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Non-Perturbative Methods for Heat Kernel
Operator Method

Elliptic PDO

L(x, ∂) = −gij(∇i +Ai)(∇j +Aj) + Q

= −g−1/2∇Ai g1/2gij∇Aj + Q ,

where

∇A
i = ∂i +Ai

Commutators

[∇A
i ,∇A

j ] = Rij ,

where

Rij = ∂iAj − ∂jAi .
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Operators

Coordinates and momenta

[x̂i, x̂j] = 0 [p̂i, p̂j] = 0 , [x̂k, p̂j] = iδk
j

Π̂k = p̂k − iAk(x̂) .

[x̂j, Π̂k] = iδj
k , [Π̂i, Π̂j] = −Rij(x̂) ,

Eigenvectors and eigenvalues

x̂i|x′〉 = x′i|x′〉 , 〈x′′|x′〉 = δ(x′′ − x′) .

〈x′′|p̂j|x′〉 = −i∂j′δ(x
′′ − x′) .

Hamiltonian (xi 7→ x̂i, ∂j 7→ ip̂j)

H(x̂, p̂) = g−1/4(x̂)Π̂ig
1/2(x̂)gij(x̂)Π̂jg

−1/4(x̂) + Q(x̂) ,
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Time-dependent operators

x̂i(t) = exp(tH)x̂i exp(−tH) , Π̂j(t) = exp(tH)Π̂j exp(−tH) .

Operator equations

dxi(t)

dt
= [H, xi(t)] ,

dΠ̂j(t)

dt
= [H, Π̂j(t)]

Initial conditions

x̂i(0) = x̂i , Π̂j(0) = Π̂j .

Time-dependent vectors

|x′(t)〉 = exp(tH)|x′〉 , 〈x′(t)| = 〈x′′| exp(−tH) .
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Heat kernel

Heat equation

[∂t + L(x′′, ∂x′′)]U(t;x′′, x′) = 0

Initial condition

U(0;x′′, x′) = δ(x′′, x′) .

Covariant delta-function

δ(x′′, x′) = g−1/4(x′′)δ(x′ − x′)g−1/4(x′) .

Operator solution

U(t;x′′, x′) = exp[−tL(x′′, ∂x′′)]δ(x
′′, x′)

= g−1/4(x′′)g−1/4(x′)〈x′′| exp(−tH)|x′〉 .
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Idea: express all operators in terms of x̂(t) and x̂ and put
all operators x̂(t) to the left and the operators x̂ to the right

Solution of operator equations

x̂(t) = f1(t; x̂, Π̂) , Π̂(t) = f2(t; x̂, Π̂) ,

Initial momenta

Π̂ = f3(t; x̂(t), x̂) ,

Hamiltonian

H(x̂, Π̂) = h1(t; x̂(t))h2(t; x̂) ,
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Heat equation

∂tU(t;x′′, x′) = −〈x′′(t)|H(x̂, Π̂)|x′〉

= −h(t;x′′, x′)U(t;x′′, x′) .

where

h(t;x′′, x′) = h1(t;x′′)h2(t;x′)

U(t;x′′, x′) = C(x′′, x′) exp
(
−
∫

dt h(t;x′′, x′)
)

,

where C(x′′, x′) is determined from the initial conditions
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Example: Linear Connection

Elliptic PDO

L = −δjk
(
∂j +Aj

)
(∂k +Ak) ,

where

Ai = −
1

2
Rijx

j ,

Hamiltonian

H = Π̂jΠ̂
j ,

Operator equations

dx̂j

dt
= −2iΠ̂j ,

dΠ̂j

dt
= 2RjkΠ̂

k .
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Solution

Π̂j(t) = [exp(2tR)]j kΠ̂
k ,

x̂j(t) = x̂j − i

[
exp(2tR)− 1

R

]j
kΠ̂

k ,

Initial momenta

Π̂j = i

[
R

exp(2tR)− 1

]j
k[x̂(t)− x̂]k .

Hamiltonian

H = −
1

4
[x̂(t)− x̂]j

(
R2

sinh 2(tR)

)
jk

[x̂(t)− x̂]k .

Commutator

[x̂j(t), x̂k] = −
[
exp(2tR)− 1

R

]jk
.
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Time-ordered Hamiltonian

h(t;x′′, x′) = 〈x′′(t)|H|x′〉

= −
1

4
(x′′ − x′)j

(
R2

sinh 2(tR)

)
jk

(x′′ − x′)k +
1

2
tr [R coth (tR)] ,

Heat kernel

U(t;x′′, x′) = (4πt)−n/2P(x′′, x′) det

(
tR

sinh (tR)

)1/2

× exp
(
−

1

4
(x′′ − x′)i [R coth (tR)]ij (x′′ − x′)j

)
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Function P(x′′, x′) satisfies the equation

(x− x′)j
[
∂j −

1

2
Rjm(x− x′)m

]
P(x, x′) = 0

and the initial condition

P(x, x) = 1 .

Therefore,

P(x′′, x′) = exp
(
1

2
Rjkx′′jx′k

)
.

Harmonic oscillator

L = −δij∂i∂j +
1

2
Pijx

ixj ,

where Pij is a constant symmetric tensor, can be treated
similarly. Both these cases are solvable because the
operator equations are linear.
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Covariant Fourier Transform Method

Elliptic PDO

L = −gij(∇i +Ai)(∇j +Aj) + Q ,

Covariant Fourier integral representation of the δ-function

δ(x, x′) = ∆1/2(x, x′)
∫

Rn

dk

(2π)n
g−1/2(x′) exp

[
ikj′σ

j′(x, x′)
]

Heat kernel

U(t;x, x′) = exp(−tL)δ(x, x′)

= ∆1/2(x, x′)
∫

Rn

dk

(2π)n
g−1/2(x′) exp

[
ikj′σ

j′(x, x′)
]
exp(−tA) · 1 ,

where

A = exp
(
−ikj′σ

j′
)
P−1∆−1/2L∆1/2P exp

(
ikl′σ

l′
)

,
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Separation of the free case

Xi′j′ = gi′j′(x′) + X̃i′j′ .

Then

A = A0 + A1 + A2 + ki′kj′g
i′j′(x′)

where

A0 = −Xi′j′Di′Dj′ − Y i′Di′ + Z ,

A1 = −iki′ (2Xi′j′Dj′ + Y i′) ,

A2 = ki′kj′X̃
i′j′ .
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Definitions

Operators

Di′ = γj
i′∇j ,

where γi
j′ is the inverse of the matrix ηi′

j = ∇jσ
i′, so that

[Di′,Dj′] = 0 ,
[
Di′, σ

j′
]
= δj′

i′ .

Two-points functions

Xi′j′ = ηi′
kηj′k , Y i′ = Dj′X

i′j′ + 2Xi′j′Âj′

Z = Xi′j′(ζi′ζj′ − Âi′Âj′)−Dj′
[
Xi′j′

(
ζi′ + Âi′

)]
+ Q ,

Âi′ = P−1(Di′ +Ai′)P , ζi′ = Di′ζ , ζ = log∆1/2
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By scaling k 7→ k√
t

we obtain

Heat Kernel

U(t;x, x′) = (4πt)−n/2∆1/2(x, x′)

×
〈
exp

[
it−1/2kj′σ

j′
]
exp

(
−A2 −

√
tA1 − tA0

)
· 1
〉

Gaussian average

〈f(k)〉 = lim
x→x′

∫
dk

πn/2
g−1/2 exp

[
−gi′j′(x′)ki′kj

]
f(k) ,

By expanding in a powers of t and σi we get an asympto-
tic expansion as t → 0 with coefficients expressed in terms
of Taylor coefficients of the functions Xi′j′, Y i′ and Z.
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Heat kernel diagonal

U(t;x, x) = (4πt)−n/2Ω(t;x, x) ,

where

Ω(t;x, x) =
〈
exp

(
−A2 −

√
tA1 − tA0

)
· 1
〉

.

Asymptotic series as t → 0

Ω(t;x, x) ∼
∞∑

k=0

(−t)k

k!
[bk] ,

Heat kernel coefficients

[bk] =
∞∑

N=0

k!

N !

∑
0≤k1,...,kN≤2
k1+···+kN=k

〈Ak1
· · ·AkN

· 1〉 ,

Summation goes over all integers k1, . . . , kN taking the val-
ues 0, 1 and 2 and such that their sum is equal to k.
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Algebraic Methods

Basic idea

Elliptic PDO

L = −gij∇Ai ∇
A
j + Q = −gij(∇i +Ai)(∇j +Aj) + Q ,

where ∇Ai are some first-order differential operators

Curvatures (background fields)

< = {Ri
jkl,Rij, Q}

where

Rij = ∂iAj − ∂jAi
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The long-wave approximation corresponds to slowly chang-
ing background fields

∇∇< << <<
In the zero order of this approximation the fields are as-
sumed to be covariantly constant.

∇< = 0

A covariantly constant curvature is not necessarily zero but
rather can be arbitrarily large.

Examples: homogeneous and symmetric spaces (sphere
Sn, hyperbolic space Hn, etc).

It is possible to construct the heat kernel without solving the
heat equation but using only the algebraic commutation
relations of some first order differential operators.
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Zero curvature

Ri
jkl = Rij = 0 , Q = const

Abelian algebra

[∇i,∇j] = 0, [∇i, Q] = 0 , [∇i, gjk] = 0 .

Heat-semigroup

exp(−tL) = (4πt)−n/2 exp(−tQ)

×
∫

Rn

dkg1/2 exp
(
−

1

4t
kigijk

j
)
exp

(
kj∇j

)
,
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Action on the delta-function δ(x, x′)

exp(kj∇j)δ(x, x′) = δ(x− x′ + k)

Heat kernel

U(t;x, x′) = (4πt)−n/2 exp
[
−

1

4t
(x− x′)igij(x− x′)j − tQ

]
.
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Non-zero curvature

Covariant derivatives ∇ do not commute

We want to find an integral representation of the heat semi-
group

exp(−tL) =
∫

dk Ψ(t, k) exp
{
−

1

4t
kAΦAB(t)kB

}
exp(kAξA),

where ξA = {Xa, Yi}, Xa = X
µ
a∇µ are some first-order

differential operators and Yi are some functions, and the
functions Φ(t) and Ψ(t, k) are expressed in terms of the
commutators of these operators, i.e. curvatures.

The main point is that it is much easier to calculate the
exponential of the first-order operator than the exponential
of the second-order operator.
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Linear Connection and Constant Potential in Flat Space

Flat metric

Ri
jkl = 0

Linear connection

∇Aj = ∂j −
1

2
Rjkxk ,

Constant potential

Q = const

Nilpotent Lie algebra

[∇Aj ,∇Ak ] = Rjk , [∇Aj ,Rkl] = [∇Aj , Q] = 0.
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Heat semi-group (non-trivial)

exp(−tL) = (4πt)−n/2 det

(
tR

sinh (tR)

)1/2

exp(−tQ)

×
∫

Rn

dk exp
{
−

1

4t
kl [tR coth (tR)]lm km

}
exp

(
kj∇Aj

)
,

Action on the delta-function

exp(kj∇Aj )P(x, x′)δ(x− x′) = P(x, x′)δ(x− x′ + k) ,

where

P(x, x′) = exp
(
1

2
Rijx

ix′j
)
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Heat kernel

U(t;x, x′) = (4πt)−n/2 det

(
tR

sinh (tR)

)1/2

exp(−tQ)

×P(x, x′) exp
{
−

1

4t
(x− x′)j [tR coth (tR)]lm (x− x′)m

}
.
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Linear Connection and Quadratic Potential in Flat Space

Take into account first and second derivatives of potential

Q;i = ∇iQ , Pij =
1

2
∇i∇jQ .

Nilpotent Lie algebra

[∇Aj ,∇Ak ] = Rjk , [∇Ai , Q] = Q;i , [∇Aj , Q;i] = 2Pij

Parametrization

Q = M − βµνLµLν,

where (µ = 1, . . . , p), p ≤ n, and βµν is some constant
symmetric nondegenerate p × p matrix, M is a constant
and Lµ are some linear functions.
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Generators

ξA = (∇Ai , Lµ)

where (A = 1, . . . , N), with N = n + p.

Commutation relations

[ξA, ξB] = FAB , [ξA,FCD] = 0,

where

(FAB) =

(
Rkj Lµ;k
−Lµ;j 0

)
.

Operator

L = −γABξAξB + M,

where

(γAB) =

(
δjk 0
0 βµν

)
.
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Heat semi-group

exp(−tL) = (4πt)−D/2 det

(
sinh (tF)

tF

)−1/2

exp(−tM)

×
∫

RD

dk γ1/2 exp
{
−

1

4t
kA [tF coth (tF)]AB kB

}
exp(kCξC) ,

where γ = (det γAB)−1

Next, we split the integration variables (kA) = (qi, ωµ),
use the Campbell-Hausdorff formula to single out the non-
commutative part, and integrate over ωµ.
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After long but straightforward calculation we obtain the
heat semi-group

exp(−tL) = (4πt)−n/2 exp
{
−tQ + Φ(t) +

1

4
t3Q;iΨ

ij(t)Q;j

}

×
∫

Rn

dq exp
{
−

1

4t
qiDij(t)q

j −
t

2
Q;i

[
δi

j + Ai
j(t)

]
qj
}
exp(qk∇Ak ),

where Φ(t) is a function and Ψ(t), D(t) and A(t) are ma-
trices depending on R and P (defined below)
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To describe the result we define auxiliary matrices

B(t) =
∮
C

dz

2πi

t

z2
coth (tz−1)G(z),

A(t) =
∮
C

dz

2πi

t

z
coth (tz−1)G(z),

C(t) =
∮
C

dz

2πi
t coth (tz−1)G(z),

K(t) =
∮
C

dz

2πi

t

z2
sinh (tz−1)G(z),

S(t) =
∮
C

dz

2πi

t

z
sinh (tz−1)G(z),

N(t) =
∮
C

dz

2πi
t sinh (tz−1)G(z), 29



where the integral is taken over a sufficiently small
counterclockwise oriented circle C around the origin and

G(z) = [1− zR− z2P ]−1

Then

D(t) = B(t) + t2[1−A(t)]P [1 + t2C(t)P ]−1[1 + A(t)],

Φ(t) = −
1

2
log det [1 + t2N(t)P ]

−
1

2
log det

{
K(t)− t2S(t)P [1 + t2N(t)P ]−1S(t)

}

−
1

2
log det [1 + t2C(t)P ],

Ψ(t) = [1 + t2C(t)P ]−1C(t) .
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Heat kernel

U(t;x, x′) = (4πt)−n/2P(x, x′) exp {−tQ(x) + Φ(t)}

× exp
{
1

4
t3Q;i(x)Ψ

ij(t)Q;j(x)
}

× exp
{
−

1

4t
(x− x′)iDij(t)(x− x′)j

}

× exp
{

t

2
Q;i(x)[δ

i
j + Ai

j(t)](x− x′)j
}

.

Heat kernel diagonal

U(t;x, x) = (4πt)−n/2 exp
{
−tQ + Φ(t) +

1

4
t3Q;iΨ

ij(t)Q;j

}
.
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Particular case (when the matrices R and P commute)

Ri
jP

j
k = P i

jRj
k .

Heat kernel diagonal

[U(t)] = (4πt)−n/2 det

(
sinh (t∆)

t∆

)−1/2

exp(−tQ)

× exp

1

4
tQ;i

[
1

P

(
∆

2tP

cosh (tR)− cosh (t∆)

sinh (t∆)
+ 1

)]i
jQ

;j

 ,

where

∆ = (4P +R2)1/2 .
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If potential is linear, that is, Pij = 1
2∇i∇jQ = 0, then

[U(t)] = (4πt)−n/2 det

(
sinh (tR)

tR

)−1/2

exp(−tQ)

× exp

1

4
tQ;i

(
tR coth (tR)− 1

R2

)i

jQ
;j

 .

If Rij = 0, then

[U(t)] = (4πt)−n/2 det

(
sinh (2t

√
P )

2t
√

P

)−1/2

exp(−tQ)

× exp

−1

4
Q;i

(
tanh (t

√
P )− t

√
P

P3/2

)i

jQ
;j

 .
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Heat Kernel on Symmetric Spaces

Algebraic Constraints

Consider pure scalar Laplacian

L = −gij∇i∇j .

Covariantly constant curvature (locally symmetric spaces)

∇iR
j
klm = 0 .

Constraints

Rij
kmRk

nlp−Rij
knRk

mlp +Rij
klR

k
pmn−Rij

kpR
k
lmn = 0 ,
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Parallel Orthonormal Frame

Extend an orthonormal basis, ea
i′ and ea

i′, at a fixed point
x′ to a parallel local orthonormal frame, ea

i and ea
i, at the

point x by parallel transport along the geodesic connect-
ing the points x and x′

The frame components of tensors are defined by project-
ing them onto the orthonormal frame

Ra
bcd = Ri

jkle
a
ieb

jec
ked

l .

The frame components of a covariantly constant tensor
are constant

Normal coordinates

ya = ea
iσ

i(x, x′) = −ea
j′σ

j′(x, x′) ,

35



Global structure of symmetric spaces

A symmetric space is a simply connected and complete
manifold with covariantly constant curvature.

This means that each closed loop can be continuously
deformed to a point and that the manifold does not have
a boundary.

A symmetric space is compact, non-compact or Euclidean
if for any two non-zero non-parallel vectors u and v, the
quantity Rijklu

iukvjvl (so-called sectional curvature) is pos-
itive, negative or zero.
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Every symmetric space is a product of a Euclidean, a com-
pact and a non-compact symmetric spaces

M = M0 ×M+ ×M− ,

A semi-simple symmetric space is a product of a compact
and a non-compact symmetric spaces

Ms = M+ ×M− ,

The contribution of the Euclidean factor to the heat kernel
is trivial. So, we restrict ourselves to semi-simple symmetric
spaces.
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Curvature Tensor and Holonomy Algebra

Curvature tensor

Rabcd = βµνEµ
abE

µ
cd ,

where βµν, µ, ν = 1,2, . . . , p, p ≤ n(n−1)/2 is a symmetric
non-degenerate matrix

Holonomy algebra, H,

Da
µb = −βµνEν

cbδ
ca , [Dµ, Dν] = Fα

µνDα ,

where Fα
µν are the structure constants

Adjoint representation of the holonomy algebra

(Fµ)
α

β = Fα
µβ , [Fµ, Fν] = Fα

µνFα .
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In symmetric spaces there is a larger algebra, G,

[CA, CB] = CC
ABCC ,

where

(CA)B
C = CB

AC = −CB
CA

A, B, C = 1,2, . . . N , N = p + n, and

Cµ
ab = Eµ

ab, Ca
µb = Da

µb, Cµ
αβ = Fµ

αβ ,

all other components being zero.
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Killing Vectors Fields

Killing vector fields are defined by

∇aξb +∇bξa = 0 .

Basis of Killing vectors

Pa
i = eb

i
(
cos

√
K
)b

a ,

Lµ
i = −eb

i

(
sin

√
K√

K

)b

aycDa
µc .

where the matrix K = (Ka
b) is

Ka
b = Ra

cbdy
cyd
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Lie Derivatives

In normal coordinates

La = Pa
i∂i =

(√
K cot

√
K
)b

a
∂

∂yb
,

Lµ = Lµ
i∂i = −Db

µaya ∂

∂yb

Isometry algebra

[LA,LB] = CC
ABLC ,

Isotropy subalgebra

[Lµ,Lν] = Fα
µνLα ,
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Laplacian

Identity

γABξA
iξB

j = gij .

where

γ = (γAB) =

(
δab 0
0 βik

)
.

Laplacian

L = −gij∇i∇j = −γABLALB .

Laplacian commutes with Lie derivatives

[LA, L] = 0 .
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Heat Semi-group (non-trivial)

exp(−tL) = (4πt)−N/2 exp
(
1

6
RGt

)

×
∫

RN
reg

dk |γ|1/2 det

(
sinh [C(k)/2]

C(k)/2

)1/2

exp
{
−

1

4t
〈k, γk〉

}

× exp[L(k)] ,

where |γ| = det γAB and

〈k, γk〉 = γABkAkB , RG = −
1

4
γABCC

ADCD
BC,

C(k) = kACA , L(k) = kALA

Here RN
reg means that the integral over kA needs to be

regularized.

43



Calculation of Isometries

Canonical coordinates on the isometry group kA = (pa, ωµ)

Action on the delta-function

exp[L(k)]δ(x, x′) = J(ω, x, x′)δ[p− p̄(ω, x, x′)] ,

where

J(ω, x, x′) = det

(
sinh [D(ω)/2]

D(ω)/2

)−1

+ O(y) .

p̄a = −
(

D(ω)
exp[−D(ω)]

1− exp[−D(ω)]

)a

by
b + O(y2) .

and

D(ω) = ωµDµ .
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Heat Kernel

U(t;x, x′) = (4πt)−n/2 exp
{(

1

8
R +

1

6
RH

)
t

}

×
∫

Rn
reg

dω

(4πt)p/2
|β|1/2 exp

{
−

1

4t
[〈ω, βω〉+ 〈y, B(ω)y〉]

}

×det

(
sinh [F (ω)/2]

F (ω)/2

)1/2

det

(
sinh [D(ω)/2]

D(ω)/2

)−1/2

,

where |β| = detβµν, 〈ω, βω〉 = βµνωµων,

B(ω) =

(
sinh [D(ω)/2]

D(ω)/2

)−2

, 〈y, B(ω)y〉 = yaBab(ω)yb ,

F (ω) = ωµFµ , RH = −
1

4
βαβFµ

αγF γ
βµ ,
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Heat Kernel Diagonal

U(t;x, x) = (4πt)−n/2 exp
{(

1

8
R +

1

6
RH

)
t

}

×
∫

Rn
reg

dω

(4πt)p/2
|β|1/2 exp

{
−

1

4t
〈ω, βω〉

}

×det

(
sinh [F (ω)/2]

F (ω)/2

)1/2

det

(
sinh [D(ω)/2]

D(ω)/2

)−1/2
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Heat Kernel on S2

Let ya be the normal coordinates (a is the radius of the
sphere)

−aπ ≤ ya ≤ aπ

Polar normal coordinates r and ϕ

y1 = r cosϕ, y2 = r sinϕ ,

so that 0 ≤ r ≤ aπ and 0 ≤ ϕ ≤ 2π.

Orthonormal frame of 1-forms

e1 = dr , e2 = a sin
(

r

a

)
dϕ ,

Curvature (εab is the antisymmetric Levi-Civita symbol)

Rabcd =
1

a2
εabεcd =

1

a2
(δacδbd − δadδbc) ,

47



Holonomy algebra is one-dimensional (Abelian)

Dab = −
1

a2
Eab = −

1

a2
εab .

Fα
µβ = 0 , β =

1

a2

Lie derivatives

L1 = cosϕ∂r −
sinϕ

a
cot

(
r

a

)
∂ϕ ,

L2 = sinϕ∂r +
cosϕ

a
cot

(
r

a

)
∂ϕ ,

L3 =
1

a2
∂ϕ ,
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Isometry algebra SO(3)

[L1,L2] = −L3 ,

[L3,L1] = −
1

a2
L2

[L3,L2] =
1

a2
L1 .

Laplacian

L = −∂2
r −

1

a
cot

(
r

a

)
∂r −

1

a2 sin2 (r/a)
∂2

ϕ .

Determinant

det

(
sinh [ωD]

ωD

)−1/2

=
ω/(2a2)]

sin[ω/(2a2)]
,
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Heat kernel diagonal

U(t;x, x) =
1

4πt
exp

(
t

4a2

)

×P

∞∫
−∞

dω√
4π

exp

(
−

ω2

4

)
ω
√

t/(2a)

sin
[
ω
√

t/(2a)
] ,

where P denotes the Cauchy principal value of the inte-
gral, which can also be written as

U(t;x, x) =
1

4πt
exp

(
t

4a2

) ∞∑
k=−∞

(−1)k

×
2πa/

√
t∫

0

dω√
4π

exp

−1

4

(
ω +

2πa√
t

k

)2
√t

2a

(
ω + 2πa√

t
k

)
sin

[
ω
√

t/(2a)
] .
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Heat Kernel on H2

Normal coordinates −∞ ≤ ya ≤ ∞

Polar normal coordinates

y1 = r cosϕ, y2 = r sinϕ ,

so that 0 ≤ r ≤ ∞ and 0 ≤ ϕ ≤ 2π.

Orthonormal frame of 1-forms

e1 = dr , e2 = a sinh
(

r

a

)
dϕ ,

Curvature

Rabcd = −
1

a2
εabεcd = −

1

a2
(δacδbd − δadδbc) ,
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Holonomy algebra

Dab =
1

a2
Eab =

1

a2
εab .

Fα
µβ = 0 , β = −

1

a2

Lie derivatives

L1 = cosϕ∂r −
sinϕ

a
coth

(
r

a

)
∂ϕ ,

L2 = sinϕ∂r +
cosϕ

a
coth

(
r

a

)
∂ϕ ,

L3 = −
1

a2
∂ϕ ,
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Isometry algebra SO(1,2)

[L1,L2] = −L3 ,

[L3,L1] =
1

a2
L2

[L3,L2] = −
1

a2
L1 .

Laplacian

L = −∂2
r −

1

a
coth

(
r

a

)
∂r −

1

a2 sinh 2 (r/a)
∂2

ϕ .
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Heat kernel diagonal

U(t;x, x) =
1

4πt
exp

(
−

t

4a2

)

×
∞∫

−∞

dω√
4π

exp

(
−

ω2

4

)
ω
√

t/(2a)

sinh
[
ω
√

t/(2a)
] .

Heat kernel for S2 is related to the heat kernel on H2 by
analytic continuation

a 7→ ia , r 7→ ir or t 7→ −t
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Spectral representation (good for large t)

For H2

U(t;x, x) =
1

4πa2

∞∫
−∞

dν ν tanh (ν) exp
{
−
(
1

4
+ ν2

)
t

a2

}
,

For S2

U(t;x, x) =
1

4πa2

∞∑
k=0

dk exp (−λkt) ,

where

λk =
1

a2
k(k + 1) , dk = k +

1

2
.
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