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Extensions and Applications in Finance

• Heat semigroup

• Time-dependent heat equation

• Path integrals

• Applications to stochastic volatility problems
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Heat Semi-group

Time-Independent Operators

Heat semi-group

U(t) = exp(−tA) =
∞∑

k=0

(−1)k

k!
tkAk

Heat equation

(∂t + A)U(t) = 0 , U(0) = I ,

Semi-group property

U(t1 + t2) = U(t1)U(t2) .
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Volterra Series

Decomposition

A = A0 + sA1 ,

Integral equation

U(t) = U0(t)− s

t∫
0

dτ U(τ)A1U0(t− τ) .

Volterra series

U(t) = U0(t) +
∞∑

k=1

(−1)ksk
t∫

0

dτk

τk∫
0

dτk−1 · · ·
τ2∫
0

dτ1

×U0(t− τk)A1U0(τk − τk−1) · · ·U0(τ2 − τ1)A1U0(τ1) .
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Alternative form

U(t) =

I +
∞∑

k=1

(−1)ksk
t∫

0

dτk

τk∫
0

dτk−1 · · ·
τ2∫
0

dτ1

×V (τk − t)V (τk−1 − t) · · ·V (τ1 − t)

U0(t) ,

where

V (t) = etA0A1e−tA0

Differential equation

∂tV = [A0, V ] = AdA0
V , V (0) = A1 .
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Solution

V (t) = exp[tAdA0
]A1 =

∞∑
k=0

tk

k!
(AdA0

)kA1

=
∞∑

k=0

tk

k!
[A0, [A0, · · · , [A0, A1] · · · ]]︸ ︷︷ ︸

k

= A1 + t[A0, A1] +
1

2
t2[A0, [A0, A1]] + O(t3)

Heat semi-group expansion

U(t) =

{
1− stA1 +

t2

2

(
s2A2

1 + s[A0, A1]
)
+ O(t3)

}
U0(t)
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Time-Dependent Operators

Differential equations

∂tU(t, t′) = −A(t)U(t, t′) ∂τU(t, τ) = U(t, τ)A(τ) .

and the initial condition

U(t′, t′) = I .

Semi-group property

U(t, t′) = U(t, τ)U(τ, t′) .

Integral equations

U(t, t′) = I −
t∫

t′

dτ A(τ)U(τ, t′) = I +

t∫
t′

dτ U(t, τ)A(τ) .
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Perturbation series

U(t, t′) = I +
∞∑

k=1

(−1)k
t∫

t′

dτk · · ·
τ3∫
t′

dτ2

τ2∫
t′

dτ1 A(τk) · · ·A(τ1) ,

If the operators A(t) commute at different times, then

U(t, t′) = exp

− t∫
t′

dτ A(τ)

 .
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Volterra Series

Decomposition

A(t, s) = A0(t) + sA1(t) ,

Integral equation

U(t, t′) = U0(t, t
′)− s

t∫
t′

dτ U(t, τ)A1(τ)U0(τ, t′) .

Volterra series

U(t, t′) = U0(t, t
′) +

∞∑
k=1

(−1)ksk
t∫

t′

dτk

τk∫
t′

dτk−1 · · ·
τ2∫
t′

dτ1

×U0(t, τk)A1(τk)U0(τk, τk−1) · · ·A1(τ2)U0(τ2, τ1)A1(τ1)U0(τ1, t′) .
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Alternative form

U(t, t′) =

I +
∞∑

k=1

(−1)ksk
t∫

t′

dτk

τk∫
t′

dτk−1 · · ·
τ2∫
t′

dτ1

×B(τk, t)B(τk−1, t) · · ·B(τ2, t)B(τ1, t)

U0(t, t
′) .

where

B(τ, t) = U0(t, τ)A1(τ)U0(τ, t)

= A1(τ)−
t∫

τ

dτ [A0(τ1), A1(τ)]

+

t∫
τ

dτ2

τ2∫
τ

dτ1 [A0(τ2), [A0(τ1), A1(τ)]] + O[(t− τ)3] .
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Volterra series

U(t, t′) =

I − s

t∫
t′

dτ A1(τ)

+

t∫
t′

dτ2

τ2∫
t′

dτ1
{
s2A1(τ2)A1(τ1) + s[A0(τ2), A1(τ1)]

}

+O[(t− t′)3]

U0(t, t
′) .
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Summary

Heat semi-group can be applied in various ways for cal-
culation of an approximate heat kernel (Fourier method,
algebraic method, Volterra series).

One has to single out an operator for which the heat semi-
group is known exactly and treat the rest as a perturbation

There are algebraic techniques that enable one to com-
pute the heat semi-group for operators that form a nice
algebra (Campbell-Hausdorff formula)

The correction terms are usually expressed in terms of com-
mutators of operators. If these commutators are small,
then it gives a good approximation
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Heat Kernel of Time-Dependent Operator
Heat Semi-Group Method

Separation of time-independent part

L(t) = L0 + εL1(t) .

Heat kernel up to the second order in ε and (t− t′),

U(t, x|t′, x′) =

1− ε

t∫
t′

dτ L1(τ)

+

t∫
t′

dτ2

τ2∫
t′

dτ1
{
ε2L1(τ2)L1(τ1) + ε[L0, L1(τ1)]

}

+O[(t− t′)3, ε3]

U0(t− t′;x, x′) .
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Time-independent part

L0 =
1

(t− t′)

t∫
t′

dτL(τ) ,

Zero-order heat kernel

U0(t, x|t′, x′) = U0(τ ;x, x′)
∣∣∣∣
τ=t−t′

,

where U0(τ ;x, x′) is the heat kernel of the operator L0

computed with both t and t′ being fixed.
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Singular Perturbation Method

Elliptic time-dependent PDO

L = −gij(∇i +Ai)(∇j +Aj) + Q,

= −g−1/2(t, x)[∂i +Ai(t, x)]g
1/2(t, x)gij(t, x)[∂j +Aj(t, x)]

+Q(t, x) ,

Singularly perturbed heat equation[
ε∂t + ε2L

]
U(t, x|t′, x′) = 0 , U(t′, x|t′, x′) = δ(x, x′) .
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Asymptotic ansatz

U(t, x|t′, x′) ∼ exp
[
−

1

ε
S(t, x|t′, x′)

] ∞∑
k=0

εkbk(t, x|t′, x′) .

Leading asymptotics

U(t, x|t′, x′) ∼ exp
[
−

1

ε
S(t, x|t′, x′)

]
b0(t, x|t′, x′) .

Initial conditions: as t → t′

S(t, x′|t′, x′) ∼
1

4(t− t′)
Φ(t′, x, x′) ,

b0(t, x|t′, x′) ∼ [4π(t− t′)]−n/2g−1/4(t′, x′)g−1/4(t′, x)

×
(
det [∂i∂j′Φ(t′, x, x′)]

)1/2
,
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Commutation formula

exp
(
1

ε
S

) [
ε∂t + ε2L

]
exp

(
−

1

ε
S

)
= T0 + εT1 + ε2T2 ,

where T0 is a function,

T0 = −∂tS − gijS;iS;j ,

T1 is a first-order PDO

T1 = ∂t + 2gijS;j(∇i +Ai) + gijS;ij ,

and T2 is a second-order PDO

T2 = L .

Recall that S;i = ∇iS and S;ij = ∇i∇jS.
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Hamilton-Jacobi equation

∂tS + gijS;iS;j = 0 ,

Recurrence relations (transport equations)

T1b0 = 0 , T1bk+1 = −T2bk ,

Hamiltonian system (with x(t′) = x′ and x(t) = x)

dxi

dτ
= 2gij(τ, x)pj ,

dpk

dτ
= −∂kgij(τ, x)pipj .

Action

S(t, x|t′, x′) =

t∫
t′

dτ
1

4
gij(τ, x(τ))

dxi(τ)

dτ

dxj(τ)

dτ
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Transport operator

T1 =
d

dt
+ gijS;ij + 2gijS;iAj ,

= Z1/2
(

d

dt
+ 2gijS;iAj

)
Z−1/2 .

where (total time derivative)

d

dt
=

∂

∂t
+

dxi

dt

∂

∂xi
.

Z(t, x|t′, x′) = g−1/2(t, x) det [−∂i∂j′S(t, x|t′, x′)]g−1/2(t′, x′) .
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First coefficient

b0(t, x|t′, x′) = (2π)−n/2W(t, x|t′, x′)Z1/2(t, x|t′, x′) ,

where

W(t, x|t′, x′) = exp

−
t∫

t′

dτ
dxi(τ)

dτ
Ai(τ, x(τ))

 .

Leading asymptotics

U(t, x|t′, x′) ∼ (2π)−n/2Z1/2(t, x|t′, x′)W(t, x|t′, x′)

× exp
{
−

1

ε
S(t, x|t′, x′)

}
.
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More General Setup

Singularly perturbed heat equation[
ε∂t − ε2gij(∇i +Ai)(∇j +Aj) + Q

]
U(t, x|t′, x′) = 0 ,

Hamilton-Jacobi equation

∂tS + gij(t, x)S;iS;j −Q = 0 ,

Hamiltonian system

dxi

dτ
= 2gij(τ, x)pj ,

dpk

dτ
= −∂kgij(τ, x)pipj + ∂kQ .

Action

S(t, x|t′, x′) =

t∫
t′

dτ

{
1

4
gij(τ, x(τ))

dxi(τ)

dτ

dxj(τ)

dτ
+ Q(τ, x(τ))

}
,
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Summary

There are methods for approximate calculation of heat
kernel for time-dependent operators:

Separation of time-independent part,
Singular perturbation method

Singular perturbation method works almost exactly in the
same way as for time-independent operators

To be able to use it one has to solve the Hamiltonian system
(or a time-dependent geodesic flow)
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Path Integrals
Definition

Idea: use semi-group property to express the heat semi-
group for a finite time as a limit of a product of heat semi-
groups for small times

Time-independent operators

Heat semi-group

U(t) = lim
N→∞

[
U

(
t

N

)]N
,

where

U

(
t

N

)
= exp

(
−

t

N
L

)
= I −

t

N
L + O

(
t

N

)2
.
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Time-dependent operators

Partition of the interval (t′, t)

tk = t′+ k
(t− t′)

N
. k = 0,1, . . . , N,

Factorization

U(t, t′) = U(t, tN−1)U(tN−1, tN−2) · · ·U(t2, t1)U(t1, t′) .

Short time heat semi-group

U(t, t′) = I −
t∫

t′

dτ L(τ) + O[(t− t′)2]

= exp

− t∫
t′

dτ L(τ)

+ O[(t− t′)2] .
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Limit as N →∞

U(t, t′) = lim
N→∞

exp

−
t∫

tN−1

dτNL(τN)

 · · · exp
− t1∫

t′

dτ1L(τ1)

 .

Heat kernel

U(t, x|t′, x′) = lim
N→∞

∫
RNn

dx1 . . . dxN U(t, x|tN−1, xN−1)

×U(tN−1, xN−1|tN−2, xN−2) · · ·U(t2, x2|t1, x1)U(t1, x1|t′, x′) .
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Formal Expression

Elliptic PDO

L = −αij(x, t)∂i∂j + βj(x, t)∂j + γ(x, t) .

Short time heat kernel for constant coefficients

U(t, x|t′, x′) = [4π(t− t′)]−n/2[ detA]−1/2 exp
[
−(t− t′)γ

]
,

× exp

−
〈
(x− x′), A−1(x− x′)

〉
4(t− t′)


× exp

{
1

2

〈
(x− x′), A−1β

〉
− (t− t′)

1

4

〈
β, A−1β

〉}
,

where A is the matrix A = (αij).
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Formal closed formula (Feynmann path integral)

U(t, x|t′, x′) =
∫
M

Dx(τ) exp[−S(t, x|t′, x′))] .

Integral is taken over all continuous paths x(τ) starting at
x′ at τ = t′ and ending at x at τ = t, that is,

x(t′) = x′ , x(t) = x ,

Action functional

S(t, x|t′, x′) =

t∫
t′

dτ

1

4

〈(
dx

dτ
− β

)
, A−1

(
dx

dτ
− β

)〉
+ γ

 .

Pre-exponential factors are absorbed in the measureDx(τ)
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Non-constant coefficients

Operator in invariant geometric form

L = −gij(∇i +Ai)(∇j +Aj) + Q

= −g−1/2(∂i +Ai)g
1/2gij(∂j +Aj) + Q

Short time heat kernel

U(t, x|t′, x′) ∼ (2π)−n/2Z1/2(t, x|t′, x′)

× exp

−
t∫

t′

dτ

[
1

4
gij(τ, x(τ))

dxi(τ)

dτ

dxj(τ)

dτ

+Ai(τ, x(τ))
dxi(τ)

dτ
+ Q(τ, x(τ))

] .
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Heat kernel composition

U(t, x|t′, x′) = lim
N→∞

∫
RNn

dx1g1/2(x1) . . . dxNg1/2(xN)

U(t, x|tN−1, xN−1)U(tN−1, xN−1|tN−2, xN−2) · · ·U(t1, x1|t′, x′) .

Action

S(t, x|t′, x′) =

t∫
t′

dτ

1

4
gij(τ, x(τ))

dxi(τ)

dτ

dxj(τ)

dτ

+Ai(τ, x(τ))
dxi(τ)

dτ
+ Q(τ, x(τ))

 .
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Perturbation Theory

The only practical method for computation of path inte-
grals remains the perturbation theory (or a numerical sim-
ulation, which is very expensive).

One looks for critical points of the action, which represent
classical trajectories.

Then one expands the action in a functional Taylor series
near these trajectories. One leaves the quadratic terms in
the exponent and expands the rest in a power series.

The only path integrals that appear are Gaussian path integrals
for which very similar techniques are available as for finite-
dimensional Gaussian integrals.
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Critical points (classical trajectories)

d2xm

dτ2
+ Γm

kj
dxk

dτ

dxj

dτ
+
[
gim(∂tgik)− 2gimRik

] dxk

dτ

+2gim∂tAi − 2gim∂iQ = 0 ,

These equations are equivalent to the Hamiltonian system
of the singular perturbation method

Classical trajectory

x0(τ), x0(t
′) = x′, x0(t) = x

gives the main contribution to the path integral.
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Expansion near classical trajectory

x(τ) = x0(τ) + y(τ) ,

y(t′) = y(t) = 0 ,

Functional Taylor series

S(x(τ)) = S(x0(τ))+
1

2

t∫
t′

dτ 〈y(τ), H(τ)y(τ)〉+V (y(τ)) ,

Here H is a second-order ordinary differential operator and
V (y(τ)) is a functional of y(τ) whose expansion in y be-
gins with the terms of order y3.

32



Gaussian Path Integrals

Gi1...ik(τ1, . . . , τk) =

×
∫
My

Dy(τ) exp

−1

2

t∫
t′

dτ 〈y(τ), H(τ)y(τ)〉

 yi1(τ1) · · · yik(τk) .

Green function of the operator Hij

Hij(τ)G
jk(τ, τ ′) = δk

iδ(τ − τ ′) .

Then

Gi1···i2k+1(τ1, . . . , τ2k+1) = 0

Gi1···i2k(τ1, . . . , τ2k) = (DetH)−1/2 (2k)!

2kk!

×Sym Gi1 i2(τ1, τ2) · · ·Gi2k−1 i2k(τ2k−1, τ2k) .
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Symmetrization

Sym Gi1 i2(τ1, τ2)G
i3 i4(τ3, τ4) =

1

3

{
Gi1 i2(τ1, τ2)G

i3 i4(τ3, τ4)

+Gi1 i3(τ1, τ3)G
i2 i4(τ2, τ4) + Gi1 i4(τ1, τ4)G

i2 i3(τ2, τ3)
}

.

Functional determinant

DetH = exp
(
−ζ′(0)

)
.

Zeta-function

ζ(s) =
1

Γ(s)

∞∫
0

du us−1 Tr exp(−uH) =
1

Γ(s)

∞∫
0

du us−1
t∫

t′

dτ K(u; τ, τ)

34



Constant Coefficients (αij = const , β = γ = 0)

Classical trajectories

xi
0(τ) = x′i +

τ − t′

t− t′
(x− x′)i ,

Classical action

S0(t, x|t′, x′) = S(x0(τ)) =
1

4(t− t′)

〈
(x− x′), A−1(x− x′)

〉
.

Normalization of the Gaussian measure∫
My

Dy(τ) exp

−1

2

t∫
t′

dτ 〈y(τ), H(τ)y(τ)〉

 =
(detA)−1/2

[4π(t− t′)]n/2

where

Hij = −
1

2
αij

d2

dτ2
,

35



Summary

Path integrals provide a valuable tool for general theoreti-
cal considerations

The application of path integrals for solutions of practical
problems is limited to Gaussian integrals

Perturbation theory for path integrals is equivalent to vari-
ations of singular perturbation method

Numerical schemes for calculation of path integrals (Monte-
Carlo etc): i) are very expensive, ii) do not give an analyt-
ical formula.

If one is ready to apply numerical methods then it is much
easier to solve the heat equation directly numerically than
to compute the corresponding path integral
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Applications to Stochastic Volatility Problems

SABR model (Hagan Formula)

Parabolic PDE for the option price G(t, f, σ;T, F,Σ)(
∂

∂t
+ L̃

)
G = 0 ,

where

L̃ =
1

2
σ2
(

C(f)2
∂2

∂f2
+ 2vρC(f)

∂2

∂f∂σ
+ v2 ∂2

∂σ2

)
,

Terminal condition

G(T, f, σ;T, F,Σ) = δ(f − F )δ(σ −Σ) .
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Here v is the volatility of volatility, ρ is the correlation be-
tween two Winer processes.

The function C(f) is supposed to be positive monotone
non-decreasing and smooth and such that

C(−f) = −C(f) , ∂fC(f)
∣∣∣∣
f=0

= 0 .

Boundary conditions

lim
F,Σ→∞

G(t, f, σ;T, F,Σ) = 0 .

Change of variables

τ = T − t, x1 = x = f , x2 = y =
σ

v
.

38



Heat equation

(∂τ + L)U(τ ;x, x′) = 0 ,

where

L = −
v2

2
y2
[
C2(x)∂2

x + 2ρC(x)∂x∂y + ∂2
y

]
.

Riemannian metric

g11 =
v2

2
y2C2 , g12 =

v2

2
ρy2C , g22 =

v2

2
y2 .

g11 =
2

v2(1− ρ2)

1

y2C2
, g12 = −

2ρ

v2(1− ρ2)

1

y2C
,

g22 =
2

v2(1− ρ2)

1

y2
.
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Riemannian volume element

√
g dx dy =

2

v2
√

1− ρ2

1

y2C(x)
dx dy .

Gaussian curvature

K = R12
12 = −

v2

2
.

Manifold is diffeomorphic to the hyperbolic plane H2, a
space of constant negative curvature.

By solving the equations of geodesics one can find the re-
lation of the coordinates x and y to the standard geodesic
coordinates.
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Perturbation Theory

Decomposition

L = L0 + L1

where L0 is the scalar Laplacian,

L0 = −g−1/2∂ig
1/2gij∂j ,

and L1 is a first order operator,

L1 =
v2

2
y2C(x)C′(x)∂x .
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Heat kernel of the operator L0

U0(t;x, x′) =
1

4πt

√
ar

sinh (ar)
exp

(
−

r2

4t

)

×

1−
t

4r2

[
a2r2 + ar coth (ar)− 1

]
+ O(t2)

 ,

where r is the geodesic distance between x and x′ and
a = v√

2

By treating the operator L1 as a perturbation, we get

U(t;x, x′) =

{
1− tL1 +

t2

2

(
L2

1 + [L0, L1]
)
+ O(t3)

}
U0(t;x, x′) .

Hagan formula is obtained by restricting ourselves to the
first order in L1
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Affine Model (Heston Formula)

Parabolic PDE (
−

∂

∂t
+ L̃

)
V = 0 ,

where

L̃ = −
1

2
vS2 ∂2

∂S2
− ρηvS

∂2

∂S∂v
−

1

2
η2v

∂2

∂v2
− rS

∂

∂S
+ λ(v − v̄)

∂

∂v
+ r .

Here S is the stock price, v is its variance, η is the volatility
of volatility, r is the risk-free interest rate, and ρ, λ and v̄ are
some real parameters.

Terminal condition at t = T

V (T, S, v) = V0(S, v) .
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Change of variables

x = logS , u =
v

η
, τ =

η

2
(T − t) .

Heat equation

(∂τ + L)V = 0 ,

where

L = −u
(
∂2

x + 2ρ∂x∂u + ∂2
u

)
+

(
u− 2

r

η

)
∂x + 2

λ

η

(
u−

v̄

η

)
∂u + 2

r

η
.

Heat kernel U(τ ;x, u, x′, u′)

(∂τ + L)U = 0 ,

with the initial condition

U(0;x, u, x′, u′) = δ(x− x′)δ(u− u′) ,
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Riemannian metric

(gij) = u

(
1 ρ
ρ 1

)
.

(gij) =
1

(1− ρ2)u

(
1 −ρ
−ρ 1

)
.

Riemannian volume element

g1/2dx du =
1√

1− ρ2

dx du

u
.

Gaussian curvature

K = −
1

2u
.

Manifold is that of negative curvature with true singularity
at the boundary u = 0.
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Fourier transform in x (with a a real constant)

U(τ ;x, u, x′, u′) =

ia+∞∫
ia−∞

dp

2π
eip(x−x′)Û(τ, p;u, u′) ,

Transformed equation[
∂τ − u∂2

u + (2β1u + β0)∂u + γ1u + γ0

]
Û = 0 ,

where

β1 =
λ

η
− iρp , β0 = −2

λ

η2
v̄ ,

γ1 = p2 + ip , γ0 = 2
r

η
(1− ip) ,

Initial condition

Û(0, p;u, u′) = δ(u− u′) .
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Laplace transform in u

U(τ ;x, u, x′, u′) =

ia+∞∫
ia−∞

dp

2π

b+i∞∫
b−i∞

dq

2πi
eip(x−x′)+quF (τ, p, q;u′) ,

where b is a sufficiently large positive constant.

First-order PDE

[∂τ + f(q)∂q + ϕ(q)]F = 0 ,

where

f(q) = q2 − 2β1q − γ1

ϕ(q) = (β0 + 2)q + γ0 − 2β1 .

Initial condition

F (0, p, q;u′) = e−qu′ .
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Hamiltonian system

dq̂

dτ
= f(q̂) ,

dF

dτ
= −ϕ(q̂)F .

Integral

F (τ, p, q;u′) = e−q0u′
(

q0 − q1
q − q1

)a1
(

q0 − q2
q − q2

)a2

where

q0 = β1 + D
1 + R

1−R
, R =

q − β1 −D

q − β1 + D
e−2Dτ .

q1,2 = β1 ±D , D =
√

β2
1 + γ1 .
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a1 =
1

2D
[(β0 + 2)D + γ0 + β0β1]

a2 =
1

2D
[(β0 + 2)D − γ0 − β0β1]

Heat kernel

U(τ ;x, u, x′, u′) =

ia+∞∫
ia−∞

dp

2π

b+i∞∫
b−i∞

dq

2πi
eip(x−x′)+qu−q0u′

×
(

q0 − q1
q − q1

)a1
(

q0 − q2
q − q2

)a2

.

49



Initial conditions that do not depend on u

Pn(0;x, u) = enxθ(x) ,

where θ(x) is the step-function

Fourier transform (with a < −n)

Pn(τ ;x, u) =

ia+∞∫
ia−∞

dp

2π
eipxP̂n(τ, p;u) ,

Transformed equation[
∂τ − u∂2

u + (2β1u + β0)∂u + γ1u + γ0

]
P̂n = 0 ,

Initial condition

P̂n(0, p;u) =
1

ip− n
.
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Singular perturbation technique[
ε∂τ − ε2u∂2

u + (2β1u + β0)ε∂u + γ1u + γ0

]
P̂n = 0 ,

Ansatz

P̂n = exp
(
Φ

ε

)
Ω , Ω =

∞∑
k=0

εkΩk .

Initial conditions

Φ(0, p;u) = 0 , Ω(0, p;u) =
1

ip− n
.

Hamilton-Jacobi equation

∂τΦ− u(∂uΦ)2 + (2β1u + β0)∂uΦ + γ1u + γ0 = 0

Recursive system{
∂τ + [2β1u + β0 − 2u(∂uΦ)] ∂u − u(∂2

uΦ)
}
Ωk = u∂2

uΩk−1 .
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Action

Φ(τ, p, u) = uA(τ, p) + B(τ, p) ,

where

∂τA = A2 − 2β1A− γ1 , ∂τB = −β0A− γ0 .

Initial conditions

A(0) = B(0) = 0

Solution

A = −γ1
sinh (Dτ)

β1 sinh (Dτ) + D cosh (Dτ)
,

B = −(γ0 + β0β1)τ + β0 log

[
cosh (Dτ) + β1

sinh (Dτ)

D

]
.
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Coefficients

Ω0 =
1

ip− n
Ωk = 0, fork ≥ 1

Solution

Pn(τ ;x, u) =

ia+∞∫
ia−∞

dp

2π

1

(ip− n)
eipx−(γ0+β0β1)τ

× exp

(
−

γ1 sinh (Dτ)

β1 sinh (Dτ) + D cosh (Dτ)
u

)

×
(

cosh (Dτ) + β1
sinh (Dτ)

D

)β0

,

This is the basis of the well-known Heston formula.

53


