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Non-Perturbative Methods for Heat Kernel

Operator Method

Elliptic PDO
L(z,0) = —g"(V;+A)(V;+A4)+Q
= —g 12vigl/2givd + @,
where
Vil =0+ A
Commutators
where

Rz’j — &LAJ — @AZ



Operators

Coordinates and momenta
[#,#7]=0  [p,p;] =0, [3"p;] =id}

My, = pp, — 1AR(Z) .

(77,11} = 8%, [N, 0] = —R;; (%),
Eigenvectors and eigenvalues
£Z|x/> — x/i|w’> , <£IZ”|CIZ‘,> — 5(:13” . x/) ‘
(z"|pj|z") = —iaj/(S(:v” — ).

Hamiltonian (z* — #*, 8; — ip.)
J J

H(z,p) = g Y*@)Nigt/?(@)g"(@)N;971%(@) + Q@)
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Time-dependent operators

7'(t) = exp(tH)z' exp(—tH), M,(t) = exp(tH)MN,exp(—tH).
Operator equations
dx*(t) : dl;(t) N
= [H, 2" (¢ I~ = [H,N,(¢
S =HAW], = [H )]

Initial conditions
#'(0) =z, N;0)=n;.

Time-dependent vectors

' (1)) = exp(tH)|z'), (' (t)| = (2" | exp(—tH) .



Heat kernel

Heat equation
[0 + L(z",0,.)U(t; 2", 2") =0
Initial condition
U0; 2", ") =6(", 2.
Covariant deltfa-function
5o a') = g M (@")s(a! — 2)gTH (@)

Operator solution

U(t; 2", 2") = exp[—tL(z",0,1)]6(z",x")

= g Y4@")g V(') (2" | exp(—tH)|z') .
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Idea: express all operators in ferms of z(¢t) and z and put
all operators z(t) to the left and the operators z to the right

Solution of operator equations

z(t) = f1(t;z,N), @) = f2(t; 2, M),
Initial momenta
N = f3(t; (), z),
Hamiltonian

H(z,0) = h1(t; 2(t))ho(t; 2),



Heat equation
U (t; 2", 2") = —("(®)|H(Z, M)|z')
= —h(t;2",2"U@#; 2", 2').
where
h(t; 2", ") = h1(t; 2" )ho(t; 2')

Ut: 2", ") = cC(”,2)) exp (— /dt h(t; :c",a:/)) :

where C(2", z') is determined from the initial conditions



Example: Linear Connection

Elliptic PDO
L= —6§k (8j + .Aj) (O + Ar) ,
where
1
AZ — _ER”:E y
Hamiltonian
H =AY,
Operator equations
77 . drl; _
W o, o 2R ;M7
dt dt




Solution

M) = [exp(2tR))  NF,
- - 2tR) — 117 _
() — fj_i[exp( ZQ) 1] Ak

Initial momenta

=i R T - al
~ exp(2tR) — 1| * e
Hamiltonian
1 - R2
H=—-2[z(t) — )’ #(t) — z]".
ACORE (sinhQ(tR)>jk [2(t) — ]
Commutator

exp(2tR) — 117F
- .

(77 (1), "] = — [



Time-ordered Hamiltonian

h(t;z”, 2" = (2" (t)|H|2')

_ _l(x// — 2y ( R? > (" — g;/)k + %tr [R coth (tR)] ,

4 sinh2(tR) )
Heat kernel
1/2
tR
Ut;”’=4t_n/2 ”,/dt
(tiaa) = (nt)""V2P(a", o) det | s

X exp <——(ac” — /)[R coth (tR)];; (2 — x )3>
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Function P(z”, z') satisfies the equation

(z — ')’ [aj - % jm(x — x/)m] P(x,z’) =0

and the initial condition

P(x,z) =1.
Therefore,

1 .
7)(37”, $/) = &Xp (ERjkwf/]wlk> .

Harmonic oscillator

. 1 ..
L = —57"78¢8j —|— EPZ']‘QJZZEJ ;

where P;; is a constant symmetric fensor, can be freafed
similarly. Both these cases are solvable because the
operator equations are linear.
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Covariant Fourier Transform Method

Elliptic PDO
L=—g"(Vi+ A)(V;+ A)+Q,
Covariant Fourier integral represenToTion of the §-function

o (x, a:)—Al/Q(a: :r;)/

oy g2 (a") exp [ikjiol (x,2")]

Heat kernel
U(t;z,2') = exp(—tL)s(z,z’)

= AV2(z. o) / oy g~V /2 (") exp [ikjyo! (2, a')| exp(~tA) -1,

where
A = exp (—ikyo? ) P~ LA~Y2LAY2P exp (iknol) |
j [
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Separation of the free case

Then

where

Xi/j/ — gi/j/(x,) _I_ X,i/j/ .
A= Ag+ A1+ A+ kykyg' 7 (2')

Ag = —X"'DyDy-Y'Dy+ 2,
Ay = —iky XDy +Y7),

~ 1)

A2 — k’i/kj/XZ] .
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Definitions

Operators
Di/ — ’}/levj 5
where ~% ., is the inverse of the matrix nt , = V -ai/, so that
Vg n j j

[D’i/7 D]/] — O , |:Di/, 0"7/] — 5j,,L'/ .

Two-points functions

) -/ -/

X7 i *, YU =D, X" 42X A,

J = Xi/j/(g‘i/g‘j/ — A\i/.AAj/) — Dj/ [Xi/j/ (Cz’ + AAZ/H + Q,

‘Ai’ — P_l(Di/ + Ai/)P, Ci’ = Di/c, ¢ = log Al/Q
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By scaling k — £ we obtain

Vit

Heat Kernel

Ut:z,2)) = (4nt) "2AY2(z o)

X <exp [it_l/ij/O'j/] exp (—AQ — \/ZAl — tAo) : 1>

Gaussian average

dk »
(f(k)) = lim, [ —"og~ 2 exp [~ (" Ykisks | £ (R)

r—X

By expanding in a powers of ¢t and o* we get an asympto-
fic expansion as t — 0 with coefficients expressed in terms
of Taylor coefficients of the functions X7, Y and Z.
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Heat kernel diagonal

U(t; z, ) = (4nt) "2Q(t; z, z),
where

Qt; z, ) = <exp (—A2 — VA — tAO> : 1> .

Asymptotic series as ¢ — 0

00 (—t)k
Qt; ) ~ 30 > Il
k=0 '
Heat kernel coefficients
< k!
N=0""" 0<kq,....kn<2
ki+-+Ekny=k
summation goes over adll integers k1, .. ., kp taking the val-

ues 0, 1 and 2 and such that their sum is equal to k.
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Algebraic Methods

Basic idea

Elliptic PDO
L=—g"V{vi+Q=-g"(V,+ A)(V; + 4)) +Q,

where V;“ are some first-order differential operators

Curvatures (background fields)

R = {R" 1, Rij, Q}

where
Rz’j — 8ZAJ - 8]./4@
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The long-wave approximation corresponds to slowly chang-
iINng background fields

VVRR << kR

In the zero order of this approximation the fields are as-
sumed to be covariantly constant.

VR=0

A covariantly constant curvature is not necessarily zero but
rather can be arbifrarily large.

Examples: homogeneous and symmetric spaces (sphere
S™, hyperbolic space H™, etc).

It is possible to construct the heat kernel without solving the
heat equation but using only the algebraic commurtation
relations of some first order differential operators.
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Zero curvature

Rijkl = Rij =0, (Q = const

Abelian algebra

Heatf-semigroup

exp(—tL) (47t) ™2 exp(—tQ)

1 . . .
1/2 _ Lo L INT .
XR/ dkg exp( 4 K aigh )exp (KV;),
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Action on the delta-function §(x, ')

exp(k'V)6(z, ') = 6(z — 2’ + k)

Heat kernel

1 . :
U(t: z,2)) = (47t) 2 exp — (= 2)lgii(x — ') — Q| .
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Non-zero curvature

Covariant derivatives V do not commute

We want to find an infegral representation of the heat semi-
group

exp(—tL) = / dk W (¢, k) exp {-4%1«% (KD } exp (kA€ 1),

where ¢4 = {X,,Y;}. Xo = X,V are some first-order
differential operators and Y; are some functions, and the
functions ®(t) and W (¢, k) are expressed in terms of the
commutators of these operators, i.e. curvatures.

The main pointis that it is much easier fo calculate the
exponential of the first-order operaforthan the exponential
of the second-order operaftor.
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Linear Connection and Constant Potential in Flat Space

Flat metric
szkl =0
Linear connection

1
A __ k
Constant potential

(Q = const

Nilootent Lie algebra
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Heat semi-group (non-rivial)

tR
sinh (tR)

1/2
exp(—tL) = (47rt)_”/2det< ) exp(—tQ)

1 .
x / dk exp {—4—tkl [tR coth (tR)],, km} exp (KIV4),
RTL

Action on the delta-function

exp(ijf)P(x, o (x — ') = Pz, 2")é(x — 2’ + k),
where

1 o
73(33, x’) = eXp (ERZ']'CEZCIZ,])
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Heat kernel

tR
sinh (tR)

1/2
Ut z,z) = (47rt)_”/2 det < > exp(—tQ)

« P (. z') exp {—4%(3; — 2y R coth (FR)],., (z — x’)m} |
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Linear Connection and Quadratic Potential in Flat Space

Take into account first and second derivatives of potential

1
Qi = V;Q, P = Eviva-
Nilootent Lie algebra
Parametrization

Q = M — /B'LLVLML]/,

where (p = 1,...,p), p < n, and * is some constant
symmetric nondegenerate p x p matrix, M is d constant
and L, are some linear functions.
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Generators

Ea= (VI Ly)
where (A=1,...,N),with N = n + p.

Commutation relations

[£4,EB] = Fan, [£4, Fopl = 0O,
where
_ [ Rej Lk
Operator
L=-—"Be¢ e+ M,
where

8k 0
= (% )



Heat semi-group

. ~1/2
exp(—tL) = (4nt)~P/2 det <S'”:f(tf )> exp(—tM)

1
X / dk v1/2 exp {—4—tkA [tF coth (tF)] 455 kB} exp(k“¢c),
RD

where v = (detyAB)~1

Next, we split the integration variables (k4) = (¢*, w*),
use the Campbell-Hausdorff formula fo single out the non-
commutative part, and integrate over wt.
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After long but straightforward calculaftion we obtain the
heat semi-group

exp(—tL) = (4mt)~"/2 exp {—t@ + () + %t:”Q;N”(t)Q;j}

1 . ¢ . . .
X / dg exp {—4—tquij(t)q~7 — EQ,L [5Zj + Azj(t)} qj} exp(quf),
R’I’L

where ®(t) is a function and W(t), D(t) and A(t) are ma-
trices depending on ‘R and P (defined below)
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To describe the result we define auxiliary matrices

B(t) = jq{ %zicoth (=" DG(2),
A(t) = j'{ %écoth (== DG(2),
C(t) = 74 ;—;tcoth (tz~1HG(2),
K(t) = f%zismh(tz G (2).
S(t) = f%zsmh(m YG(2),

N(t) = %tsinh(tz_l)G(z), 29



where the integral is faken over a sufficiently small
counterclockwise oriented circle C around the origin and

G(z)=[1—-2zR — ZQP]_]'

Then
D(t) = B(t) + t°[1 — A()]P[1 + t2C(¢) P [1 + A(1)],

d(t) = —%Iog det[1 + t°N(¢t) P]
_% log det {K(t) — 2S()P[1 + >N ()P)"1S(1))
—% log det [1 + t°C(t) P],

w() = [1+t2c@)P] tc®).
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Heat kernel

U(tiz,a’) = (4mt)""/2P(x,2") exp {~tQ(z) + (1)}
xexp {;3Q (W ()Q,;(0) )

X EXP {—4%5(:6 —)Dy (1) (z — x/)j}

% EXp {%Q;i(x)[(sij + AL ()] (x — o) } |

Heat kernel diagonadl
U(t; z,z) = (4nt) ™2 exp {—t@ + & (t) + %t%z;iwij (t)Q;j} .
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Particular case (when the matrices R and P commute)

R';PI) = P"/R.

Heat kernel diagonal

: ~1/2
[U()] = (47t)"™/2 det (S'”:XA)> exp(—tQ)
1 1 [ A cosh(tR) — cosh (tA) ‘ .y
e {4@” [F <2tP sinh (tA) + 1)] i J} ’

where

A = (4P + R?)1/2.
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If potential is linear, that is, P;; = 4V, V;Q = 0, then

. ~1/2
[U(t)] = (47rt)—”/2 det (sm?ét?%)) exp(—tQ)
1 tRcoth (tR) —1\° ..
X exp {4tQ;i ( co R(Q ) ) jQ,J} _

If Rz’j = 0, then

sinh (2tv/P)
2t\/P

X exp {—iQ;i (tanh (tvP) - tﬁ) jQ;j} :

—1/2
U®)] = (47rt)_”/2det< ) exp(—tQ)

P3/2

33




Heat Kernel on Symmetric Spaces

Algebraic Constraints

Consider pure scalar Laplacian
L=—-g"V;V,.

Covariantly constant curvature (locally symmetric spaces)

ViR i = 0.
Constraints

RY km A2 nlp — RY kn mlp + RY kiR pmn — RY kpR imn = 0,

34



Parallel Orthonormal Frame

Extend an orthonormal basis, e, and e,, At a fixed point
z' to a parallel local orthonormal frame, e,* and e%;, at the
point x by parallel fransport along the geodesic connect-
ing the points z and «’

The frame components of tensors are defined by project-
INg them onfo the orthonormal frame

R%cq = Rjpeieected .

The frame components of a covariantly constant fensor
are constant

Normal coordinagfes

Y = %0t (z,2)) = —e" 0 (2,2,
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Global structure of symmetric spaces

A symmetric space is a simply connected and complefe
manifold with covariantly constant curvature.

This means that each closed loop can be confinuously
deformed fo a point and that the manifold does nof have
a boundary.

A symmetric space is compact, non-compact or Euclidean
if for any tfwo non-zero non-paradllel vectors v and v, the
quantity R;;,utufvivt (so-called sectional curvature) is pos-
itive, negative or zero.
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Every symmetric space is a product of a Euclidean, a com-
pact and a non-compact symmeftric spaces

M = Mg x My X M_,

A semi-simple symmetric space is a product of a compact
and a non-compact symmetric spaces

Ms= My x M_,

The conftribution of the Euclidean factor to the heat kernel
is frivial. So, we restrict ourselves fo semi-simple symmetric
spaces.
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Curvature Tensor and Holonomy Algebra

Curvature tensor

Roped = ﬁ,ul/E'uabE'ucda

where Buv, p,v =1,2,...,p,p < n(n—1)/2is asymmetric
non-degenerafte matrix

Holonomy algebra, 'H,

Daub — —BMVEVcb(Scaa [D,ua Dz/] — Fa;wDa )
where F'“,, are the structure constants

Adjoint representation of the holonomy algelbra

(Fu)aﬂ — Fa,uﬁa [FﬂaFV] — Fa,uz/Fa :
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In symnmetric spaces there is a larger algebra, G,

[C4,CBl = CY A5Cc,

where
(C)Pe=CPyc=-CBcy
A B, C=1,2,... N,N=p+n,and

CIUJCLb = Elu’ab’ Ca,ub = Da C'UJOéﬁ — FILLO(ﬁ’

pb>
all other components being zero.
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Killing Vectors Fields

Kiling vector fields are defined by

Bassis of Killing vectors

Pai = ebi (COS ﬁ)b a

: - (sinvV K
L,LLZ — _ebl<

b
VK ) il

where the matrix K = (K%) is

K% = R%qy“y*
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Lie Derivatives

In normal coordinates

La

Py'9; = (VK cot \/E)baib,

dy
: 0
b
Isomefry algebra
(L4, LB] = C% gL,
Isofropy subalgebra

[Lu, ﬁy] — Fauyﬁa )
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Laplacian

|dentity
vABe s iegl = g7
where
— — 5ab 0
v = (v4B) ( 0 Bik) :
Laplacian

L=—g"V,V,= -~ rp.

Laplacian commutes with Lie derivatives

(L4, L] =0.
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Heat Semi-group (non-trivial)

exp(—tL) = (47rt)_N/2 exp (éRGt)

. 1/2
x / dk |7]1/2det<smh[c(k)/2]> exp{—%tw,y@

}

C(k)/2
R,
x exp[L(k)],
where |v| = det~v4p5 and
1
(k,vk) = 7apk?k®,  Rg=—-77""C%4pC"pc,

C(k) =k3C,, L(k) =KL,

Here Rﬁ\e’g means that the integral over k4 needs to be
regularized.
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Calculation of Isometries

Canonical coordinates on the isometry group k4 = (p®, wH)

Action on the delta-function

exp[L(K)]d(z,2) = J(w,z,2)d[p — p(w, z, 2],

where

. -1
J(w,z, ") = det (sm?)[(lj)(;uQ)/Q]) + O(y) .
" exp[—-D(w)] \* 4 >
Pt =— (D(w)1 _exp[_D(w)]> vy’ + O(y”).

and

44



Heat Kernel

Ut: 2, 2') = (art)"™/2 exp { (%R + éRH) t}

dw 1/2 _i
XRn/ (4mt)P/2 5] exp{ At [<w’6w>+<y’3(w)y>]}

redg

sinh [ F'(w)/2] 1/2 sinh [ D(w)/2] —1/2
Xdet( F(w)/2 ) det( D(w)/2 ) |

where || = det By, (w, Bw) = Bupwhw”,

sinh [ D(w)/2]
D(w)/2

—2
B(w) = < ) . {1, Bw)y) = y"Byp(w)y’,

1
F(W) — qu,uv RH — _ZﬁaﬁFﬂavFVﬁua
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Heat Kernel Diagonal

Ut z.2) = (4nt) "2 exp { (éR n éRH) t}

dw 1/2 _i
XRn/ (47t)P/2 Ié] eXp{ a7 (w,ﬁw)}

reg

sinh [ F(w)/2]\ /2 sinh [ D(w)/2]\ /2
Xdet( F(2)/2 ) det( D(w)/2 )

46




Heat Kernel on 52

Let y* be the normal coordinates (a is the radius of the
sphere)

—arm < y? < arm
Polar normal coordinates r and ¢
y1=rCOSgo, y2=rsin<p,

sothat 0 <r <amrand 0 < ¢ < 27.

Orthonormal frame of 1-forms

r
61=dr, e? = asin (—)dgp,
a

Curvature (g, is the antisysnmetric Levi-Civita symbol)

1 1
Roped = —5Cabfed = a—2(5ac5bd — 04d%c) »
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Holonomy algebra is one-dimensional (Abelian)

D, = 1E — L
ab—_P ab—_a_Qaalr

F3=0, =

Lie derivatives

sin
L1 = COSpdr — ? cot <i> Oy ,
a a

Lo = sinpdr + “95% cot (i) Oy ,

a a

£3 — —agp 5
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Isomeftry algebra SO(3)

[£1,L2] = —L3,
1
[L3,L1] = ——=Lo
a
1
(L3, L2] = a—2£1-
Laplacian
1 r 1
L:—82——cot<—>8 — o2 .
" a a) = a2sin? (r/a) ¥

Determinant

ot <sinh [wD])l/Q _ .w/(2a2)]
sin[w/(2a2)]’

wD
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Heaft kernel diagonal

1 t
Uttna) = goew (g

T dw w2 wvt/(2a)
XP_ZO \/_Wexp <_ ) sin [w\/f/(Qa)} 7

where P denotes the Cauchy principal value of the inte-
gral, which can also be written as

U(ta:x)—%ﬁtep( ) Z (—1)F
k=—oc0
><277/\/E W ex 1( 4 2ma )2 Vi (w—I—Q—\%‘k)
Lo Vax U Ta\" T V) | 2asin [wvi/(20)]
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Heat Kernel on H?2

Normal coordinates —oco < y? < oo

Polar normal coordinates

ylerOSgo, y2=rsingp,

sothat0 <r <ocoand 0 < p < 27,

Orthonormal frame of 1-forms

€1=d7“, e = asinh (f) do ,
a

Curvature

1

1
Roped = — 5Cabfed = _;(5ac5bd — 84d%c) 5
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Holonomy algebra

1 1
Dab — PEab a_anb
1
=0, [= T2
Lie derivatives
Sin
L1 = COS@dr — ? coth (i) Doy ,
a a
COS
Lo = sinedr + ? coth (f> oy ,
a a
1
£3 — ——agp 3
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Isometry algebra SO(1,2)

[£1,L2] = —L3,
1
(L3, L1] = Lo
a
1
(L3, L0] = ——L1
Laplacian
1
L=—83——coth <i> Or — : 12 a2 .
a a a?2sinh?(r/a) ¥




Heat kernel diagonal

U(t,z,x) = —exp (__)

T dw w? wvVt/(2a)
: / <_ 4) sinh [w\/i/(Qa)] .

Heat kernel for S2 is related to the heat kernel on H? by
analytic continuation

a+— 1a, T r or t— —t
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Spectral representation (good for large t)

For H?

@)

_ 1 1 >\ ¢

U(t,x,x) = o / dv vtanh (v) exp{— (Z—I-V )a_z} ,
— 00

For S2

1 0
Ara? dk eXP (_Akt) )
Ta k=0

U(t,z,x) =

where
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