This is to compare with the usual rule

df(x) =
(
∂f

∂x

)
dx (2.161)

for commuting variables and is the main difference between integration
over commuting and anticommuting variables.
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Having defined the one-dimensional integral over anticommuting variable
one can define the integral for many anticommuting variables and, in general,
by combing with the usual integral, one defines integrals over supervariables
that can be both boson and fermion ones.

Let us consider now many anticommuting variables θi, (i = 1, . . . p), forming
a Grassmanian algebra Λp

θiθk + θkθi = 0. (2.162)

Let us take a function of θ and expand it in the power series in θ

f(θ) =
∑
n≥0

1
n!
θi1 · · · θinain...i1 . (2.163)

From the anticommutativity of θ it is easy to see that the coefficients of this
series ai1...in are completely antisymmetric tensors in all their indices (so called
p-forms), i.e.,

ai1...in = a[i1...in], (2.164)

where square brackets mean the antisymmetrization.
If the number of the anticommuting variables is finite, say p, then it is clear

that the rank of the p-forms is restricted from above (n ≤ p) — there are no
antisymmetric tensors of rank more than the dimension of the Grassmanian
algebra.

Therefore, any function of θ is actually a polynomial

f(θ) = a+ θiai +
1
2
θiθkaki + · · ·+ 1

p!
θi1 · · · θipaip...i1 . (2.165)

The derivatives of such polynomials are defined as usual. And the integrals are
defined again pure formally as linear functionals using the rules (2.144)-(2.148)
for each variable θi: ∫

dθif(θ) =
∂

∂θi
f(θ) (2.166)

Moreover, now one can also define the multiple integrals∫
dθidθkf(θ) =

∫
dθi

∂

∂θk
f(θ) =

∂2

∂θi∂θk
f(θ) (2.167)

∫
dθip−1 · · · dθi1 =

∂p−1

∂θip−1 · · · ∂θi1
f(θ). (2.168)∫

dθf(θ) =
∂p

∂θ1 · · · ∂θp
f(θ) (2.169)

where dθ ≡ dθ1 · · · dθp.
The last integral is called the integral over the whole Grassmanian algebra

Λp. Since any function f(θ) is, in fact, a polynomial, this integral does not
depend on θ and is just the highest order coefficient∫

dθf(θ) = a1...p. (2.170)
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The integral over anticommuting variables in multidimensional case pos-
sesses all basic properties:

1. integration by parts∫
Dθf(θ)

( →
∂

∂θi
g(θ)

)
= +

∫
Dθ

(
f(θ)

←
∂

∂θi

)
g(θ), (2.171)

2. Fourier transform
f̃(ψ) =

∫
Dθeiθψf(θ), (2.172)

f(θ) =
∫
Dψeiψθf̃(ψ), (2.173)

where ψi are anticommuting variables

ψiψk + ψkψi = 0, ψiθk + ψkθi = 0, (2.174)

and

Dθ =
dθ1

√
i
· · · dθ

p

√
i

= e−i
π
4 pdθ. (2.175)

3. δ-function
δ(ψ) =

∫
Dθeiθψ (2.176)∫

Dψδ(ψ)f(ψ) = f(0). (2.177)

4. Change of variables
θi = θi(η), (2.178)

Dθ = det
∣∣∣∣ ∂θi∂ηk

∣∣∣∣−1

Dη. (2.179)

Note the inverse power of the Jacobian!

Let us prove eq. (2.179). This formula is easy to obtain from the definition
of the integral in term of the highest order derivative (2.169). Under linear
transformations

θi = Aikη
k, (2.180)

with A being a matrix with boson elements, we have easily

θ1 · · · θp = A1
[i1
· · ·Apip]η

i1 · · · ηip =

= detAη1 · · · ηp (2.181)

Therefore,
∂p

∂θ1 · · · ∂θp
= (detA)−1 ∂p

∂η1 · · · ∂ηp
. (2.182)
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and
Dθ = (detA)−1Dη. (2.183)

For a general nonlinear change of variables it suffices to prove (2.179) for
infinitesimal form

θi = ηi + ξi(η). (2.184)

We have ∫
dθf(θ) =

∫
dηJ(η)f̄(η) (2.185)

where
f̄(η) def= f(θ(η)) = f(η + ξ(η)). (2.186)

and J is the fermionic generalization of the Jacobian.
On the right hand side we can just replace the integration variable by θ∫

dθf(θ) =
∫
dθJ(θ)f̄(θ). (2.187)

To first order in η we have

f̄(θ) = f(θ + ξ(θ)) = f(θ) + ξi(θ)
∂f(θ)
∂θ

(2.188)

By writing
J(θ) = 1 + ε(θ) (2.189)

we have from (2.187) ∫
dθ

{
ε(θ)f(θ) + ξi

∂f(θ)
∂θi

}
= 0. (2.190)

Integrating by parts we rewrite this as∫
dθ

{
ε(θ)f(θ) +

(
ξi
←
∂

∂θi

)
f(θ)

}
= 0 (2.191)

and, therefore, we have finally

ε(θ) = −ξi
←
∂

∂θi
. (2.192)

Note that the sign here is determined by the sign in the integration by parts
formula. For boson variables this sign would be +1. Thus

J = 1− ξi,i = exp
(
1− ξi,i

)
= exp

[
−tr log

(
δik + ξi,k

)]
=

(
det (1 + ξi,i)

)−1
=
(
det θi,k

)−1
. (2.193)

So we convinced ourselves that, indeed, the fermionic Jacobian is just the
inverse bosonic one (2.179).
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Thus we see that all the formulas of integration look almost the same in boson
and fermion case. The only difference is the sign in the formula of integration
by parts (2.171) and the inverse power of the Jacobian in the formula of the
change of variables (2.179), which is actually the cosequence of the integration
by parts.

Moreover, one can generalize all the formulas to the supervalued variables

ϕi =

 χa

ψA

 , a = 1, . . . , q; A = 1, . . . , p; p+ q = D. (2.194)

where χa are even (boson) and ψA are odd (fermion) variables.
The functions of supervariables f(ϕ) are the polynomial in odd variables

with coefficients depending on the even variables

f(ϕ) =
∑

o≤n≤p

1
n!
aA1...An(χ)ψAn · · ·ψA1 . (2.195)

Let us assume the functions aA1...An(χ) to satisfy the conditions (2.88), i.e.,
for any k and m

lim
χ→0

∣∣∣∣χb1 · · ·χbk ∂m

∂χa1 · · · ∂χam
a

∣∣∣∣ = 0. (2.196)

Then by introducing the measure

Dϕ = DχDψ dχ1

√
2π
· · · dχ

q

√
2π

dψ1

√
i
· · · dψ

p

√
i
. (2.197)

we define integral over supervariables∫
Dϕf(ϕ) def=

∫
Dχ

(∫
Dψf(χ, ψ)

)
=

∫
Dχ ∂p√

i∂ψ1 · · ·
√
i∂ψp

f(χ, ψ)

=
∫
Dχ e−iπ4 pa1...p(χ). (2.198)

Using this definition it is not difficult to prove the following properties.
Integration by parts takes the form∫

Dϕf(ϕ)
∂

∂ϕi
g(ϕ) = −(−1)i

∫
Dϕf(ϕ)

←
∂

∂ϕi
g(ϕ), (2.199)

where, according to our convention, the index i in the exponent of (−1) equals
0 for even variables and 1 for odd ones.

There is a well defined super Fourier transform

f̃(J) =
∫
DJeiJϕf(ϕ) (2.200)
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f(ϕ) =
∫
Dϕe−iJϕf̃(J) (2.201)

and the super-delta-functional

δ(ϕ) =
∫
DJeiJϕ (2.202)

∫
Dϕδ(ϕ− ϕ′)f(ϕ) = f(ϕ′). (2.203)

The behavior of the super measure under a change of supervariables ϕ =
ϕ(ϕ̄) reads ∫

Dϕf(ϕ) =
∫
Dϕ̄J(ϕ̄)f(ϕ(ϕ̄)) (2.204)

where

J(ϕ̄) = sdet
(
∂ϕi

∂ϕ̄k

)
(2.205)

is the super-Jacobian.
Here sdet is the superdeterminant (sometimes also called Berezinian) defined

as follows. Let

E = (Eik) =

 A B

C D

 (2.206)

be a supermatrix where A and D are even nondegenerate matrices and B and
C are odd matrices. Then the superdeterminant is defined by

sdetE = det (A−BD−1C)detD−1

= detA det (D − CA−1B)−1. (2.207)

It is clear that if B = C = 0 then

sdetE = detA (detD)−1. (2.208)

The superdeterminant possesses very important properties: multiplicativity

sdet (E1E2) = sdetE1sdetE2 (2.209)

and the relation to the supertrace

sdet (expE) = exp(strE). (2.210)

The supertrace, str, is defined by

strE = (−1)iEii = trA− trD (2.211)

Using the definition of the integral over supervariables one can show that the
formulas for the Gaussian integrals are still valid with the only replacement: the
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superdeterminant instead of the determinant. This is so because the Gaussian
integrals are calculated , in fact, just by the change of coordinates.

If one normalizes the measure by∫
Dϕ exp

{
−1

2
ϕiEikϕ

k

}
= 1 (2.212)

for some fixed supersymmetric matrix E

Eik = (−1)ik+i+kEki, (2.213)

then any Gaussian integral is∫
Dϕ exp

{
i

2
ϕ∆ϕ+ iJϕ

}
= sdet (−i∆̂)−1/2 exp

{
i

2
JGJ

}
, (2.214)

where ∆̂ = E−1∆ and G = −∆−1. It can be calculated by the change of
variables

ϕi →
[
(−iE−1∆)−1/2

]i
kh

k − Jk(∆−1)ki (2.215)

and taking into account the super Jacobian (2.204).
All other formulas (also for the stationary phase method) are the conse-

quences of this Gaussian integral and also remain valid.

2.10 Functional integral

The functional integral (called also path integral, or Feynman integral) is the
integral over the configuration space M. In field theory M is infinitely di-
mensional. Besides, it contains also fermion field configurations, i.e., it is a
superspace.

Formally it can be defined by the continuous limit of the finite-dimensional
case MN → M when the number of the points N in the spacetime goes to
infinity.

A very important property of the Gaussian integrals consists in the fact that
their form does not depend much on the dimension of MN . In the continuum
limit N →∞ the finite-dimensional matrix ∆ik becomes a differential operator
and the inverse G = −∆−1 — its Green function. This Green function can
be well defined if one imposes some boundary conditions. This means that the
boundary conditions do actually enter the definition of the functional measure
Dϕ — one integrates over some field configurations with some boundary con-
ditions. Without the boundary conditions the functional measure is not well
defined. Further, there is a superdeterminant that enters the formula for the
Gaussian integral. If we manage to generalize the notion of the superdeter-
minant to the infinite-dimensional (functional) case, then we will have a well
defined Gaussian functional integral.

Thus, formally all the formulas are the same as in the finite-dimensional case
and we are allowed to do the change of variables and the integration by parts.
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One has to note that many (almost all) expressions are formally divergent —
if one tries to evaluate the integrals, one encounters the meaningless divergent
expressions. These divergences are purely local and are due to the local nature
of the quantum field theory. This difficulty can be overcome in the framework
of the renormalization theory, that will be discussed a bit in next lectures.

2.11 Functional representation of the generat-
ing functional

Let us now write the mean value of the operator equations of motion

< S,i(ϕ̂) >= −Ji (2.216)

Using the formula for the mean values (2.49)

< A(ϕ̂) >= A

(
1
i

δ

δJ

)
Z(J) (2.217)

one can rewrite this equation in the form{
S,i

(
1
i

δ

δJ

)
+ Ji

}
Z(J) = 0 (2.218)

This is a functional differential equation for Z(J). Let us try a functional Fourier
transform

Z(J) =
∫
Dϕf(ϕ)eiJϕ. (2.219)

Substituting this integral in the equation (2.218) we calculate

0 =
∫
Dϕf(ϕ)

(
S,i

(
1
i

δ

δJ

)
+ Ji

)
eiJϕ

=
∫
Dϕf(ϕ) (S,i(ϕ) + Ji) eiJϕ

=
∫
Dϕf(ϕ)

(
S,i(ϕ) +

1
i
(−1)i

δ

δϕi

)
eiJϕ

=
∫
Dϕf(ϕ)

(
S,i(ϕ)− 1

i

←
δ

δϕi

)
eiJϕ (2.220)

Thus we get a functional equation for the functional f(ϕ)

f(ϕ)
←
δ

δϕi
= if(ϕ)S,i(ϕ). (2.221)

The solution of this equation is obviously

f(ϕ) = N eiS(ϕ) (2.222)
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with some normalization ’constant’ N . Thus we obtained the generating func-
tional in form of a functional integral

Z(J) = eiW (J) =< out|in >= N
∫
Dϕ exp {i[S(ϕ) + Jϕ]} . (2.223)

The chronological amplitudes and the mean values of any functional A(ϕ)
are then defined by

< out|T (A(ϕ̂)) |in >= N
∫
Dϕei(S(ϕ)+Jϕ)A(ϕ) (2.224)

< A(ϕ̂) >=
∫
Dϕei(S(ϕ)+Jϕ)A(ϕ)∫
Dϕei(S+Jϕ)

. (2.225)

Using the relation of the functional W to the effective action (2.71) one can
obtain from (2.223) a functional equation for the effective action

exp
{
i

~

Γ(φ)
}

=
∫
Dϕ exp

{
i

~

[S(ϕ)− Γ,i(ϕi − φi)]
}
, (2.226)

where the Planck constant ~ is introduced for convenience. This will be helpful
to make the semiclassical expansion.

2.12 Relation between the effective action and
the classical action

Let us consider again the left hand side of the effective equations of motion

< S,i(ϕ̂) >= Γ,i(φ) (2.227)

Using the formula for the mean values (2.86) one can rewrite this in form

Γ,i(φ) = S,i(φ) : exp

i∑
n≥2

1
n!

1
in

←
δ
n

δφin · · · δφi1
Gi1...in

 :, (2.228)

where Gi1...in are the full (exact) Green functions. This can be called mixed
perturbation theory since it includes both the full propagator Gik and Green
functions Gi1...in (n ≥ 3) and the bare vertex functions S,i1...in (n ≥ 3). It is not
so convenient because one has to express additionally the full Green functions
in terms of the bare propagator and vertex functions.

There is a more suitable expansion of the effective action directly in terms
of the classical action, i.e., in terms of the bare propagator and the classical
vertex functions. This expansion is obtained by solving the functional equation
(2.121) in form of a power series in the small parameter ~:

Γ(φ) = S(φ) + Σ(φ), (2.229)
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where

Σ(φ) =
∑
k≥1

~
kΓ(k)(φ) (2.230)

is called the self-energy functional.
One should note from the beginning that this expansion is purely formal (or

asymptotic). There is no guaranty at all that it converges. Moreover, there are
indications that it diverges, in general.

Substituting the expansion (2.230) into the equation (2.121) , making the
change of variables

ϕ = φ+
√
~h (2.231)

and expanding the action in Taylor series in h, we obtain

eiΓ(1)(φ) exp

i∑
k≥2

~
k−1Γ(k)(φ)

 =
∫
Dh exp

{
i
1
2
hi∆ik(φ)hk

}

× exp

i∑
k≥3

~
k/2−1S,i1...in(φ)hin · · ·hi1 − i

∑
k≥1

~
k−1/2Γ(k),i(φ)hi

 ,

(2.232)

where ∆ik =i, S,k. By expanding both sides of this equation in ~ and equating
the coefficients we obtain an infinite set of equations that determine recursively
all the contributions Γ(n). All the functional integrals appearing in this expan-
sion have the form ∫

Dhe i2h∆hhi1 · · ·hin . (2.233)

These integrals are Gaussian and can be calculated in terms of the bare propa-
gator G = −∆−1 using the formula (2.112).

It is this point that enables one to define the functional integration well —
one does not need other integrals in perturbation theory. As a result we express
the effective action in terms of the bare propagator and the vertex functions
only.

In particular,

Γ(1) = − i
2

log sdet ∆, (2.234)

Γ(2) = − 1
12
S,ijkG

(kjGieGnm)
mne,S −

1
8
S,ijkmG

(ijGkm) (2.235)

etc.
Using the graphical representation one can present the result in the form
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We see immediately that each order in ~ is represented by loop diagrams the
number of loops being equal to the order of perturbation theory. That is why the
semiclassical expansion in the Planck constant is called also the loop expansion.
We could, in principle, put ~ = 1 from the beginning. The appearance of ~ in
the eq. (2.229) is only to order the quantum corrections.

Thus, the self-energy functional Σ describes all radiative corrections to the
classical theory and gives rise to the nonlocality of the effective dynamical equa-
tions

S,i = −Ji − Σ,i. (2.236)

All the loop diagrams of the perturbation theory are actually divergent.
Therefore, it must ultimately be dealt with the methods of renormalization
theory.

Let us make finally some general remarks.

1. Thus the quantum mechanics is basically a theory of small disturbances.
The S-matrix may be regarded as a mathematical tool which goes be-
yond the simple linear approximation and describes the interaction of the
disturbances.

2. The entire quantum theory is summed up in the functional structure of
the effective action. The Green functions built from the effective action
contain, in fact, more information than just the S-matrix amplitudes.
Therefore, instead of asking separate questions about each distinct phys-
ical process we may ask equivalent questions about the effective action
Γ(φ). For this it is necessary, however, that the background fields φ vary
over all permissible values.

3. Neither the classical action S nor the self-energy functional Σ have physical
sense separately. Only the effective action

Γ = S + Σ (2.237)

has physical meaning and describes real physics. If the self-energy func-
tional contains terms similar to those in the classical action then only the
sums of their coefficients can be determined experimentally as observable
coupling constants.

If some terms in the self-energy functional have divergent coefficients then
they can be compensated by the counterterms in the classical action. In
other words, if one decomposes

Σ = Σdiv + Σfin, (2.238)

where Σdiv and Σfin are the divergent and finite parts of the self-energy
functional, then the effective action can be equivalently rewritten as

Γ = S + Σ = (S + Σdiv) + Σfin = Sren + Σfin (2.239)
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where
Sren = S + Σdiv (2.240)

is the renormalized classical action. It is supposed that S is also divergent
initially, so that Sren is finite. This is the basis of the renormalization
theory.

To be more precise, let us write the classical action in the form

S(φ) =
∑

1≤i≤r

ciIi(φ), (2.241)

where Ii(φ), (i = 1, 2, . . . , r) is a finite set of some functionals and ci are
the coupling constants. If the divergent part of the self-energy functional
has the same functional structure, i.e.,

Σdiv =
∑

1≤i≤r

βiIi(φ), (2.242)

then all the divergencies can be compensated, so that the renormalized
coupling constants

cren
i = ci + βi (2.243)

are finite. Such field theories are called renormalizable QFT.

In non-renormalizable field theories there appear infinitely many divergent
terms of different functional type. Therefore, the effective action cannot
be made finite within the renormalization procedure.

4. We stress once again that to construct the S-matrix with the help of the
effective action one needs only tree diagrams. No closed loops appear. The
vertices generated by the effective action are self-vertices (or full, exact or
dressed). All the quantum corrections are already included in them. Since
analogous tree diagrams appear in the classical perturbations theory (with
the substitution Γ → S) one can say that the effective action describes
the dynamics of the coherent fields of large amplitude with due regard to
quantum corrections. This also remains true in the case when there is no
well defined S-matrix at all.



Chapter 3

Quantization of gauge field
theories

In the previous lecture it has been shown how to quantize a non-gauge field
theory. We defined the generating functionals Z(J) and W (J) and the effective
action Γ(φ) and constructed the perturbation theory for these objects, i.e., the
diagramatic technique. All the diagrams are constructed of two kinds of the
constituent blocks — the propagator and the vertexes. If these objects turn
out to be well defined then all the diagrams are well defined (at least formally).
Thus the effective action (and consequently the S-matrix) is well defined, at
least perturbatively.

Of course, to do practical calculations, this is not enough and one has to
employ the apparatus of the renormalization theory. But on the formal level
the construction in the previous lecture is consistent. It gives simply a raw
framework that should be filled with further details and methods.

The bare vertex functions S,i1...in (n ≥ 3) are simple ultralocal objects
— there are no difficulties at all in defining them correctly. As far as the
propagator Gik = −(S,ik)−1 is concerned we simply assumed that there exists
some propagator that can be well defined by fixing some appropriate boundary
conditions.

It is this condition that determines the non-gauge field theory. However, it
is not always the case. Moreover, the most interesting field models (which are
also most important from the physical point of view) belong to another class of
field theories, so called gauge field theories, where this condition is not fulfilled.

To formulate this more precisely let us consider a dynamical system that is
described by a set of (for simplicity boson) fields ϕi and an action functional
S(ϕ). The classical dynamics of the system is described by the equations of
motion

S,i ≡
δS

δϕi
= 0. (3.1)

All possible field configurations build the configuration space M = {ϕi}. The

63



64 Ivan G. Avramidi

solutions of the classical equation of motion determine the dynamical subspace
(mass-shell) M0 ⊂M,

M0 =
{
ϕi0 : S,i(ϕ0) = 0

}
. (3.2)

Let ϕ0 be a point in M0, i.e., a solution of the equations of motion (3.1) with
some boundary conditions. It should be noted that the boundary conditions are,
in general, not arbitrary. The equations of motion can impose some constraints
on possible boundary conditions. Let us consider the neighbourhood of ϕ0 in
M0, i.e., let us consider another solution of the form ϕ̄0 = ϕ0 + δϕ with the
same boundary conditions. The infinitesimal disturbance δϕ satisfies obviously
the homogeneous equation of small disturbances

S,ik(ϕ0)δϕk = 0 (3.3)

and zero boundary conditions.
If all the equations (3.1) are functionally independent, i.e., if there is a

unique solution for given boundary conditions, then the matrix S,ik(ϕ0) (so
called Hessian), is nondegenerate. In discrete language this means

rankS,ik(ϕ0) = D ×N, (3.4)

where D is the number of field components and N is the number of points in
the spacetime. Hence the homogeneous equation of small disturbances with zero
boundary conditions has only trivial solution δϕ = 0, i.e., it does not have any
solutions of compact support.

In other words this means that all the solutions of the equations of motion are
isolated critical points of the action, i.e., in a sufficiently small neighbourhood
of any solution there is no other solution with the same boundary conditions.
(In the Euclidean formulation of QFT this is exactly what happens, also in the
continuum version). It might be useful to note that in these cases the matrix
(1.73)

A00
AB =

∂

∂ϕ̇A
∂

∂ϕ̇B
L (3.5)

determining the second time derivatives in the equation of small disturbances
is nondegenerate and the equations of motion can be, in principle, rewritten in
form

ϕ̈A = fA(ϕ, ϕ̇). (3.6)

In general, the equations (3.1) are not independent — there some linear
identities, called Noether identities, between them

S,iR
i
α ≡ 0, (3.7)

where α = (a, x) is a condensed index that also includes the spacetime point
and a = 1, . . . , p. This means that in the dynamical subspace M0 the Hessian
S,ik(ϕ0) is degenerate

S,ik(ϕ0)Riα(ϕ0) ≡ 0, (3.8)
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i.e., there are nontrivial solutions of homogeneous equations of small distur-
bances (3.3). In the discrete approximation α = 1, . . . , p×N , and Riα are some
rectangular matrices of the rank

rankRiα ≤ p×N. (3.9)

The rank of the Hessian is then

rankS,ik(ϕ0) = D ×N − rankRiα ≤ (D − p)×N. (3.10)

This determines the ’number’ of the identities (3.7). The number of dynamical
degrees of freedom is equal to the number of independent equations and is less
or equal to (D − p). It is clear that it should be p < D, otherwise the system
would not have any dynamical degrees of freedom at all.

More generally, Riα is a set of vector fields on the configuration space M.
Defining

Rα = Riα
δ

δϕi
(3.11)

one can rewrite eq. (3.7) in the form

RαS ≡ 0. (3.12)

The action S(ϕ) is a scalar onM. Therefore, the equation (3.12), rewritten
in form

LRαS = 0, (3.13)

where LRα is the Lie derivative, means that Rα are the invariant flows on M.
This means nothing but there are some specific transformations of the fields

δξϕ
i = Riαξ

α (3.14)

that leave the action functional invariant:

δξS = S,iδξϕ
i = S,iR

i
αξ
α ≡ 0. (3.15)

Here ξα are some infinitesimal parameters

ξα = ξa(x), (3.16)

that are functions over spacetime with compact support. Such transformations
are called invariance transformations and Rα are called the generators of invari-
ance transformations. It is clear that the generators are defined not uniquely.
If we transform them according to

Riα → Riα + F ijαS,j , (3.17)

with F ijα being antisymmetric tensor fields on M

F ijα = −F jiα, (3.18)
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then the invariance condition
S,iR

i
α ≡ 0 (3.19)

still holds.
Moreover, even in the case when there are no invariance flows the vector

fields
Aiα(ϕ) = F ijαS,j (3.20)

in the tangent space Tϕ at some point ϕ that does not lie in the dynamical
subspace, ϕ /∈M0, i.e., S,j 6= 0, are orthogonal to S,i,

AiαS,i ≡ 0. (3.21)

However such vector fields are nonessential physically because they vanish on
the dynamical subspace, Aiα(ϕ0) = 0, and do not lead to the degeneracy of the
Hessian.

Besides, the generators Rα are not independent. Up to transformations
(3.17) the commutator of two invariant flows is an invariance flow again. To
see this let us take the commutator of two invariance transformations. We have
obviously

(δξ1δξ2 − δξ2δξ1)S ≡ 0. (3.22)

This means that
[Rα,Rβ ]S = (RαRβ − RβRα)S ≡ 0, (3.23)

or in components (
Riα,kR

k
β −Riβ,kRkα

)
S,i ≡ 0. (3.24)

More elegant the same equation follows from the property of the Lie derivative[
LRα ,LRβ

]
S = L[Rα,Rβ ]S. (3.25)

This identity says that the commutator of invariance transformations is again a
vector field on M that is orthogonal to S,i. Let us ask the question: What can
one say about the set of the flows Rα from this identity? In such setting the
problem is too general. Therefore, we will make some restrictive assumptions.

In the tangent space Tϕ at some point ϕ there is a 1-form S,i and the vector
fields Riα. The equation (3.19) means that all the vectors Riα are orthogonal to
S,i.

1. We assume that the vector fields Rα(ϕ) are linearly independent in the
tangent space Tϕ at ϕ. This means that from

Riαξ
α = 0 (3.26)

it follows ξ = 0. Put it in another way: there are no ξα 6= 0 of compact
support such that equation (3.26) holds. This also means that the dimen-
sion of the subspace of the linear combinations of the vectors Riα is simply
the number of these vectors and is equal to

rankRiα = p×N. (3.27)
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2. We also assume that the invariance flows Rα are complete, i.e., they gen-
erate all invariant flows. This means that the subspace of all vectors
orthogonal to S,i is covered by linear combination of the vectors Riα.

Now it is clear that any vector field orthogonal to S,i must be a linear
combination of the generators Riα and the transformations like (3.17). Therefore

[Rα,Rβ ] = CγαβRγ + S,jT
j
αβ (3.28)

or in components

Riβ,kR
k
α −RiαkRkβ = CγαβR

i
γ + S,jT

ji
αβ (3.29)

where Cγαβ = Cγαβ(ϕ) are some scalar fields functionals on the configuration
space, satisfying the condition

Cγαβ = −Cγβα (3.30)

and
T
j
αβ = T jiαβ(ϕ)

δ

δϕi
(3.31)

are some vector fields (differential operators) on M, satisfying the conditions

T ijαβ = −T jiαβ = −T ijβα. (3.32)

Thus we see that the vector fields Rα form an algebra (3.28) which is called
the gauge algebra. Moreover, one can check by explicit calculations that the
vector fields Rα satisfy the Jacobi identity

[Rα[Rβ ,Rγ ]] + [Rβ , [Rγ ,Rγ ]] + [Rγ,[Rα,Rβ ]] ≡ 0. (3.33)

There are three essentially different kinds of gauge algebras.

I. The simplest case is when there exists such a field redefinition and a trans-
formation of the generators that T ijαβ vanish,

T ijαβ = 0, (3.34)

and Cαβγ do not depend on the fields

δ

δϕi
Cαβγ = 0. (3.35)

The gauge algebra takes the form of a infinite-dimensional Lie algebra

[Rα,Rβ ] = CγαβRγ , (3.36)

where Cγαβ are some constant functionals, satisfying the Jacobi identity

Cγβ[λC
β
µν] ≡ 0. (3.37)



68 Ivan G. Avramidi

In this case the gauge transformations form an infinite-dimensional Lie
group, so called gauge group G. The Cαβγ are the structure constants of
this group. If Cαβγ also vanish, Cαβγ = 0, then gauge group is Abelian Lie
group and the field theory is called Abelian gauge theory (electrodynam-
ics). The most interesting gauge field models are non-Abelian (Yang-Mills,
gravity), when Cαβγ 6= 0.

The flow vectors Rα decompose the configuration space into the orbits.
An orbit is a subspace of M consisting of the points that are connected
by the gauge transformations. The space of orbits is then M̄ = M/G.
The linear independence of the vectors Rα at each point implies that each
orbit is a copy of the group manifold.

r
M

Figure 3.1: Configuration space of gauge fields

This case is the simplest and the most important one. It includes such
important systems as the Yang-Mills model and gravity.

II. The second class of gauge theories consists of such algebras when the
functionals T ijαβ vanish but the structure coefficients Cαβγ do depend on
the fields

T ijαβ = 0, (3.38)

δ

δϕi
Cα βγ(ϕ) 6= 0. (3.39)

Therefore, they are called not the structure constants but the structure
functions (or functionals). One should note that the structure functions
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can not be made constant by a redefinition of the flow vectors and the
reparametrization of the fields. If this is the case then we have again the
case I.

Now we have a closed algebra

[Rα,Rβ ] = Cααβ(ϕ)Rγ (3.40)

and the flows still decompose the configuration space M into the orbits.
But the orbits are not group manifold. The relation (3.40) does not define
any Lie algebra and a Lie group.

III. This is the most general case when T ijαβ 6= 0 and Cαβγ depend on ϕ. In
this case the flow vectors do not form a close system in general. Only
on the dynamical subspace M0, where S,i = 0, the gauge algebra closes.
Otherwise it is said to be open gauge algebra. Thus onlyM0 is decomposed
into the orbits.

Although we restricted ourselves in this lecture to the boson fields, the
whole exposition can be generalized to include also fermion fields. Then
the supergravity models are typical examples of the gauge theories of the
second and the third classes.

The absence of an explicit group structure in these cases causes serious
difficulties in quantizing such theories. Only recently there were found
effective methods to quantize general gauge theories — so called Batalin-
Fradkin-Vilkovisky method. We will not consider in these lectures the
such systems and refer the interested reader to the appropriate literature
[12].

3.1 Physical observables.

The gauge field theories are characterized by the presence of some transfor-
mations of the fields, gauge transformations, that leave the action invariant.
Therefore, such transformations do not play any role in solving the equations
of motion, i.e., in determining the dynamical subspace M0. Two field configu-
rations that can be connected by a gauge transformation, i.e., two points in an
orbit, are physically equivalent. This means that physical dynamical variables
are the classes of gauge equivalent field configurations, i.e., the orbits. The
physical configuration space is, hence, the space of orbits M̄ =M/G. In other
words the physicall observables must be the invariants of the gauge group.

Let us show that the invariance flows map the dynamical subspaceM0 into
itself. Varying the identity

S,iR
i
α ≡ 0 (3.41)

we have
S,ikR

i
α + S,iR

i
α,k ≡ 0. (3.42)
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M0

Figure 3.2:

Therefore, the gauge transformation of the left-hand side of the equations of
motion is

δξS,k = S,kiR
i
αξ
α = −S,iRiα,kξα. (3.43)

This means that a point ϕ0 of the dynamical subspace M0 is not lead out of
M0 by gauge transfornations. In other words the orbits can not intersect M0,
they can either lie completely in M0 or not to have any common point with
M0. If only one point of an orbit lies in M0, then the whole orbit does. The
vector fields Riα(ϕ0) at the tangent space at a point ϕ0 ∈ M0 do not have
any orthogonal component to this tangent space. They only cover a part of the
tangent space, and, therefore, are all tangent vectors to M0.

This becomes clear if we note that M0 is defined by vanishing of the func-
tional S,i(ϕ). Thus the normal vector to M0 is determined by the Hessian on
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M0

Nk(ϕ0) = S,ik(ϕ0)Ai (3.44)

where ϕ0 is a point in M0 and Ai is an orbitrary constant functional. The
equation (3.42) onM0, i.e., for S,i = 0, means then that Riα(ϕ0) are orthogonal
to the normal vectors (3.43), Riα(ϕ0)Ni(ϕ0), and are tangent to M0.

Thus the field transformations of the form

δϕi = Riαξ
α (3.45)

are unphysical. Following De Witt [12] we will call functionals A(ϕ) which are
identically invariant,

A,iR
i
α = 0 (3.46)

i.e., everywhere onM, (like the action functional S(ϕ)), absolute invariants and
functionals B(ϕ) that are invariant only on M0, i.e.,

B,i(ϕ0)Riα(ϕ0) = 0 forϕ0 ∈M0 (3.47)

but, in general,
B,iR

i
α ≡ S,jF jα, (3.48)

conditional invariants. It sufficies for physical observables to be only conditional
invariants.

3.2 Invariant measure on the configuration space

As in the previous lecture, to quantize the gauge field theories, we will need to
integrate over the configuration space M. One needs, thus, a measure µ(ϕ) on
M. In the gauge field theories this measure should be gauge-invariant, at least
formally. Gauge invariance means that µ(ϕ) should satisfy the condition

LRαµ = 0 (3.49)

where LRα is the Lie derivative along Rα. In component language this reads:(
µRiα

)
,i

= µ,iR
i
α + µRiα,i. (3.50)

It is easy to show that this equation guarantees that the measure

Dϕµ(ϕ) (3.51)

is invariant under the gauge transformations

ϕi → ϕi +Riαξ
α. (3.52)

If we introduce a symmetric nondegenerate matrix Eik(ϕ),

Eik = Eki, det E 6= 0 (3.53)
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that plays the role of the Riemannian metric on the configuration space M,
then one can always define the covariant measure in the usual way

µ = (detE)1/2. (3.54)

This measure will be gauge invariant, i.e., will satisfy the condition (3.49), if
the metric E is gauge invariant,

LRαE = 0 (3.55)

or in components

Eik,jR
j
α + EijR

j
α,k + EkjR

j
α,i = 0. (3.56)

These are nothing but the Killing equations. Thus the vector fields Rα must
be the Killing vectors of the metric Eik.

3.3 Ward identities

By differentiating the identity (3.7) one can get an infinite series of higher-order
identities∑

0≤m≤n

(
n

m

)
S,i(k1...kmR

i
|α|,km+1...kn) ≡ 0, n = 0, 1, 2, . . . (3.57)

or, explicitly,
S,iR

i
α = 0, (3.58)

S,ik1R
i
α + S,iR

i
α,k1
≡ 0, (3.59)

S,ik1k2R
i
α + 2S,i(k1R

i
|α|,k2) + S,iR

i
α,k1k2

≡ 0. (3.60)

These identities express the variation of the bare vertex functions S,k1...kn in
terms of S,i and S,ij and the vertex functions of lower order. Namely,

δξS,k1...kn = S,k1...kniR
i
αξ
α

= −
∑

0≤m≤n−1

(
n

m

)
S,i(k1...kmR

i
|α|,km+1...kn)ξ

α. (3.61)

In many important cases it turns out to be possible to find a linear representation
of the gauge group, i.e., to choose the field variables in such a way that Riα(ϕ)
are linear in ϕ

Riα(ϕ) = Aiα +Riα,kϕ
k, (3.62)

Aiα and Riα,k being constant functionals. Then all the derivatives of Riα of
higher orders vanish,

Riα,jk1...kn ≡ 0, n = 1, 2, . . . (3.63)
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and the first derivatives Riα,j are some constant matrices, forming a represen-
tation of the gauge Lie group, i.e.,

Riα,kR
k
β,j −Riβ,kRkα,j = CγαβR

i
γ,j . (3.64)

This representation is called the defining representation and the contragradient
representation (formed by the matrices F i

k,α = −Riα,k) the co-defining repre-
sentation.

For linear representations the identities (3.57) take especially simple form

S,k1...kniR
i
α = −S,k2...kniR

i
α,k1
− · · · − S,k1...kn−1iR

i
α,kn . (3.65)

These identities are called Ward identities.
The action of the gauge group on the vertices looks then

δξS,k1...kn = S,k1...kniR
i
αξ
α

= −S,ik2...knR
i
α,k1

ξα − · · · − S,k1...kn−1iR
i
α,knξ

α. (3.66)

These transformation rules hold obviously for any absolute invariant. Thus the
functional derivatives of an absolute invariant transform as the direct product
of co-defining representations.

The generators Riα transform according to

δξR
i
α = Riα,kR

k
βξ
β

= Riβ,kξ
βRkα − C

γ
βαξ

βRiγ . (3.67)

This means that Riα transform as direct product of defining representation and
the co-adjont representation.

In general, each field (Latin) index means the defining representation, or
co-defining representation if it is up or down, and each group (Greek) index
denotes the adjont or co-adjont representation if it is up or down. This means
that any functional

Ai...α...j...β...(ϕ) (3.68)

consisting of the product of the functional derivatives of absolute invariants (e.g.
the action) S,i1...in(ϕ), the generators Riα(ϕ), their first derivative Riα,j and
the structure constants Cγαβ , is transforming according to the direct product of
defining, co-defining, adjont and co-adjont representation of the gauge group:

δξA
i...α...
j...β... = Rjγ,kξ

γAk...α...j...β... −Rkγ,jξγAi...α...k...β...

+Cαγλξ
γAi...λ...j...β... − CλγβξγAi...α...j...λ... (3.69)

3.4 Special choice of field variables

Thus we have seen that the configuration spaceM is decomposed by the invari-
ance flows into the orbits. To describe the local geometry of the configuration
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space it is convencient to reparametrize it by introducing new local coordinates
IA(ϕ) and χα(ϕ), so that the variables IA enumerate the orbits and the variables
χα label the points in the orbits. The variables IA(ϕ) are obviously absolute
invariants which are, in general, very complicated nonlocal functionals satisfying
the identities

RαI
A = IA,iR

i
α = 0. (3.70)

The change of variables ϕ̄j = (IA(ϕ), χα(ϕ)) should be nondegenerate. This
means that the matrix (

ϕ̄j,i

)
=
(
IA,i χα,i

)
(3.71)

is nondegenerate
det

(
IA,i χα,i

)
6= 0. (3.72)

The vector fields δ
δϕi are expressed as

δ

δϕi
= χβ,i

δ

δχβ
+ IA,i

δ

δIA
. (3.73)

Since IA are absolute invariants it is clear that the vector fields Rα are
parallel to δ

δχα

Rα = Riα
δ

δϕi
= Riαχ

β
,i

δ

δχβ
+RiαI

A
,i

δ

δIA
= F βα

δ

δχβ
(3.74)

where
F βα = χβ,iR

i
α. (3.75)

Introducing the notation

Xβ =
δ

δχβ
(3.76)

we have
Rα = F βαXβ . (3.77)

Since the vector fields Xβ are linearly independent and complete the matrix Fαβ
is nondegenerate. Therefore,

Xβ = Xi
β

δ

δϕi
(3.78)

where
Xi

β = RiαF
−1α

β . (3.79)
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The vector fields Xβ do obviously form an Abelian algebra

[Xα,Xβ ] =
[
δ

δχα
,
δ

δχβ

]
= 0. (3.80)

In terms of the fields ϕ this equation takes the form

Xi
β,kX

k
α −Xi

α,kX
k
β = 0. (3.81)

This can be proved explicitly.
We calculate first

[Xα,Xβ ] = F−1µ
αRµF

−1ν
βRν − F

−1ν
βRνF

−1µ
αRµ

= F−1µ
α[Rµ, F−1ν

β ]Rν − F−1ν
β [Rν , F−1µ

α]Rµ

+F−1µ
αF
−1ν

β [Rµ,Rν ]

=
{
F−1µ

α[Rµ, F
−1γ

β ]− F−1µ
β [Rµ, F−1γ

α]

+F−1µ
αF
−1ν

βC
γ
µν

}
Rγ . (3.82)

Further

[Rµ, F
−1γ

β ] = −F−1γ
λ[Rµ, Fλσ]F−1σ

β

= −F−1γ
λ[Rσ, Fλµ]F−1σ

β − F
−1γ

λC
δ
σµF

λ
δF
−1σ

β . (3.83)

Thus

F−1µ
αRµF

−1γ
β = − F−1γ

λF
−1µ

α[Rσ, Fλµ]F−1σ
β

− F−1µ
αC

γ
σµF

−1σ
β . (3.84)

Then [
Rσ, F

λ
µ

]
= Fλµ,kR

k
σ = χλ,ikR

i
σR

k
µ + χλ,iR

i
µ,kR

k
σ. (3.85)

But this is symmetric in σ, µ. Therefore,

F−1µ
α

[
R µ, F

−1γ
β

]
− F−1µ

β

[
R µ, F

−1γ
α

]
= −F−1µ

αC
γ
σµF

−1σ
β . (3.86)

Substituting this into equation (3.82) we prove that equation (3.80) really holds.
Let us now define a matrix

Nαβ = EikR
i
αR

k
β . (3.87)

In local field theories this is actually a differential operator. It is always assumed
that the metric Eik is ultralocal, i.e., it depends locally only on the fields but
not on their derivatives,

Eik = EAB(ϕ(x))δ(x, x′). (3.88)
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In practical cases of interest the generators Riα are the first order differential
operators. Then Nαβ is the differential operator of second order.

Moreover, since the vector fields Riα are linearly independent and the metric
Eik is nondegenerate, the matrix Nαβ is nondegenerate too:

detNαβ 6= 0. (3.89)

This means that there is an inverse operator N−1αβ . In field theory this is a
Green function of N . To define it properly one has to specify some boundary
conditions.

Now consider an infinitesimal displacement δϕi and define

δ⊥ϕ
i = δϕi +Riαξ

α (3.90)

with
ξα = −N−1αβRiβEikδϕ

k. (3.91)

Then it is easy to see that δ⊥ϕi is orthogonal to the vector fields Riα in the
metric Eik

δ⊥ϕ
iEikR

k
α = 0. (3.92)

In other words
δ⊥ϕ

i = Πi
kδϕ

k (3.93)

where
Πi

k = δik −RiαN−1αβRjβEjk (3.94)

is the component of δϕi that is perpendicular to the orbit and

δξϕ
i = −RiαN−1αβRiβEikδϕ

k (3.95)

is the tangent component.
The operator Πi

j is obviously an orthogonal projector satisfying the condi-
tions

Πi
jΠ

j
k = Πi

k, (3.96)

Πi
jR

j
α = 0, (3.97)

RiαEikΠk
j = 0. (3.98)

Using this projector one can define a metric E⊥ij

E⊥ij = Πn
iEnkΠk

j = EikΠk
j (3.99)



Quantization of gauge field theories 77

that measures the perpendicular distance between two orbits labelled by I and
I + δI

δ⊥s
2 = E⊥ijδϕ

iδϕj = Eijδ⊥ϕ
iδ⊥ϕ

j . (3.100)

This can also be rewritten in terms of a metric in the space of orbits M̄

δ⊥s
2 = gAB(I)δIAδIB. (3.101)

We have obviously

E⊥ij(ϕ) = gAB(I(ϕ))IA,i(ϕ)IB,j(ϕ) (3.102)

and
rankE⊥ij = (D − p)×N. (3.103)

Since IA(ϕ) are gauge-invariant

LRαIA = IA,iR
i
α ≡ 0 (3.104)

we also have
LRαgAB = 0 (or gAB,iR

i
α = 0) (3.105)

LRαIA,i = LRα
δ

δϕi
IA =

δ

δϕi
(
LRαIA

)
= 0. (3.106)

In components
IA,ikR

k
α + IA,kR

k
α,i =

(
IA,kR

k
α

)
,i

= 0. (3.107)

Therefore, the orthogonal metric is also invariant

LRαE⊥ij = 0. (3.108)

Together with the invariance of the metric Eij this also leads to the invariance
of the projector

LRαΠk
j = LRα

(
EkiE⊥ij

)
=
(
LRαEki

)
E⊥ij + EkiLRαE⊥ij = 0. (3.109)

In components this equation means

Πk
j,iR

i
α + Πk

iR
i
α,j −Πi

jR
k
α,i = 0. (3.110)

3.5 Small disturbances

Let us study now in short the theory of small disturbances in gauge theories.
In the same way as for non-gauge theories we consider two close solutions, ϕ0

and ϕ = ϕ0 + δϕ, of the equations of motion. That is we have

S,i(ϕ0) = 0 (3.111)

and to first order in δϕ a homogeneous equation of small disturbances

S,ik(ϕ0)δϕk = 0. (3.112)



78 Ivan G. Avramidi

Modifycing slightly the problem, we consider two close field configurations φ
and ϕ = φ+ δϕ where φ is a general point in M, i.e., it is not a solution of the
equation of motion (3.111) but satisfies the equation with some small external
disturbances

S,i(φ) = −δJi. (3.113)

One can also treat δJi just as the extent to which φ differs from a solution ϕ0.
We get then the inhomogeneous equation of small disturbances

S,ik(φ)δϕk = −δJi. (3.114)

In the case of non-gauge theories the operator S,ik is non-degenerate, i.e., fixing
some boundary conditions there exists a well defined unique solution of this
equation.

The solution can be expressed in terms of the Green functions of the operator
S,ik

δϕi = GikδJk (3.115)

where Gik satisfies the equation for the Green functions

S,ikG
kn = −δni (3.116)

with some boundary conditions.
The main difference (and the problem) of the gauge theories is that the

operator S,ik is degenerate on mass shell. That is even by fixing the boundary
conditions the solution of the equation (3.114) is not unique. Indeed from the
identities

S,ikR
k
α = −Rkα,iS,k (3.117)

we have that any fields of the form

δξϕ
k = Rkαξ

α, (3.118)

with ξα being small functions of compact support, satisfy the equation

S,ikδξϕ
k = Rkα,iξ

αδJk. (3.119)

The right hand side of this equation is of second order in disturbances.
Therefore, in the first order

S,ikδϕ
k = 0 (3.120)

and δϕk are the zero-modes of the operator S,ik. This means, if δϕ is a solution
then

δϕ+ δξϕ (3.121)

is also a solution for any ξ. Thus, the operator S,ik does not have well defined
Green functions. Note that, since ξα has a compact support, adding of δξϕ does
not change the boundary conditions for δϕ.

Strictly speaking the operator S,ik(φ) is non degenerate for φ /∈ M0, i.e.,
if S,i(φ) 6= 0, because the right hand side of equation (3.119) is not strictly
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zero. But the limit to the physical field configurations, i.e., to the dynamical
subspace M0, is singular — there appear infinitely many zero modes and S,ik
becomes degenerate. Thus instead of having a well defined unique solution for
fixed boundary conditions we have a class of physically equivalent solutions, an
orbit.

In discrete version the number of the zero modes is equal to the rank of the
generators. Therefore, the rank of the operators S,ik is

rankS,ik = (D − p)×N. (3.122)

To deal with such situations one has to choose a representative solution in
each orbit. This can be done by imposing some p×N supplementary conditions,
so called gauge conditions. We choose the supplementary conditions in the form

χαiδϕ
i = 0. (3.123)

The matrix χαi here is a rectangular matrix of rank

rankχαi = p×N. (3.124)

This guaranties that the matrix

Fαβ = χαiR
i
β (3.125)

is non-degenerate.
Further, let us define

∆ik = S,ik + χαiβαβχ
β
k. (3.126)

where βαβ is a local symmetric nondegenerate matrix.
The operator ∆ is a symmetric non-degenerate operator even on mass-shell.

Indeed, from the Ward identities eq. (3.42) rewritten in the form

∆ikR
k
α = −S,jRjα,i + χγiβγβF

β
α (3.127)

or
Riα∆ik = −S,jRjα,k + F γαβγβχ

β
k (3.128)

it follows that on mass shell, (i.e., for S,j = 0), any zero-mode hi0,

∆ikh
k
0 = 0, (3.129)

must satisfy the equation

0 = Riα∆inh
k
0 = F γαβγβχ

β
kh

k
0 . (3.130)

Therefore
χβkh

k
0 = 0, (3.131)

and, further,
0 = ∆ikh

k
0 = S,ikh

k
0 . (3.132)
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Therefore, on mass shell the zero-modes of the operator ∆ are the zero-modes
of the operator S,ik. But we know from the completeness condition that all
zero-modes of S,ik have the form

hk0 = Rkαξ
α. (3.133)

Substituting this into the equation (3.131) we get

0 = χβkR
k
αξ
α = F βαξ

α. (3.134)

The operator Fαβ is nonsingular by construction. Therefore, we find that

ξα = 0. (3.135)

This means that there are no functions of compact support that satisfy the
equation (3.129). This proves that the operator ∆ is non-singular on mass-shell.
By analyticity this means also that it is nonsingular in the neighbourhood of
the mass shell.

3.6 De Witt gauge conditions

A natural and very convenient choice of the functional χαi is

χαi = βαβRkβEki (3.136)

where βαβ is the inverse of the matrix βαβ . The supplementary condition

χαiδϕ
i = βαβRkβEkiδϕ

i = 0 (3.137)

means then that small disturbance δϕi is orthogonal to the orbit.
Any field disturbance δϕi can be decomposed in the tangent and orthogonal

components
δϕi = δ⊥ϕ

i + δξϕ
i (3.138)

where
δξϕ

i = Riαξ
α (3.139)

δ⊥ϕ
i = Πi

kδϕ
k. (3.140)

Since rankRiα = p×N we have the rank of the projector Π

rankΠi
k = (D − p)×N. (3.141)

This means that there are (D − p) × N independent orthogonal disturbances
δ⊥ϕ

i. This orthogonal disturbances are nothing but the linearized invariant
variables IA(ϕ),

IA(φ+ δϕ) = IA(φ) + IA,i(φ)δ⊥ϕi + · · · (3.142)
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Whereas IA(ϕ) are very complicated nonlocal nonlinear functionals of the fields
ϕ, the orthogonal disturbances are also nonlocal but linear.

In De Witt gauge conditions the operators F and ∆ take especialy simple
form

Fαβ = βαγRiγEikR
k
β = βαγNγβ (3.143)

∆ik = S,ik + EimR
m
αβ

αβRnβEnk (3.144)

where the operator N is defined in (3.87). Both operators, N and ∆, are
symmetric non-degenerate operators.

The De Witt gauge conditions maintain the manifest covariance automati-
cally, because all the quantities transform according to the sort and the position
of their indices.

Indeed, we have

δξ
(
RkβEki

)
= (RkβEki),jR

j
γξ
γ

=
(
Rkβ,jR

j
γEki +RkβEki,jR

j
γ

)
ξγ

=
{
Rkβ,jR

j
γEki + Rkβ

(
−EkjRjγ,i − EjiR

j
γ,k

)}
ξγ

=
{
−Rjγ,i

(
RkβEkj

)
+
(
Rkβ,jR

j
γ −Rkγ,jR

j
β

)
Eki

}
ξγ

= Rjγ,i
(
RkβEkj

)
ξγ + Cδγβ

(
RkδEki

)
ξγ . (3.145)

Then one chooses the matrix βαβ to transform as its indices indicate

δξβαβ = βαβ,iR
j
γξ
γ = −Cδγββαδξγ − Cδγαβδβξγ (3.146)

δξβ
αβ = βαβ,iR

j
γξ
γ = Cαγδβ

αβξγ + Cβγδβ
αδξγ . (3.147)

Therefrom and using the eqs.(3.143)-(3.145) we obtain easily

δξχ
α
i = δξ

(
βαβRkβEki

)
= Cαγδχ

δ
iξ
γ −Rkγ,iχαkξγ . (3.148)

δξF
α
β = CαγδF

δ
βξ
γ − CδγβFαδξγ (3.149)

δξ∆ik = −Rnγ,i∆nkξ
γ −Rnγ,k∆inξ

γ . (3.150)

We see that the operator ∆in is manifestly covariant, i.e., if transform like the
invariant metric Eik, or second derivative of an absolute invariant S,ik.

Thus we have defined a non-singular operator ∆. Using this operator one
can solve the equations of small disturbances (3.114)

S,ijδϕ
j = −δJi. (3.151)

When the gauge conditions (3.123) are satisfied they can be replaced by

∆ijδϕ
j = −δJi (3.152)

and can be solved in terms of the Green functions of the operator ∆ with given
boundary conditions. The general solution is then given by adding an arbitrary
field of the form Riαξ

α.
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3.7 Functional integral in gauge theories

Now we are going to quantize the gauge theories by means of the Feyman
functional integral. In the same way as in non-gauge theories we consider the
in– and out– regions, define some |in > and |out > states in these region and
study the amplitude < out|in >. In analogy with non-gauge theories we write
the amplitude in form of a funcional integral

< out|in >=
∫
Dϕf(ϕ)eiS(ϕ), (3.153)

where S(ϕ) is the action and f(ϕ) is some unknown functional.
The problem with this integral is that it is defined only formally even in the

non-gauge theories. In gauge theories there is an additional difficulty caused by
the gauge invariance of the action. The formal convergence of this integral was
guaranteed by the exponential exp(iS(ϕ)). The main contribution came from
the critical points, i.e., the solutions of the equation of motion.

The contributions of the field configurations that lie far away from the mass
shell were suppressed by the oscillations of the integrand. Therefore, the func-
tional integral could be defined in perturbation theory, where it just takes into
account the small fluctuations around the mass shell. It turned out to be pos-
sible to define this integral by means of the diagrammatic technique (see the
previous lecture).

In gauge gield theories the action S(ϕ) is invariant along the orbits. This
means that the large fluctuations along the orbits are not suppressed because
there is no fast oscillation of exp(iS(ϕ)) — it remains constant along the orbits.
Thus the convergence of the functional integral along the orbits must be guaran-
teed by the functional f(ϕ). As we have seen all field configurations on an orbit
are physically equivalent. Therefore, we actually do not have to integrate along
the orbits at all! We only have to integrate over the orbit space M̄ =M/G.

To give a concrete meaning to these intuitive ideas let us consider a reparametriza-
tion of the configuration space M by the coordinates ϕ̄i = (IA, χα), where IA

label the orbits and χα the points in the orbit. From the invariance of the action
functional it follows that it depends only on I,

S(ϕ) = S̄(I). (3.154)

Therefore, it defines an action functional on the orbit space M̄. This functional
is an usual non-gauge functional, however, extremely nonlocal. Therefore, we
can write

< out|in >=
∫
M̄

DIµ̄(I)eiS̄(I) (3.155)

where µ̄(I) is some measure. This integral can be obviously rewritten as an
integral over M by introducing a δ-functional

< out|in >=
∫
M

DIDχµ̄(I)δ(χ− ζ)eiS̄(I) (3.156)
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where ζα are some constants.
The trick consists now in changing the integration variables and going back

to the initial field variables ϕ. Using

DIDχ = DϕJ(ϕ), (3.157)

where
J(ϕ) = detB (3.158)

Bik = ϕ̄i,k =
(
IA,i
χα,i

)
(3.159)

is the Jacobian, we obtain

< out|in >=
∫
DϕJ(ϕ)µ̄(I(ϕ))δ(χ(ϕ)− ξ)eiS(ϕ) (3.160)

Thus we have found the functional f(ϕ) in equation (3.153)

f(ϕ) = J(ϕ)µ̄(I(ϕ))δ(χ(ϕ)− ξ). (3.161)

Let us calculate the Jacobian J(ϕ). We have

(log J),j = tr (B−1B,j). (3.162)

The matrix B−1 reads

B−1k
i =

(
δϕk

δIA
,
δϕk

δχα

)
. (3.163)

Therefore

(log J),j =
(
δϕi

δIA
,
δϕi

δχα

)(
IA,ij
χα,ij

)
=
δϕi

δIA
IA,ij +

δϕi

δχα
χα,ij . (3.164)

Remembering eq. (3.79) we have

δϕi

δχα
= Xi

α = RiβF
−1β

α. (3.165)

Therefore,

δϕi

δχα
χα,ij = F−1β

αχ
α
,ijR

i
β

= F−1β
α

(
χα,iR

i
β

)
,j
− F−1β

αχ
α
,iR

i
β,j

= F−1β
αF

α
β,j − F−1β

αχ
α
,iR

i
β,j

= (log detF ),j − F−1β
αχ

α
,iR

i
β,j . (3.166)

Therefrom

(log J),j = (log detF ),j − F−1β
αχ

α
,iR

i
β,j +

δϕi

δIA
IA,ij . (3.167)
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If we factorize out the detF

J(ϕ) = µ̃(ϕ)detF (ϕ) (3.168)

then f(ϕ) can be rewritten as

f(ϕ) = µ(ϕ)detF (ϕ)δ(χ(ϕ)− ξ) (3.169)

where
µ(ϕ) = µ̃(ϕ)µ̄(I(ϕ)) (3.170)

is the measure on the configuration space M. The measure µ(ϕ) transforms as

(logµ),jRjγ = −F−1β
αχ

α
,iR

i
β,jR

j
γ +

δϕi

δIA
IA,ijR

j
γ + (log µ̄),jRjγ (3.171)

µ̄(I) is invariant since it depends only on the invariants I

(log µ̄),iRjγ = 0. (3.172)

Further using the identity
IA,jR

j
γ = 0 (3.173)

we have
IA,jiR

i
γ + IA,jR

j
γ,i = 0 (3.174)

and, hence,
δϕi

δIA
IA,ijR

j
γ = − δϕ

i

δIA
IA,jR

j
γ,i. (3.175)

Using another identity

δij =
δϕi

δϕ̄k
δϕ̄k

δϕj
=
δϕi

δIA
IA,j +

δϕi

δχα
δχα,j (3.176)

and remembering equation (3.165) we get from (3.175)

δϕi

δIA
IA,ijR

j
γ = −

(
δij −

δϕi

δχα
δχα,j

)
Rjγ,i = −Riγ,i + F−1β

αχ
α
,jR

j
γ,iR

i
β

= −Riγ,i + F−1β
αχ

α
,jC

δ
γβR

j
δ + F−1β

αχ
α
,jR

j
β,iR

j
γ

= −Riγ,i + Cαγα + F−1β
αχ

α
,jR

j
β,iR

j
γ . (3.177)

Substituting equation (3.177) in (3.171) we obtain finally

(logµ),jRjγ = −Riγ,i + Cαγα. (3.178)

The quantities Riγ,i and Cαγα contain a combined summation-integration of
δ-functions with coincident arguments and are purely formal constant objects.
These objects can be given a practical sence within the framework of the renor-
malization theory. In the renormalizable theories these objects can be made to
vanish. Up to such objects the measure µ(ϕ) is gauge-invariant

(log µ),jRjα = 0. (3.179)
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One can simply make a conjecture, so called path integral quantization conjec-
ture, that the local measure µ(ϕ) is constant and, hence, can be normalized to
unity

µ(ϕ) = 1. (3.180)

A bit more elegant is to put

µ(ϕ) = (detE)1/2, (3.181)

which cancels a part of most strong ultra-violet divergences, so called volume
divergences, in the perturbation theory.

Thus we have finally

< out|in >=
∫
Dϕµ(ϕ)detF (ϕ)δ(χ(ϕ)− ξ) exp[iS(ϕ)]. (3.182)

One can transform the functional integral further by introducing some additional
field variables and functional integrations. First, one can use the Fourier integral
representation of the functional delta functional to get

< out|in >=
∫
DϕDλµ(ϕ)detF (ϕ) exp {i[S(ϕ) + λα(χα(ϕ)− ξα)]} . (3.183)

The new field λα plays the role of a Lagrange multiplier. It is assumed to
satisfy the appropriate boundary conditions in the in- and out- regions coherent
to those of the fields ϕi. The total functional in the exponent

S(ϕ) + λ(χ(ϕ)− ζ) (3.184)

is not gauge invariant any longer. Therefore, its second derivative is a nonde-
generate operator and has well defined Green functions.

Remembering that the constants ζα were arbitrary one can go a bit further
and integrate eq. (3.182) over ζ with a Gaussian measure∫

dζ(detβ)1/2 exp
(
i

2
ζµβ µνζ

ν

)
(3.185)

with a nondegenerate matrix β. As a result we get finally

< out|in >=
∫
Dϕµ(ϕ)(detβ)1/2detF (ϕ) exp

{
i[S(ϕ) +

1
2
χµ(ϕ)βµνχν(ϕ)]

}
.

(3.186)
The second term in the total functional in the exponent breaks down the

gauge invariance. It is called the gauge-breaking term. Therefore, the expo-
nential is not gauge invariant and guaranties the convergence of the functional
integral for large ϕ. Its second derivative determines a non-singular operator of
small disturbances. It has a well defined Green function (propagator) and gives
a basis for the perturbation theory similar to that constructed in the previous
lecture.
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Often it is convenient to go further and to represent the determinants arising
in equation (3.186) in terms of functional integrals over auxillary anticommuting
Grassmanian field variables, so called ghost fields. Remembering the formulas
of the previous lecture one can write

detF (ϕ) =
∫
DθDψ exp

{
iθαF

α
βψ

β
}
, (3.187)

detβ1/2 =
∫
Dω exp

{
i

2
ωµβµνω

ν

}
, (3.188)

where ψβθα, ωµ are the ghost fields satisfying appropriate boundary conditions
in in– out– regions coherent with those of the fields ϕ.

Therefore, the < out|in > amplitude takes the form

< out|in >=
∫
DϕDψDθDω exp(iStot(ϕ,ψ, θ, ω)) (3.189)

where

Stot(ϕ,ψ, θ, ω) = S(ϕ) +
1
2
χµ(ϕ)βµνχν(ϕ) + θαF

α
βψ

β +
1
2
ωµβµνω

ν . (3.190)

Thus a system of gauge fields ϕi described by the action S(ϕ) is equivalent to
an auxillary system of the fields ϕi, ψα, θβ , ωµ described by the non-gauge action
Stot(ϕ,ψ, θ, ω). Therefore, by introducing the sources one can use now the whole
apparatus of the generating functionals and construct the effective action and
the S- matrix. Since the total action Stot(ϕ,ψ, θ, ω) is not gauge invariant its
second derivative is a nonsingular operator and has a well defined propagator.
All the material of previous lecture is applicable to the total action. The only
difference is that the ghost fields are purely formal and should not appear in
the physical states in in- and out- regions.
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