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Infroduction to Differential Geometry

Manifolds

A manifold M of dimension n is a topological space that
can be locally continuously deformed everywhere to the
Euclidean space R",

An aflasis a family of overlapping charfs which assign local
coordinates x = (z1,...,z™) to a point p in M.

Different local coordinates are related by smooth one-to-
one and onto fransition functions

A diffeomorphism is a bijective smooth map of manifolds
of the same dimension




A submanifold S of a manifold M is a subset of M that is
itself a manifold.

A submanifold of M of dimension (dim M — 1) is called @
hypersurface.

Every n-dimensional manifold M can be embedded (real-
ized as a smooth submanifold) in R2n+1,

Properties of manifolds that do not depend on its embed-
ding in a Euclidean space are called infrinsic.



Vector Fields

Tangent vectorto a curve zt = z'(t) is
: dxl dx™
-/L -
(z") <—dt""’—dt>’

Tangent space T, M is the vector space of all fangent vec-
tfors fo M af p.

A vector field on a manifold M is a smooth assignment of
a tangent vector to each point p

Flow x — x(t)

da) :
L = e,
#7(0) = 7.



Covector Fields

Cotangent vector (covector) to a function f is

((’)j)z(%,...,%)

The cofangent space T, M is the vector space of all cov-
ectors on M at p.

A covector field (one-form) on a manifold M is a smooth
assignment of a covector to each point p in M.

Natural pairing of covectors and vectors



Riemannian Metric

Inner product

n mn
(v,w) = )  gijv'w, (, ) = > gwpB;.
i,j=1 1,J=1
Metric — gi;,  (g9) = (gi;) !

A Riemannian meftric on a manifold M is a ssnooth assign-
ment of a positive definite inner product in each tangent
space T, M

Distance

n . .
ds® = > gij(x) da dad
1,7=1



Riemannian Volume Element

Determinant of the metric

g = detgij .

Riemannian volume element

v/ g(x) dx

remains invariant under the change of coordinates

Tensor Fields

A tensor field of type (p, q) on a manifold M is a map that
assigns to each local coordinate system an collection of
smooth functions T; L7 that transform like the product of

1...]q
p vectors and q covectors




Einstein Summation Convention

An index cannot appear more than twice in an equation
Indices that appear only once are called free indices.
Free indices must be in the same position in all terms of an
eqguation and are assumed to fake all possible values from
1 o n.

Indices that appear twice are called repeafed indices.

It is assumed that there is a summation over each repeated pair
of indices from 1 to n.

Repeated indices are dummy indices.



Lie Derivative

Lie derivative with respect to a vector field v measures the
rate of change of geometric objects along the flow gen-
erated by w.

Scalars (directional derivative)

Vectors (Lie bracket)

(Lyw)* = [v,w]* = ’Ujﬁjwi — wj(‘?jvi :
Covectors

(Lya); = vjﬂjozi + aj(‘??;vj :



Isometry

Lie derivative of the metric tensor

(Lvg)ij = Uk@k:gij + gz’kaj'vk + gkj@;’vk :

If the metric remains invariant under the flow generated
by the vector field v, then the vector field v is called a
Killing vector field and its flow is called an isometry.

Killing vector fields satisfy the equation

(Lvg)ij = Uk@kgq;j + gikajvk + gk:jaivk =0
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Amap F : M — M described by

Is called an isomefry if it preserves the mefric stfructure (the
disfances and angles), that is,

OF" OFJ
8£U’k OHx!m
In this case the distance between two close points x and
x + dxr does not change

gem (") = gij(x)

ds® = gp,, (') dz'Fdz'™ = gij(x) dz'dz)

From the geometric point of view fwo isometric manifolds
are considered o be the same manifold with two different
coordinate systems.
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Connection and Curvature

Problem: partial derivatives 8,07 of a vector field v/ do not
form tensors.

Usual calculus with parfial derivatives is not invariant. The
meaning of PDE depends on local coordinate system

Solution: Develop an invariant calculus on manifolds so
that the meaning of PDE is the same in all coordinate sys-
fems

Need to generalize parfial derivatives in such a way that
they become tensors (covariant derivatives)
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Covariant derivatives of vectors and covectors

Vjvz — ’Uz;j — 8]"1)7’ —|— I‘ijvk.

— — k
VjOéi — Oéz';j — 8]’“2’ — ijak .

where I‘ijk Is an affine connection

A affine connectionis called compatible with the metric if

Vigitk = 09k — T i3 9mk — T kjGim = 0,
and tforsion-free if

13



Levi-Civita Connection

An affine connection that is torsion-free and compatible
with the metric is called Levi-Civita connection.

Every Riemannian manifold has a unigue Levi-Civita con-
nection (Christoffel symbols)
1 .

™k = 59 (959mk + OGjm — Omgjn) -

Laplace-Belframi operator (on functions)

A =givv; =g 1209124,

14



Riemann Tensor

Riemann curvature tensor

R =0T 51— O e + T T i = Tt T -
Commutators of covariant derivatives

[Vi, ViIv* = RF o

Ricci tensor

Scalar curvature

15



Geometry of Two-dimensional Manifolds

Curvature tensor has just one independent component,
K, called Gauss curvature

1
R1212 = R2121 = Rll = R22 = ER = K.
Orthogonal coordinate system

ds® = g11(dzt)? + goo(dz?)?,
1 _ _
K = —5(911922) 1/2{31 [(911922) 12891 22

+02 | (911922) " /02911 } -

16



Conformal Transformation

The map

gij(x) — gij(x) = 2@ g (2),

where w(x) is a smooth function, is called conformal fransformation

Gauss curvature of conformally fransformed metric
K =e 2K - Aw),

where A is Laplace operator and K is Gauss curvature of
the metric g;;

Laplacian of conformally transformed metric
A = e WA
We say that Laplacian is a conformally covariant operator
17




Conformal coordinates

d82 — eQw [(d$1>2 1 (da:Q)Q] ,
K= e v <8% + 8%) w .

Constant curvature

1 2
K = » for w:—log( +2%p),

where

p =112 + (22)2.
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Geodesic polar coordinates

ds® = dr? + a°(r,0)do?,

1
K =—--82a.
a

Constant curvature

K=1 fora =sinr,
and

K=-1 fora = sinhr.
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Two-point Functions

Local geometry of every manifold can be described by
so-called fwo-point functions

Two-point functions are geometric objects that depend
on two points, say, £ and z’.

We denote tensor components at the point «/ by primed indices

Two-point functions can have different geometric mean-
ing at the point ' and the point z.

-/
For example, A" ;;, denotes a vector af 2’ and a 2-tensor

at x
20



Below, ’ is a fixed point and we prefer to have two-point
functions which are scalars at x and some tensors at '

The derivatives with respect to the coordinates of &’ are
denoted by primed indices, V

Coincidence limits of two-point functions

[F(x,2))] = Iim/F(:I:,a:/)

r—x
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Parallel Transport and Geodesics

Smooth curve C

(1), z(0) =2, and x(t) ==z

A tensor T'is parallel fransporfed along C' if

&'V, T =0.

A curve C such that the tangent vector = to C' is trans-
ported parallel along C is called a geodesics and such
parameter r is called an affine parameter.

Equations of geodesic
Vit =i+ M (e(r))i"s! = 0.
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Geodesic Distance

Length of the curve C

t
de(z,7') = / dr +/gi; (7))t
0

Geodesics is the shortest curve between the points £ and

x

The distance d(x, z") between the points z and z’ along
the shortest geodesics is called the geodesic distance.

Every two sufficiently close points can be connected by a
single shortest geodesics.
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Parallel Transport Operator

Differential equation
Vgl =0,

with the initial condition

l9' 1] = 9"y (=, z') - =05

Parallel transport from z’ to «

(Gv)i(a,2") = g'y(z,2" )7 (a'),

Parallel transport from z to

(G ) (z,2") = g (z,a")u ()
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World Function
1
o(x,z') = Edz(:c,a:/)

Differential equations

1 .. 1 ..
o= 59”01-0]- = 59” OO0 s
O; — vz'O', ;1 — vi/O'
Inifial conditions
lo] = loi] = loy] = 0.
Tangent vectors at endpoints
. 1 . . 1 .
i) =o', @(0)=—"0,

. . ./
o' = —g'y07 .
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Caustics

Geodesics coming out of a fixed point =/ can intersect.
The set of infersection points forms a hypersurface that is
called caustics

Second derivatives
. . ./ ./ . -/ _
' =V;Ve, o, =V;V/o, (') = ()~
Coincidence limits
. , . .
[§'5]1 =—[n";1=—-[v'y1=46".
Change of variables
do? = ni/j dx? : dr! = *yj ,L-/dai/
If the maitrix 4, is singular, then there is a variation of o

which do not change z7. In this case the point x lies on a
caustics.
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Van Vleck Determinant

Van Vieck-Morette determinant
Az, 2" = g~ 1/2(2) det (—aij/(:c, a;’)) g2y .
Equation of caustics

ANz, 2)=0

Continuity equation
AV ('A) =n
or (fransport equation)
t% log A =o'V;lIo0g A =n — o'
with the inifial condifion
[A]=1.
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Deviation of geodesics

Van Vleck determinant represents the density of geodesics.
It determines the rafe of convergence (or divergence) of
close geodesics coming outf of a fixed point. The quan-
tity (n — o°%;) measures the rate of change of log A along
geodesics.

In flat space o't; = n. If the curvature is positive, then A
increases until a caustics is formed where A — ~o.

If The curvature is negative then A decreases. There are
No causfics.

(For more detaqils, see Bourgade & Croissant, arXiv:cs.CE/0511024)
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Auxiliary Function P

For a vector field A; we define

t
Pz, z') = exp (/dT ZBZ(T).AZ(CU(T))) :
0
where the integral is taken along the geodesic

Differential equation
with the initial condition

Pl=1.

29



Covariant Expansions on Riemannian Manifolds

Covariant Taylor Series

S X (=1 4 y
f@ =3 ) = go( ot [V, Vi ] (.
Taylor basis
0) =1, \n>=!i’1---i;>=(_1l) ool
n:
Dual basis

(m|f) = (i1 im|f) = [v(il...vim)ﬂ ,
Duality

where  §17m = gL ... §n

. i1+in
(m|n) = omnd ji-dn T (i1 gn)”

jl“’jn’
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Covariant Fourier Transform

flk: z") = /d:c gl/Q(x)A(a:, z) exp (z’kj/aj/(a:, :c’)) f(x),
M

Inverse Fourier fransform

f(z) = g2 (a") exp (—ikyol (x,2")) fk; 2')

Delta-function
5(z,y) = AY2 (2,2 ) A2 (y,a)

dk

o g2 (a") exp {ikj (07 (y,2') — 07 (z,2")) } .

X
RTL

31



Application of covariant Fourier transform

Differential operators
D’I:/ — ’y]Z/V] ,

where 1’ ; = V0" and ', be the inverse of the matrix * ;

These operators acft like in flaf space

-/ ./
,Z),L'/O"7 — 5‘7 !

Dyf(z) = . g 1/2(2") exp (—ik:jxaj/(a:, x’)) (—ik,) f(k; ')
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Elliptic Laplace type operator

L = —g9(Vi+ A)(V;+ A4) +Q

~X"'DyDy YDy + Z
where
xi' = gi/j/(x/) + ...
Heat kernel in leading order
Ut:z,2)) = exp(—tL)s(x,2) = Pz, 2 )AY2(x, o)

dk
J @mn

972" exp (g™ (e Yk — ik o) + ...

(4mt)~"2P (2, 2 Y A2 (2. ') exp (—Qita(a;, :1:’)) o
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Road Map

We need to compute covariant Taylor series of the follow-
iNg quantities:

Second derivatives of world function
ni/j — Vjvila, é—ij — viVjO', (”Yij’) — (nilj)_ll
Van Vleck determinant A and the function ¢ = log Al/2,

Derivatives of operator of parallel fransport and function P

/ / /
Qk Gl = glk Difglj/ — ’sz’/glk Vmglj/
AA,L'/ == "}/mZ/Am + P_]'DZ'/P — ’)’mi/’])_l(Vm —I_ Am)P
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Covariant Taylor Series of Two-Point Functions

Maftrices of second derivatives of world function

. . -/ 4 )
E=EP=0, n=0)N=(@@,), vy=G)=n"
Symmetric derivatives of curvature

K ]ll---ln - v(ll vln—QR ln—l‘]‘ln) |

Matrices

. -/ -/ . -/ l/ l;z
K(n) = (K(n)z ]/) where K(n)z j = K* j/lll---l/ ol...on,

n

35



Matrix ~

00 —1)n ,
—g .+ Z gk/W(n)k]

[5]
Ty = (') = Z( DFL Y N g, )

nl’--o 7”’Lk22
ni+--+n=n

XK () B(ng_1) B o) B (ny) -
where [x] denotes the integer part of x, and

(n+1)
(n—1)!

xni(ny +1)(n1 +no)(ny +no+1)---
x(ny+--+np_1)n1+--+np_1+1).

36

N(ni, - ,ng) = (n1—2)!---(ng —2)!




First coefficients
1

7 _ )
Vjkiko T gR (k1lj]k2) >
i — lv RY, .
V jkikoks — > ¥ (k17" ka|jlk3) -
i — §v R, N — lRi R™, .
V jkikoksks T 5 (kiko™t k3ljlka) = g7t (kilmlko™"  k3ljlka) -

37



Matrix

~/ X (=1)" L y
L —_ Z _|_ Z oy g n(n)z L
where
[5] ol
() ( () j) k=1 nq,-,np>2 nil---nyg!
ni+---+np=n
First coefficients
i — _lRi .
M jkiky — 37" (k1ljlk2) -
i — _lv R, .
M jkikoks — > v (k17" ka|jlk3) -
v — 3v V. R R R™
W jkikokzks — T V(kyYka'Uksljlka) — 71t (kilm|katt ks3ljlka) -
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Van Vieck-Morette determinant

— (=)™
A = exp(2¢), where (= > - C(n)
n=>2 .
with the coefficients
[5]
1 n!
= — tr .
C(n) k=1 2k n1,-"z,7;k22 nl!"'nk! <7(n1) W(nk)>
ni+--+n=n
First coefficients
1
Cklk,Q — ng1k27
. 1
Skikoks = 7V (k1 fthoks)
_ 3 1 7 m
Skikokska = 75V (k1 Yhkalthaks) T T2 (kamiko o kalilkas) -
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©. n
1/2 _ (=™ 1/2
AVE=D AW
n=2
First coefficients
12 1
Aklkz T ngle’
1/2 1
Aklkgkg T Zv(kle2k3)’
1/2 3

1 ( m
Akikoksks = 10 1Y heTlhaka) T 755 Gealmiio ¥ kalilka)

1
T 1ok ko thgka) -

40



Operator of parallel tfransport

Derivative of operator of parallel transport

/

/
gk j/’il = mZ/glk Vmgl]/

Taylor series

< (—1)"
g j/m/: Z

n=1

/ /
kl...o'kn,

-/
7
o g j’m’k’l---k{,ba

where

i _on i =2 n—1 ; I
g ]mklkn T n _|_ 1 B ]mklkn o Z]_ (p o 1>B jl(kl---kpfy |m|kp_|_1°"kn)
p:

) — 1

41



First coefficients

. 1 .
G imky = ERijkla
Gt — gv Rt
gmkika T gV (k17" jimlkz)
G'; = >V ViR ~ 2R R
gmkikoks T 4V (k1 Y k2t jlmlk3) T 4 7Y jl(k1 Y kolmlks) -

42



Auxiliary Function P

Derivative
Ay =~ P (Vi + Am)P

Taylor series

A 2 (—1)n - -
A= 3 OV 4 ot ot

n=1 n! 7hn
where
_on n=2 p—1 o /
‘Ajil“'in = m Rj’il"'in — kgl (k B 1) 1(iq-ip Y Glika1in)
k — k
R 11°ln v(zl T vin—ln in)
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First coefficients

Amkl -
Amkiky =

Ak koks

1

—R

2
2

)
mk?]_ 9

3 Y (k1 Rymlkz)

3
4

1
V(e Vr2 Rimlks) = g Rk,

l
ko|m|k3z) -
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Two-point Functions in Symmetric Spaces

Symmetric spaces

Closedformulas  (here 775/ = gk’ 775" = gi7v*.)
_ sin VK _ VK
Y= = nN= - =
VK sin VK
VK
A = det —
sinv K

.= — -/ ,

where the matrix K = (K* j/) iS
— -/ / /
KZ j/ — RZ ]{:’j/l/O—k O'l .
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Similarly,

-/

-/ /
gz j’m’ — —RZ j’l’p’o-p (

K

—~ p/
Am/ — —Rl/p/O'

_\ U
1 —-—cosvKkK
[_( m/.

RN
1 — COS\/K)
— m/.

46



Maximally Symmetric Spaces of Constant Curvature

Curvature
R = N80 — 6“1951) »
If A > O then this symmetric space is a n-sphere S™ (com-

pact),
if A < 0O, itis the hyperbolic space H™ (non-compact).

INn this case

&', =2A0n
j/_ o J—j/’

where 1, is an orthogonal projection
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Projection properties

./ /

|_|J_2 m— I_U_, I_lJ_j/i/O'Z — ijl_llj 7;/ — O .
Function of the matrix K

Closed explicit form

/

./ -/ -/ _ O-Z O-l —
n'; = ViVio=—g"1® 1——2 (-1 -1),
o
where
sinh v/ —2Aco

vV—2NAoc
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Van Vleck determinant

and

G iy = —WR

where

Y

A= Tl
/j’m’k/ak/ , AAm/ — —\URm/k/O'k/ ,
. 1 — coshv/—2Ac

2N\o
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By using
£ =1+ (Dv)n
we compute the matrix &

oloy,

£, = VpVie=63(1+F) —
20

I,

where
F=o¢ Do

When acting on scalar functions that depend only on o

5,
Df(o) = 208—1” (o)
o
Therefore

F =+ —-2NAocoth(vV/—2Ac) — 1.
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Laplacian of the world function
o, =V;Vieo=n+ (n—1)F
When acting on a scalar functions that depend only on o
- 02 %,
ViV'f(o) = (20— + o i ) f(o)
Laplacian of Al/2

ATEIVIVAL = /\[ . (coth (v/ 2/\0)—|—2/\0>—|—1].

For n = 3, Al/2s an eigenfunction of the Laplacian with
the eigenvalue [(n — 1) /2]A.

For n = 2 this will be directly applied fo the SABR modelto
derive the Hagan formula
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Geometric Interpretation of Elliptic PDO

Elliptic PDO

L = —a(2)80; + B (2); + 7(x).

Since the matrix % is positive it naturally defines a Rieman-
nian metric. Let

gij — aij

Yo 12, 172 jk
A, = 292]5 297,39 Ok(g~'<g’")
Q = 7+ g A+ g 09" PG A .
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Geometric form of the operator
L = —g9(Vi+A)(V;+A) +Q
= —g 120+ A)g'/?g"(8; + A + Q.

If the vector A; Is non-zero, then the operator L is not self-
adjoint.

If Rij — (97;./4]' — 8]'./42' =0

then A; = o;w for some w

and the operator L is similar to a self-adjoint operator

L=¢eY¥ (—gijviVj + Q) e”
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Road Map
A PDO defines a metric g;; and a vector A;

The metric defines geodesics, world function o, Van Vleck
determinant A, the parallel transport operator gij/, and

their derivatives, o, n?';, and v
The vector A; defines the function P and its derivative A

We can compute all these two-point functions in form of a
covariant Taylor series

The heat kernel coefficients are expressed directly in ferms
of the Iaylor coefficients of the two-point functions
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