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Asymptotic Expansion of Heat Kernel

Asymptotic Ansaiz

Consider a n-dim Riemannian manifold M without bound-
ary

Elliptic second-order PDO
L = —g"(Vi+ A)(V;+A)+Q,
= —g 1208, + ADg %7 (8; + A) + Q.
Adjoint operator

—g"(V; — A)(Vj — A)) +Q
= —g Y2(8; — A)g" 9" (0, — A) + Q.
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Heat kernel
(0 + La)U(t;2,2") = 0,
Initial condition
U;z,z") =6(z,2).
Covariant delta-function
5(z,2') = g~ (@)(x — a')g M ().

Adjoint equation with respect to 2’

(0 4+ L2 )HU(E; =, ) =0.

For ¢t > 0 the heat kernel is a smooth function of the coor-
dinates of both points z and z’.



Remarks.

Heat kernel defined with the initial condition U(0; z, ') =
5(x — z') is not a scalar (not invariant under diffeomor-
phisms). It is a two-point density.

Heat kernel defined with the initial condition U(0; z, z’) =
§(x,z") is a two-point scalar (invariant under changes of
coordinates at z and z').

Relation

Ot z,2') = gt/*(@) gt/ * (@)U (t; 2, 2")

If one uses the scalar heat kernel U(¢; z, '), then one has
to use the invariant Riemannian volume element /g(x)dzx.
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Asymptotic ansatz

Heat kernel in Euclidean space R”%,

2
U(t;z,z) = (47?15)_”/2 exp <_|x 4: | > .

Our main idea is now to exhibit an asympftotic factor that
reproduces the initial data on the curved manifold

U(t:z, ) = (47rt)_n/273($,:U’)Al/z(aj,a:/)

X exp (—G(x’w,)> Q(t; z, 2",
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Transport equation

Here o(z, ") is the world function, A(z, 2') is the Van Vieck
determinant and P(x, z’) is the function defined by

d(Vi+ A)P=0, [P]l=1

Iransport equation

o 1 N
— 4+ D+ L)QWU; z,2") =0,
<8t+t T ) (tia,z)
where
D = a"vi, E=73_1A_1/2LA1/2777

Initial conditfion

Q0;z,2")=1.



Properties of transport kernel Q(¢; z, =)

Assume that Q(x) is bounded below by a sufficiently large
positive parameter m?2, that is, for any z

Q(z) > m=.

Then the operator L is posifive.

ASt — 0o
Qt;x,2’) ~ f(t z,a)e M4
Ast — O

1
Q(t;xz, ') ~ 1 —ai(x, )t + §a2($’m/)t2 4 ...



Mellin Transform of the Heat Kernel

be(z,x') = /dtt =1Q (¢t x, 7)),

(—)

This integral converges for Re g < 0.

Integration by parts defines an entfire function (analytic ev-
erywhere) of ¢

For Reg < N (with arbitrary N > 0)

bo(z,2') = TEPES /dt ¢a 1T (—a) Qt; z, ),
—q
0



Ansaiz for transport kernel

Inverse Mellin tfransform

c+100

d
Qtiza)= [ LT (—qby(a,a),
C—100

where c Is a negative constant.

Taylor coefficients

br(z, ') = (—%)kQ(t; z, )

t=0



Minackshisundaram-Pleijel Expansion

Deforming the contour of integration we geft

(D
Qt;z, ") = ) bi(z,z") + Ry (t; z, '),
=0 k!
where the remainder term
cN—|—z'ood
Ry(a,a) = [ L (—)by(e,a)),
- 2m
CN—1200

where N — 1 < ¢y < N.

Here Ry (t; x, ') is of order O(+Y) as t — 0 and is smaller
than the last tferm of the sum in this limif.
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Asympftotic expansion ast — O

oo (¢ N\k
Qt:z,z) ~ Z ( ktl)

k=0

by (z,2") .

Asymptotic expansion converges only in the case when
the remainder tferm Ry (t; z,2’) vanishes as N — oo in a
neighborhood of the point ¢ = 0. In this case the fransport
kernel Q(t; =, z’) is analytic at t = 0.

In general, Q(t; =, 2") is not analytfic at ¢t = 0. That is, for
any fixed t > 0 the remainder Ry (t; z, ") does not vanish
as N — oo and the asympfofic expansion diverges.
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Recurrence Relations for Heat Kernel Coefficients

For ¢ = 0 we get fransporf equation
Dbg(z,2') =0
with the initial condition

bo(z,z') = 1.

Functional equation

(1 + 1D) be(z, ') = qu_l(x, z') .
q

For positive integer ¢ = 1, 2, ... this equation gives a
differential recursive system for the heat kernel coefficients
by..
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Integration Along Geodesics

Consider a geodesic z(s) connecting the points ' and =
(so that z(0) = 2’ and z(7) = z). Then

; dz’
o' = T—
dr
and
: d
D =o'V, =17—
dr

Solution of the recursion system

-
bp(z,2') = kT_k/dS sk_li(s)bk_l(x(s),x/) :
0
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For example,

-
b1(z, 2) 1 /ds L(s)-1.
0]

T 52
bo(z,2’) = 27'_2/d32/d31 SQE(SQ)SEli(Sl) 1.
0 0

To be able to use these formulas one has fo solve the
equations of geodesics
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Non-recursive Solution of Recurrence Relations

Formal operator solution of the recursive system

b, = (1—|—%D>_1E(1+ﬁD>_li---(1+D)_1E-1.

Covariant Taylor series

by,

> In)(n|by)
n=0
X (-1

= 2

n=0

g .
oy oll...qg'n [V(Zl e Vzn)bk} (CE/)
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Inverse operator

rio) "= § (142) P

n=0
Solution
(nlby) = > N(n,k;nq,...,ng)
ni, - ,Mg—1=>0
x(n|Ling_1)(ng—1|LIng_2) - - - (n1| L]0},
where

N(n,k;nq,...,ng) =

k ‘ (k—1) 2 . 1
(k+n) (k—14n;_1) (2+n2) (1+n]16)’




Matrix elements of the operator L

. A(_l)n j/ j/

Taylor coefficients (n|b,) are symmetric tensors of type (0, n)

Matrix elements (m|L|n) are symmeric tensors of type (n, m)
which are symmetric in all upper indices and all lower in-
dices separately

= 7 J1--7
(m|L|n) = Li]_---i:IL?, .
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Of course, the matrix element (m/|L|0) is just a symnmetric
tensor of type (0, m)

(m|L|0) = L,

'L]_ 'lm

Product of matrix elements is
T T n ll A
(m|L|n)(n|Llp) = LI} L7
where the contraction over all indices j1,...jn IS under-
stfood.

In usual index notation

b(k)it.in = Y. N(n,king,...,ng)
ni, - ,Mg—12>0

J1-- ]nk 1 ly.. lnk 2 P1---Pnq
Liy i Ly Jng_q w L ing Lpypny -



Summation limits
Matrix elements (m|L|n) are non-zero only if n < m + 2.

Therefore, the summation overny,...,ng_1 inislimited from
above, thatis, n; > 0 and
nigni+1—|—2, i:1,2,...,]€—1,

where n;, = n, or

O<ni<np+2<---<np_1+2(k—2)<n+2(k—-1),

Thus the sum for the coefficient (n|b;) contains only a finite
number of terms.
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Calculation of Matrix Elements

Let n; = Vo' and ~"; be the inverse of the martrix 0 ;.
Recall

¢ = logAal/2,

Gy

Ay = VP YV + A)P.
The idea is to infroduce new differential operators

D,C,

Di’ — ’yjz-/vj' .
These operators have a nice property that

-/ -/
o~ — 5T .
Do’ = ) il
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Operator L in terms of D

—~

,I:/ -/ ,1:/
L =-X ]D’I:/Dj/_y DZ/+Z

where

-/ ! -/ '/k

X i v = Dj,Xi’j’ + 2Xi’j'ﬁj,

[
3
&
3

<

Z = X" (¢ — AgA ,)—D,[XJ (G +An)] + Q.

Matrix elements

S

(i1 im|L|j1 - jn) =

> D(ill .. 'Dién (_Xi/j/Di/Dj/ B Yi/Di/ + Z) Ujll e Uﬂz] _
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Algorithm

Expand the functions X7, Y¥ and Z in covariant Taylor
series

Act with the operators D, on products of ¢’
Take the coincidence limit z = /.

Result is expressed in terms of Taylor coefficients of the func-
tions X7, Y and Z

Finally, compute Taylor coefficients of the functions X7,
Y% and Z in terms of Taylor coefficients of two-point
functions ¢, A; and n® j
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Result for matrix elements

Forn >m+2andn=m+ 1,

(m|L|n) =0
Forn =m + 2,
(i1 im|Llj1 - Jmg2) = —52-(‘17.1.:;;;‘Zlm9jm+1jm+2) :

Forn < m,

_ L , M iq-in
<21 e '”&m|L|Jl " 'Jn> — (n)éz’}l--]-inzin—l—l“'im)

—I—( m )5(j1---jn—1yjn) . (n T 2)5(j1"'j”‘2Xjn—1j”) -

n— 1/ (1ip_1 insim) (i1-7p—2 in—1-""%m)

23
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Result for Taylor coefficients of X7, Y and Z

n
lel"'ln — Z (k>n(zm(ll"'lkn])mlk+1'"ln) )

n
. .o n .
Y]ll”'ln = _X]Zill---ln + 2 kz_jo <k>X]m(ll"'lkAmlk+1"'ln) ;

n n . . ..
le"'ln — Q;ll"‘ln + kzo (k){X’L](lllk [CZ]lk+1...ln) — Azjlk+1“'ln)

+iji(l1“'lk [C]lk—l—l‘“ln) - A]lk—l—l“‘ln)]}

n!
+2> ) X1yt
= kiml(n — k —m) "l
2 J Y j
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Diagrammatic Technique

Graphic method for enumerating the different ferms

Matrix elements (m|L|n) are presented by some blocks
with m lines coming in from the leff and n lines going ouft

fo the right
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Product of the matrix elements (m|L|k)(k|L|n) is represented
by fwo blocks connected by k infermediafte lines

Each intermediate line represents a pair of confracted
fensor indices

To obtain the coefficient (n|b,) one should draw, first,

all possible diagrams which have n lines incoming from the

left and which are consfructed from k blocks connected

in all possible ways by any number of infermediate lines.
26




When doing this, one should keep in mind that the number
of lines, going out of any block, cannot be greater than
the number of lines, coming in, by more than two and by
exactly one.

Then one should sum up all diagrams with the weight de-
termined for each diagram by the number of intfermediate
lines from the analytic formula.

Advantage: The problem is reduced to the computatfion of
some standard blocks, which can be computed
once and for all.

27



Example: Calculation of low order coefficients

Diagrams for the coincidence limits

b1] = O
1
[bo] = QQ"‘gCX@
1 2
[b3] = QQQ‘FgQQI) _I_ZCIQQ
2 1 2 1 2 1
+Z§m0 ‘|’Z§O:QI> _I_ZECI@
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Standard blocks

1
(OIL[O) = Z(0) = Q — R,

(0|L|j1j2) = —g’172
(1122|L[0) = Z(2);,4,

(OIL[2)(2|L[0) = —g" Z(5); ,

29



Here

7 — V..V 1R Rk 1 Rk 3 R
(2)i5 — (z ])Q B _2 k(@™ J) + _QV(iv|k| i) —QOvivj
1 1 [ 1 klm 1 k.l
ARij + R; R j Riklij Ry R™; j -

This immediately gives

1
[bl] Q T gRa

[b2] = (Q 1R)2 1AQ+ 17%»‘72’”'+ L AR
2l = 6 3 6 W 15
1 y 1 1
_%Rz’ij‘F%RijklRw :
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Summary

Leading asymptotics as t — 0 of the heat kernel is de-
scribed by the two-point functions o(x,z’), A(z,2’) and
P(x,x")

There is an asympftotic expansion as t — 0 in positive pow-
ers of t with two-point coefficients by (x, 2)

The heat kernel coefficients can be computed in form of
a covariant Iaylor series

There are explicit formulas for all Taylor coefficients (n|by) of
the heat kernel coefficients b, in terms of R; ;. Ri; and @
and their covariant derivatives

One does not have to compute them every time. They are
given by explicit formulas.
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Heat Kernel Coefficients for Constant Curvature

Constant curvature manifolds (spheres S™ and hyperbolic
spaces H™)

| o |
R = —p“(8"kg51 — 6"1951) 5

Heat kernel for scalar Laplacian L = —¢%V,;V,; as well as
the heat kernel coefficients depend only on the geodesic
distance

r =20
Van Vleck determinant
Al/Q( ) sinh (p’r') —(n—l)/Q
T ) — .
pr
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Differential operators

: 0
Df(r) =o'Vif (r) =15 f(r)
T
Laplacian

Lf(r) =~ |07 + (n = 1)pcoth (pr)dr| £(r).

Recursion relations

1
(1 + ET8T> b, = A"Y2LAY 2,

These relations can be easily integrated to get

T
1
bi(r) = k= / dr' PR =1 A=12GL  AY2 (b1 ()
T
0
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Closed form for coefficient b,

By using bg = 1 we have

b1(r) =

We remind that

A-1/27 A1/2 —

(n—1) )2

l/dr’ A_l/Q(r’)LT/Al/Q(r’) 1.
-

1

. {(n —3) [coth 2(pr) —

This integral can be computed exactly

)

b1 =

(n—1) 5
A

o {n —1-— (7’10;3) [pr coth (pr) — 1]}
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Coefficient b,

or
_1
by = 7 . )T'[)Q/da: zB(x)

where

B(z) = [ + Dy >+(""””x D ja)
X [n—l—(n_3) (w)]

and

f(x) = cothzx — 1
x
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Heat kernel on hyperbolic spaces

- —(n—1)/2 2
U(t; a:,:z:/) — (47‘(’t>_n/2 (Slnh (PT)) exp (_T_>
pr 4t

x{l — (n — 1>p2 [n— 1 — (7;2;23) [pr coth (pr) — 1]] t+O(t2)}

36




For n = 2 this takes the form

1 2
U(t;z,z") = T exp [ ——
47t \l sinh (pr) 4¢

x{l — % [p27“2 + pr coth (pr) — 1] + O(t2)} :

T

This is the basis for Hagan formula in SABR model
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Summary

For manifolds of constant curvature the heat kernel of the
Laplacian and the heat kernel coefficients depend only
on the geodesic distance

One can compute the heat kernel exactly in terms of an
integral of special functions

The heat kernel coefficients b, can be computed exactly
in ferms of definite infegrals.

To use these formulas one has to find the expression for the
geodesic distance in terms of original coordinates
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Heat Kernel Coefficients in One Dimension

Every second-order DO in one dimension has the form

L = —p(0z+ADpd:+A)+Q

By changing the coordinate one can always make
the metric flat. Thus, without loss of generality, u(x) = 1.

Similarity transformation
L =e“Le¥
where
L=-8°+Q
The heat kernel of the operator L is
U(t; z,z') = exp{—w(z) + w(@)}U(t; z,z")
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Ordinary DO acting on functions of one real variable

Asymptotic expansion ast — O
1 > (—t)F
Ut z,2") ~ (4rt)~Y2exp [——(x _ ac/)2] s D% (2, ah).
4¢ i—o K!
Recursion system
/ 1 / 8
bo(x,x') =1, ll—l——(x—:r;)—] b, = Laj_1 .
k ox

Taylor series

b (a,a) = 3 (- )%™ (2) .

n=0
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Solution
. Z k kE—1 1
12Ok—l—n k—1+4+n,_1 1+ nq

M1, N

b

X Lnny_1Lng_qng_o -+ Lnqo-

Matrix elements of the operator L
m _
Lmn = _5n,(m—|—2) + <n)Q(m " 7

where Q") = 97Q

Summartion limits

O<ni<np+2<---<np_1+2(k—1)<n+2(k-1).
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Explicit results

k
KD =3 Y em)Qm) ... Q) Qlm)

d=1 |m|=n+2k—2d

where the second sum goes over mulfi-indicesm = (mq, mo, ...

with non-negative infeger components such that

m|l=mi+mo+---+my=n-+2k—2d,
and ¢(m) is a numerical factor.

Let |m|, denote the sum of the first p components of the
mulfi-index m, that is,

\m|p:m1—|—m2—|—---—|—mp.
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Then, after some combinatorial gymnastics, one can ob-
tain

d (lm‘p_zip—l+2p)
mp

C(m> — Z < N )(‘mlp_.ip—‘1+2p—|—]_> ’

i1, ig_1p=1 ‘p—1

?/p—’lp_]_
where the summation goes now over all non-negative i1, ...,i4_1
such that

O=ipg<i1 << - <ig_1<tqg =k,
and

21p < |m|p—|—1 + 2p.
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Let us also list some low-order coefficients

[b1] = @,

1
[6o] Q2 - 59"

— 3_1 /" 7 !~/ i (4)
bal = @°-_(QQ"+Q"Q+QQ) + Y.
Summary

In one dimension one can find all heat kernel coefficients
in ferms of Taylor series
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