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Extensions and Applications in Finance

e Heaf semigroup

e Time-dependent heat equation

e Path infegrals

e Applications to stochastic volatility problems



Heat Semi-group

Time-Independent Operators

Heat semi-group

X (-1)F 4
U(t) = exp(—tA) = > _ o tF A
k=0

Heat equation
O+ AUE) =0, UO)=I,
Semi-group property

U(t1 +t2) =U(t1)U(t2).



Volterra Series

Decomposition

A= Ag+ sAq,

Integral equation

t
U(t) = Up(t) — s/dT U(r)A1Ug(t — 7).
0]

\Volterrqg series

00 t Tk T2
U) = Uo®+ > (~DFs* [dn [dr_y - [dry
k=1 0 0 0

X Up(t — 1) A1Uo (T — T—1) - - - Ug(m2 — 71)A1Up(71) -
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Alternative form

00 t Tk T2
U(t) = {1+ S (—1)ksk/dfrk/d7-k_1---/d71
k=1 0 0 0

XV (r —t)V(tg—1 —1t)---V(r1 — t)}Uo(t) ,

where
V(t) = etdoae 40
Differential equation

8V = [Ag, V] =Adu,V, V(0)=A;.



Solution

o0 tk
V() = exp[tAdAO]Al=k§OH<AdAO>kA1
o0 tk
= ) EIAO,[AO,“- ,[Ag, A1]---]]
k=0 "" A

1
= A1 +t[Ag, A1] + 5t?[Ao, [Ag, A1]] + O(t3)

Heat semi-group expansion

2
U(t) = {1 — sty + = (243 + 540, 41]) + 0<t3>} Uo(t)




Time-Dependent Operators

Differential equations

oU(t,t) = -ARU(,t)  o:U(t,7) =U(t, 7)A(T).
and the inifial condition
Uit t)=1I.
Semi-group property
U(t,t") =U(,7)U(T,t).

Integral equations

t t
Ut,t) = I— /dT AU (T, ) = T + /dT U(t, 7)A(7).
t/ t/

7



Perturbation series

0 t 73 T2
Utt) =1+ 3 (~F [drg--- [drs [ dry A(r) - AGr),
k=1 " / +

If the operators A(t) commute aft different times, then

t
U(t, t') = exp ( / dr A(T)) |
t/




Volterra Series

Decomposifion

A(t,s) = Ao(t) + sA1(2),
Integral equation

t
U(t, ') = Ug(t, t') — s / dr U(t, 7) A1 (F)Ug (T, ') .
t/

Volterra series

50 t Tk T2
Ut t) =Up(t,t) + Y (—1)ksk/d7-k/drk_1---/d7-1
k:]. t/ t/ t/

x Uo(t, 1) A1 (1) Uo (7g, Tk—1) - - - A1 (12) Ug (72, T1) A1 (1) Up (11, 1)
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Alternative form

o t Tk ™
U(t, ') = {I+ S (—1)ksk/d7-k/d7-k_1-~-/d71
k‘:l t/ t/

t,

X B(7g,t)B(1p_1,t) - - B(m2,t)B(11, t)}Uo(t, t') .

where
B(,t)

Uo(t, 7)A1(7)Ug(7,1)

t
= Aq(7) — /dT [Ao(71), A1(7)]

t 2
+ [ dry [ dr1 [Ao(72), [Ao(m1), AL (D] + OI(t — 7).
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Volterra series

Ut t) = {f—s/dTAl(T)

t T2
+ [ dry [ dry {241(m2) A1(71) + s[40(2), A1 (7)1}
t/

t/

+O0[(t — t')3] }Uo(t, t').
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Summary

Heat semi-group can be applied in various ways for cal-
culation of an approximate heat kernel (Fourier method,
algebraic method, Volterra series).

One has to single out an operator for which the heat semi-
group is known exactly and freat the rest as a perturbation

There are algebraic fechniques that enable one to com-
pufte the heat semi-group for operators that form a nice
algebra (Campbell-Hausdorff formula)

The correction terms are usually expressed in terms of com-
mutators of operators. If these commutators are small,
then it gives a good approximation
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Heat Kernel of Time-Dependent Operator

Heat Semi-Group Method

Separation of fime-independent part

L(t) = Lo+¢eL1(2).

Heat kernel up to the second order in e and (¢t — t/),

Ut,z|t',2") =

t
{1 —6/d7’ L1(7)
t/

-I-/thz

t/

/dTl {€L1(r2) L1(71) + ¢[Lo, L1(1)]}
t/

+O[(t —t")3,3] }Uo(t —t 1),
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Time-independent part

/ drL(7),

bo=1 t’)

Zero-order heat kernel

Uo(t, z|t', x") = Up(7;

where Up(T; z,z') is the heat kernel of the operator Lg
computed with both ¢t and t’ being fixed.
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Singular Perturbation Method

Elliptic fime-dependent PDO
L = —g"(Vi+ A)(V;+ A)) + Q.
= —g Y2(t,2)[0; + Ai(t,2)]g 2 (t, 2) 9" (¢, 2)[0; + A;(t, z)]

+Q(¢, ),

Singularly perturbed heat equation

[eat -+ 82L} U(t,z|t',2") =0, U, x|t 2') =6(x,z)).
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Asymptotic ansatfz

1 oo
U(t,z|t',z) ~ exp [——S(t,x\t’,az/)] Z ekbk(t,w|t’,azl).
£
k=0

Leading asympftotics

1
U(t,z|t',2") ~ exp [——S(t, x|t :c/)] bo(t, z|t', 2') .
£

Initial conditions: ast — t’

1
At — )

qD(t/? x? :’U/) )

S(t, 2|t 2") ~

bo(t, x|t z') ~ [4n(t—t)] TV 2g V4, 2)g A, )

X (det [8i8j/¢(t/,33,$/)]>1/2 )
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Commutation formula

exp (1S> [aﬁt + ezL] exp <—ES) =Ty + €T7 + 52T2 :

9 9

where Tp is a function,
To = —0uS — 95,55
T4 is a first-order PDO

Ty = 0+ 297 S (Vi + A;) + ¢S5,

and 75 is a second-order PDO

T>=1.
Recall that S;i = V,;S and S;ij = VZ'V]'S.
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Hamilfon-Jacobi equation

&S + ¢SS, =0,

Recurrence relations (fransport equations)

T1b9 =0, T1bpy 1 = —1To0b;,

Hamiltonian system (with z(¥') = 2’ and z(t) = z)

dx* ¥ dpi.
dr = 29" (T, 33)193’ 3 dr —Gkg” (7, x)pzp]
Acftion

da:"(T) dx? (1)

S(t, x|t z') —/dT = g5 (r, 2(7)) —
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[ransport operator

1T

0 + gZ]S 11 + QQZJS Aj ;

_ 12 (d i a4\ p—1/2
= 7 (dt—l—Qg S1ZA]>Z :

where (fotal fime derivative)

d dzt O
qi _+E@

Z(t, x|t z’) = g~ Y2(t,x) det [-8;0,S(t, x|t’, )] g7 1/3 (¢, 2").
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First coefficient

bo(t, z|t', &) = (2m) "V 2W(t, x|t/ 2") Z /2 (t, z|t', ),

where

t

W(t,a:'|t/,:1:/) = exp {/dT dxz(T)Ai(T,x(T))} .

dr
t/

Leading asymptofics

Ut,z|t',z) ~ (2r) 222, 2|t , s YW(t, z|t, )

1
X exp {——S(t, x|t x’)} :
£
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More General Setup

Singularly perturbed heat equation

e — 29" (Vi + A)(V; + A)) + Q| U(t,alt',2") = 0,

Hamilton-Jacobi equation

oS + gij(t,x)S;Z-S;j -Q =0,
Hamiltonian system

da’ > dp
— =2¢Y(r,x)p;,  —r = 0" (r,x)pip; + Q.
dr dr

Action

dz' (1) dz? (7')
dr

t
S(t,alt,a) = [ dr {igzj(m(f)) +QUr xm)}
t/
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Summary

There are methods for approximate calculation of heat
kernel for fime-dependent operators:

Separation of time-independent part,
Singular perturbation method

Singular perturbation method works almost exactly in the
same way as for time-independent operators

To be able to use it one has fo solve the Hamiltonian system
(or a time-dependent geodesic flow)
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Path Integrals

Definition

Ideq: use semi-group property to express the heat semi-
group for a finite fime as a limit of a product of heat semi-
groups for small fimes

Time-independent operators

Heat semi-group

0= gm [0 (3)]”

N —o0

where

o(5) = (g =1 o (5
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Time-dependent operators

Partition of the interval (¢, t)

t—t
tkzt’—l—k( ~ ). k=0,1,..., N,

Factorization

U(t,t) =U(t, ty_1)U(EN_1,tN_2) - U(ta, t1)U(t1,t').
Short fime heat semi-group

t
Ut,t) = I— /dT L(r) 4+ O[(t — t)?]
t/

— exp —/dT L) | + o[ —)2].
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Limitas N — oo

[ ¢ ] 1 |
Ut t) = lim exp |— / drnL(rn) | - - exp —/dTlL(Tl)
” | IN-1 ] |t i
Heat kernel
U(t,x|t’,:c/)=N|im /dxl...dacN U(t,x|ty_1,zN_1)
—00
RNn

xU@N_1,TN_1[tN—2,ZN_2) - U(to, zo|t1,21)U(t1, z1|t', 2).

25




Formal Expression

Elliptic PDO

Short time heat kernel for constant coefficients

U(t,z|lt',2') = [4n(t — )]~ ?[det A]1/2 exp [—(t _ t/)v] ,

x —x Lz — o
><exp{_<< ), A71( >>}

4t —t)

X exp {% ((x—a),A718) — (t - t’)% (B, A_16>} ,
where A is the matrix A = (a¥).
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Formal closed formula (Feynmann path infegral)

U(t,olt’,z') = / Da(r) exp[—=S(t, z|t', #'))] .
M

Integral is taken over all continuous paths () starting at
' at - =t and ending at z at = = ¢, that s,

z(t) =, x(t) = x,

Action functional

(1 d dz
S(t, z|t), o' :/d —<<—w— ),A—l(—— >> |
(t,z|t’, x") / 7{4 - B - B))+~

Pre-exponential factors are absorbed in the measure Dz (1)
27




Non-constant coefficients

Operator in invariant geometric form
L = —g"(Vi+ A)(V;+ Aj) +Q

= —g Y208+ A)g 24 (8; + A) + Q

Short time heat kernel

Ut,z|lt',2)) ~ (2r) 2212, x|t 2)

dmZ(T) dxd (1)

xexp{ /dT[ gi;(r, (7)) —

+A;(, x(T))d””Z(T)

+Q(r, xm)]}
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Heat kernel composition

Ut,z|t',2") = ]\}im / da:lgl/Q(azl) . d:cNgl/Q(:I:N)
— OO
RNn

Ut,zlty_1,2N_1)UQ(N_1,ZN_1ltN_2,ZN_2) - U(ty,z1|t', ")

Action
S(t, x|t ) / dr { = g5 (, x(T))d‘”L’Z(T) df”’df)
A x(ﬂ)dw“” + O, xm)}
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Perturbation Theory

The only practical method for computation of path infte-
grals remains the perturbation theory (or a numerical sim-
ulation, which is very expensive).

One looks for critical points of the action, which represent
classical frajectories.

Then one expands the action in a funcfional Taylor series
near these trajectories. One leaves the quadratic ferms in
the exponent and expands the rest in a power series.

The only path integrals that appear are Gaussian path integrals
for which very similar fechnigques are available as for finite-
dimensional Gaussian integrails.

30



Critical points (classical frajectories)

d2zm dx® dzl
ot Ty [0 (D) — 20" R

+2¢"MOA; — 2¢"9;Q = 0,

]d:r;

These equations are equivalent fo the Hamilfonian sysfem
of the singular perturbation method

Classical frajectory

ro(7), zo(t) =/, ro(t) =

gives the main confribution fo the path integral.
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Expansion near classical trajectory
(1) = zo(7) +y(7),

y(t) =yt) =0,
Functional Taylor series

t
S(2(r) = So(M)+ [ dr (w(r), HEy)+V (),
t/

Here H is a second-order ordinary differential operaforand
V(y(7)) is a functional of y(7) whose expansion in y be-
gins with the terms of order y3.
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Gaussian Path Integrals

GLh(ry, ... ) =

t
< [ Dymexp |~ [dr (o), HE()
M, t

Green function of the operator H;;
Hij (T)G7 (7, 7) = 6%8(r = 7).
Then

y'1(71)

e yh(m)

G 2k+1(7y, ..., Topy1) = O

G2k( 1, ..., 7o) = (Det H)~1/2

(2Kk)!
k1

xSym G2 (7, 75) - - - G2k=192k (1)1, Top) .

33



Symmetrization

SYM G112y, 73) G2 4 (73, 74) = Z{ G112y, m3) G134 (73, 74)

+G"1"3(71,73) G2 "4 (10, 74) + G4 (71, 74) G2 13(7, 73)} :

Functional determinant

Det H = exp (—(’(0)) .

Zeta-function

©@, 00 t
— 1 s—1 — 1 s—1 :
G(s) = r(s) o/duu Tr exp(—uH) = (s) !du U t/dT K(u;T,7)

34



Constant Coefficients (a;; = const, B =~ =0)

Classical trajectories

/

oh(r) =+ T — '),
Classical action
So(t,$|t/’x/) — S(QZ‘Q(’T)) = 4(t 1_ t/) <(CB — g;l)’A_l(x — gj/)> .

Normalization of the Gaussian measure

t
1 . (detA)_1/2
| Pyexe | = [dr W, HEOUE) | = oo
My | Y :
where
1 d?
Hm:_iaz]d’r—Q’

35



Summary

Path infegrals provide a valuable tool for general theoreti-
cal considerations

The application of path integrals for solufions of practical
problems is limited to Gaussian integrals

Perturbation theory for path integrals is equivalent to vari-
ations of singular perturbation method

Numerical schemes for calculation of path integrals (Monte-
Carlo efc): i) are very expensive, ii) do not give an analyt-
ical formula.

If one is ready to apply numerical methods then it is much
easier to solve the heat equation directly numerically than
to compute the corresponding path infegral
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Applications to Stochastic Volatility Problems

SABR model (Hagan Formula)

Parabolic PDE for the option price G(t, f,o; T, F,X)

0 iy
(g tE)e=o0,

L2 (o2 4 oupo(n-2 422
af2 o) e TV 02 )

Terminal condition

G(T, f,o;T,F,3) =6(f —F)§(c — X).

37



Here v is the volafility of voldtility, p is the correlation be-
tfween two Winer processes.

The function C(f) is supposed to be positive monotone
non-decreasing and smooth and such that

C=N==CN, 90w _ =0
Boundary conditions

im G, f,o:T,F,~)=0.
pam (t, f,0 )

Change of variables

T=1T —1t, :1:1=:1:=f, x

[
<
[

38



Heat equation
(0r + L)U(1;2,2') =0,

where

2

I = _EyQ [02(93)55 + 2pC ()00, + aﬂ .

Riemannian metric
2 2 2

11 v oo D 12 v 2 22 [
= —y<C~, — G C, = —y~©.
g 2y g pr g 234
2 1 2p 1

|
Q
[
N

gii1 )
v2(1 - p2)y2C?

2 1
g22 .
v2(1 = p?) y?

39



Riemannian volume element
2 1

g dx dy =
\/7 ’02‘/1—,02 yQC(CC)

Gaussian curvature

dr dy .

02

K=RY,,=——.
12 >

Manifold is diffeomorphic to the hyperbolic plane H?Z, a
space of consfant negative curvature.

By solving the equations of geodesics one can find the re-
lation of the coordinates x and y to the standard geodesic
coordinates.

40



Perfurbation Theory

Decomposition
L=Lo+ L1

where L is the scalar Laplacian,

Lo = _9_1/28i91/29ij8j7

and L1 is a first order operator,

2

L= ngC(az)C’(az)ax.
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Heat kernel of the operator L

U (t: ) 1 ar exp r2
! x? Zr — . -
0 47t \l sinh (ar) 4¢

x{l —%[ 202 4 gr coth (ar) — 1] +O(t2)},
r

where r is the geodesic distance between x and ' and
(%

CL:\/—§

By freating the operator L1 as a perturbation, we get

2
U(tiz,2') = {1 — Ly + = (13 + [Lo, Ia]) + 0<t3>} Uo(tiz,2')

Hagan formula is obtained by restricting ourselves to the
first orderin Ly
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Affine Model (Hesfon Formula)

Parabolic PDE

o .
4+ ILlv=o0,
(5t 1)
where
3 1 5 02 92 1 , 9?2 o _\ 0
I = —=vS2~" _ p,pus 2o S — A —T)— 1.
Y% 552 TP 555, T 2 Var  "Opg TA Vg T

Here S is the stock price, v is its variance, n is the volafility
of voldtility, r is tThe risk-free interest rate, and p, A and v are
some real parameters.
Terminal condition att =T

V(T,S,v) = Vp(S,v).
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Change of variables

xr = logs, u=—, ng(T—t).

Heat equation
(aT_I_L)V:O)

where

L=—u<(‘932;—|—2,0(93,;(%—I-(?,LQL)—|—('LL—22>(‘)@U—I—2é (u—g>8u—|—2£.
Ui n n n

Heat kernel U(7; z,u, z’, u')
(0r + L)U =0,
with the initial condifion
UQ:z,u,z’,v) =6(x —2")é(u—u)),
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Riemannian metric

iy 1
(gff)-u(p g)).

y=_ 1 1 —»

Riemannian volume element

1 dx d
gl/ 2dx du = rad :
1 — P2 ()
Gaqussian curvature
1
K=-—.
21U

Manifold is that of negafive curvature with frue singularity
at the boundary u = 0.

45



Fourier fransform in = (with a a real constant)

1a+ o0

dp .
Ulrizuau) = [ 2P0 ),
1a—00 4

Transformed equation

0r — ud} + (2814 + Bo)du + y1u + 0| U =0,

where
A A _
ﬁl — — —1pop, ﬁO:_2_2U7
n n
2 . r .
v1 = p°+ip, vo=2;(1—@p),

Initial condition

U00,p;u,v) =8(u—1d).
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Laplace fransform in u

ia—l—ood b—I—iood
Ulrioua )= [ SB[ e mp (i p g,
T

‘ L 2m
10— 00 b—100

where b is a sufficiently large positive constant.

First-order PDE
[0r + ()9 + p()] F =0,
where
fle) = ¢®—=2B819—m
p(q) = (Bo+2)g+0—261.

Initial condition

/

F(0,p,q;u’) = e 9" .
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Hamilfonian system

dF

— =—p(q)F.

dr

&

=@,
Integral
F(r,p,q;u’) = e~ 90" (
where
Q0 = P1+ Di i_ ]}; :
qg12=pP1 D,

aj
qo—q1> (qo—qz
q—q1 q—qo
_q—p1—D
q—ﬁl-l-D

D=\/ﬁ%+71-

—2D7‘
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1
ar = S5 [((Bo + 2)D + ~vo + BoB1]

1
a2 = - [(Bo + 2)D — vo — BoB1]

Heat kernel

1a—+00 b+100
dp ﬂeip(w—:v’Hqu—qow
27 271

10— 00 b—i00

y <qo = Q1>a1 <qo - qz)“’2
q—q1 q— qo

Ulr:z,u, ', u) =

49




Initial conditions thaf do not depend on u

Pn(0;xz,u) = e™0(x),
where 0(x) is the step-function

Fourier fransform (with a < —n)
1a-+00
dp IPL D
Po(r;z,u) = — PP (T, p;u),
_ 2
1a— O

Transformed eqguation

[57 —udZ + (281u + B0)0u + v1u + 70] P, =0,

Initial condition

50



Singular perturbation fechnique

[587 — 52u85 + (2B1u 4+ Bo)edy + y1u + fyO] P,=0,
Ansatz

_ b X .
Pn:exp(—)Q, Q= > Q.
& k=0
Initial conditions
1
®(0,p;u) =0, Q(0,p;u) = -
P — 1N

Hamilton-Jacobi equation

0r® — u(8u®)? + (2B1u + Bp)Ou® + y1u + 70 = 0
Recursive system

{aT + [281u + Bg — 2u(8uP)] Oy — u(85q>)} Qp = ud2$,_ 1.
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Action

P(7,p,u) = uA(r,p) + B(7,p),

where

0;A=A*—-2B81A—vy1, 9-B=—-BoA—10.

Initial conditions

A(0)=B(0) =0
Solution

sinh (D7)

A = TG Gnn (D7) + D cosh (D7)’

sinh (D7)
B :

oy
[

—(v0 + BoB1)T + Bolog | cosh (D7) + 51
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Coefficients

Qo = - ;. =0, fork > 1
p—n
Solution
1a-+o00
Po(riz,u) = dp 1 ipe—(qo+B0B1)T
’ | 2 (ip — n)
14— OO
w exp | — | ’ylslﬂh(DT) y
By sinh (D7) 4+ D cosh (D7)

sinh (Dﬂ)ﬁo

X (cosh (D1) + 31 B

This is the basis of the well-known Heston formula.
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