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Stochastic Models in Mathematical Finance

Black-Scholes Model

Prices S;(t) of stocks at time t satisfy SDE

dS;(t) = p;S;(t)dt + 0;5;(t)dW; (1)

where W;(t) are Wiener processes with
correlation matrix p;;.
w; Are drifts and

o; are volafilities



Price V (¢, S1,...,Sn) of an option at tfime ¢ satisfies PDE
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where r is the risk-free interest rate,
q; are the dividend rates and
Cij — pijO'iO'j .

Expiration condifion at a sfrike time T

V(T,Sq,...,5n) = P(S1,...,5)



Stochastic Volatility Models

Stock price S(t) and its variance v(t) satisfy SDE
ds(t) = wu(t)S(t)dt+ v(t)S(t)dWi(t),

dv(t) a(t,S,v)dt +npB(t,S,v)\/v(t) dWo(t),

where p(t) is drift,
n is volatility of volatility,

dW1(t) and dW»(t) are Wiener processes with correlation
p.



Price V (¢, S, v) of an option satisfies a PDE
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where ¢ = ¢(t, S, v) is the market price of volatility risk.



Multidimensional Stochastic Volatility Models

Assume that the volatility of a stock price S(t) is a function
of (n — 1) stochastic factors y*(t) so that

dS(t) = rS(t) dt + o(S,y,1)S(t) dWq(t)

n—1

0" (t,y) dt + > v (t,y) dW;(t),
j=1

dy' (t)
where 6'(t,y) are drift coefficients,

dW;(t) are Wiener processes with correlation matrix p;;,
i,7=0,1,...,(n—1),and

Vi (¢, y) is a diffusion matrix.



Price C(t,S,y,; T, K) of an option satisfies PDE
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Summary

e Option price satisfies parabolic PDE
e Operator L is elliptic second-order PDO

e Variables vary in a domain M of a Euclidean space R"™
with a boundary oM

e [hereis a ferminal conditionatt =T

e There must be boundary conditfions either at the bound-
ary or at infinity, as S, v, y* — 0, co.



Methods for Parabolic PDE
Parabolic PDE

Heat (Diffusion) Equation

(Ot +L)V(t,xz) =0

1,7=1 1=1

Notation:

ZL':(QZ]',...,ZIZ”), 6t:— 8,L:




Initial and Boundary Conditions

Initial condition

V(0;z) = f(=),

Dirichlet boundary conditions

V(t,x) =0.
OM
Neumann boundary conditions
n .
Z N'(x)o;V (t, x) =0.
i=1 oM

where N* is the normal vector to the boundary
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Heat Kernel

(8 + L)U(t,2|t',2") =0,
Initial condition

U, x|t 2') =6(x—2),
Delta-function

§S(z—2) =8t —21) .- 5" —2™) .

For fime-independent operators

Ult,z|t, ) =00 -t z,2),
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Cauchy Problem

Non-nomogeneous initial value problem
(O + L)V (¢, z) = g(t,z),
V(0,z) = f(=),

Solution
Vit z) = /da:’ U(t, 2|0, z") f(z')
M

t
—I—/dt/ /d:c’ U(t,z|t', 2N g(t', x)
0 M

where

de = dzl .- dz".
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Probabilistic Interpretation

Heat kernel U(t,z|t',x) is the conditional probability of
reaching the point x at the time t if one starts at the point
z' at the time ¢'.

Similarity Transformation Heat kernel U, of the operator
Lw — e_wLew
where w(x) is a smooth function, is given by

Uo(t, x|t 2') = e_w(x)U(t, x|t x/)ew(x/)

Similarity transformation is isospectral
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Elliptic Operators
Dual variables (momenta) p = (p1, ..., pn)

Symbol

n

o(z,p) = . F@pipr+i Y F(x)p; +(z).
g k=1 j=1

Leading (principal) symbol

n

k
or(z,p) = ) o (2)pjpg -
7,k=1

Operator L is elliptic if for any point = in M and for any real
p #= 0 the leading symbol o (x, p) is positive definite
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Spectral Theory of Operators in Hilbert Spaces

Hilbert Space L2(M, 1)

A Hilbert space is a complete infinite-dimensional vector
space with an inner product.

L2 inner product

(£,9) = [ do u(@) [ @)g (@),
M

where u(x) be a positive weight function

15



Operators on Hilbert Spaces

A linear operator on a Hilbert space H is a linear map
A: H— H.

The adjoint of the operator A is an operator A* such that
for any vectors f and g,

(A™f,9) = (f, Ag) .
An operator A is called self-adjoinft if
A= A"
An operator U is called unitary if
UU* =UU =1,

16



Every unitary operator U can be represented in the form

U =exp(iA),

with some self-adjoint operator A.

A self-adjoint operator A is called positive if for all f %= O

(f,Af) > 0.

A self-adjoint operator P is a projection if
pP>=r.

For any projection operator P there is a vector subspace
S It projects onto.

17



Integral Operators

An operator G defined by
(GN@) = [ da’ u(a) Ga,a) ().
M

is called an infegral operator with the kernel G(z, x')

Diagonal
G939 (z) = G(z, x).
Trace
Tr G = /daz w(x)G(x,x).
M

Kernel of the adjoint operator G*
(G)(z,2") = Gz, x) .
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Partial Differential Operators

Elliptic second-order PDO

L=- Y a9()8;0;+ Y #(2)9; + ().
i,j=1 j=1
Adjoint operafor L*
n N n. .
L* = — Y a¥(2)9;9, — > F(x)9; +7(x),
i,j=1 J=1
where
Fo= - =23 ptoi(pat),
i=1
n 1 o n 1 )
7= v= Y p180;(uat) - Z p 0 (pBh) .

ij=1 i=1
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Operator L is self-adjoint if

. n P
B =3 pto;(ua¥).
i=1

Then
n 1 . .
L=—- ) u (z)oulx)a’(x)d; +~v(z).
1,j=1
Similar operator (with w = —3 log )
n . .
Ly=e¢“LeY =— ) 8 ()0 + (),
1,J=1
where
n . . . .
Yo =7+ Y |a7(0w)(9w) — d;(adw)] .
1,j=1

20



Geometric form

Every elliptic second-order PDO can be written in the form

L=- Y g Y20+ A)g'/?g"(0; + A) + Q.

1,j=1
where
g = a¥, (9i) = ()71,
g = detg;; = (deta)~ 1.
=~ 1 ' — 1 1/2 1/2 ik
Ai = — > 59@'5]— > 59ij9 " /201.(g1/%g7%)
j=1 jk=1
n P 1 2 1 2 o .
Q = v+ X |d9AA; + g 120,(gM 29 Ap)] .
,J=1
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If the vector A; is non-zero, then the operator is not self-
adjoint.

The tensor
Ri; = 9;A; — 0, A;

measures the extent to which the operator L is non-self-
adjoint.

The operator L is similar to a self-adjoint operator
if R;; = 0.
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Resolvent

A complex number X\ is an eigenvalue of an operator A if
there is a non-zero vector (eigenvector) ¢ such that

Ap = Ap.

Set of all eigenvectors corresponding to an eigenvalue
forms a vector subspace (eigenspace)

Dimension of an eigenspace is the mulfiplicity of the eigen-
value

The operator
GO\ = (A—- D1

is the resolvent of the operator A.
23



Spectrum

The set of complex numbers X for which the resolvent G()\)
Is well defined is the resolvent sef of the operator A.

The set of complex numbers A for which the resolvent is not
well defined is tThe specfrum of the operator A.

The eigenvalues form the poinf specfrum.

The remaining part of the spectrum is called the confinu-
ous spectrum.

24



Specira of Operators

The eigenvalues of self-adjoint operators are real

The eigenvalues of unitary operators are complex num-
ers with modulus equal fo 1

The eigenvectors corresponding to distinct eigenvalues of
self-adjoint operators are mutually orthogonal.

The eigenvalues of positive operators are positive.

The eigenvalues of a projection can only be either 1 or 0.

25



Functions of Self-Adjoint Operators

Every self-adjoint operator A can be presented in the form

©.@)
A=Y APa,
n=1
where \,, are the eigenvalues and P,, are the projections
ontfo the corresponding eigenspaces

Functions of operator A are defined by
©.@)
f(A) = Z f(An)Pn.
n=1
For example, the heat semi-group is defined by

U(t) = exp(—tA) = i e tAnp,

n=1

26



Self-adjoint PDO on Compact Manifolds

Spectrum is real and bounded from below.

There is no continuous spectrum (only point spectfrum).
Eigenvalues have finite multiplicities

There are only finitely many non-positive eigenvalues.

Eigenvalues form an increasing sequence ()72, which
grows like k2 as k — oo.

The eigenfunctions (¢ (x))72, are smooth functions that

form an orthonormal basis.
27



Resolvent and Heat Kernel

The resolvent and the heat kernel are given by

> 1

G\ z, ') = Z
=1 AL — A

o (z)pr ('),

Utiz,2’) = > e Moy (z)pp(a).
k=1

28



Remarks.
Eigenvalues can be computed explicitly in rare highly sym-
metric cases (constant curvature spaces, integrable po-

tentials, separable operators)

There is an extensive list of such infegrable cases (see ref-
erences in lecture notes).

For non-compact manifolds the spectrum is not discrete
For non-self-adjoint operators the spectrum is noft real
For singular boundary value problems the structure of the

spectrum is very complicafted
29



Spectral Functions

Spectral functions are a powerful tool to study the spec-
frum, in particular, spectral asymptotics

Heat frace
o0
Tr exp(—tL) = /d:v 91/2(33) U(t,z,x) = dke_w‘k.
M k=1
Zeta-function and Functional determinant
o0
C(s)=TrL=° =Y dp)\.°, Det . = exp [—g’(O)} .
k=1

Functional determinant is used in the definition of Gaussian
path integrals

30



Operators with Constant Coefficients

Fourier Transform

Definition
@)
f) = [ doef (@),
—00
o0
dp .. -
f@)y= | 2" i ).
— OO
Properties

e f (2)(p) = ipf(p).
2f(z)(p) = i0pf(p),

31



Step Function and Delta-Function

Fourier representation of the step function
o0 , 1 1 ifz>0
O 0O forz<O

where ¢ > 0 is an infinitesimal positive parameter.

Fourier representation of the delta-function

T d
o0(x) = P vz
27

Relation

0:0(x) = 6(x) .

Y

32



Solving Heat Equation by Fourier Transform

Elliptic PDO with real constant coefficients

n .
L=- Y o909, +
=1

n
J,k=1 J=

where o¥ is a symmetric positive matrix, 37 be a vector
and ~ be a constant.

Heat equation

(O + LU z,2") =0

Initial condition
UQO;z,2') = 6(x — ')
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Fourier transform

[0: + o(]U(t;p) =0

where

n

a(p) =Y oFpipp +i > Bp;+,

j,k=1 j=1
Initial condifion
U(0;p) =1
Heat Kernel
Ut z,z") = ie—w(p)-l-i(p,(w—w’»
S (2m)

34



Gaussian integrals
dp

J @y exp{—t(p, Ap) + i (z,p)}

— (4mt)~"/2(det A)~1/2 exp {_4% <w,A_1:U>} |

Heat Kernel
U(t;az,az’) = (47Tt)_n/2[detA]_1/2
con {7~y + 1 (5.4715)

xexp{— (e —a), a7 @ —aN)]

and A is the positive definite matrix A = (a%).



Initial condition

- —n/2 ~1/2 1 —1.\| _
lim, (4mt) /2] det A~/ exp{—4—t<x,A a:>}—5(x),

Spectrum
Spectrum is contfinuous.
Spectrum is located in the half-plane Re \ < ~.

In the self-adjoint case, when 8¢ = 0, the spectrum is the
intferval [, oo) on the real line.
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Indegro-Differential Equations

Integro-differential heat equation
(0++ L+ K)U=0
Differential operator with constant coefficients

L= —ad?+ B0+~
Integral operator

(KN@) = [ do’ K(z—a")f (),

with convolution kernel (with positive K (p))

K(z—2') = / P eina- K (p),

36



Fourier transform of convolution

(Kf)(p) = K@) f(p).

Therefore
[6: 4+ o (p) + K(p)]U(t;p) =0,
where
o(p) = ap® +ifp+ 7.
Solution
Uz o) = [ P e—tlo@+R@®]+ilp,(a—a))

J @nn

37



Integral Jump Operator

(TN = [ do’ w@@) [f@+a) - f(2)] ,

where

= d

D i~

w@)= [ L)
— OO

Is some probability distribution with positive characteristic
function &(p)

Integro-differential heat equation
(O + L+ XT"U =0,

38



Jump operator has the form
T=K-—-1,

where I is tThe identity operator and K is a convolution op-
erator with the kernel

K(z) =w(—2x).

Heat Kernel

UX;z,a') = (;lpre—t[o(p>+/\w<—p>—A]+z'<p,<a:—w’>>
R’I’L

39



Laplace Transform

Definition
F(s) = (L)) = [ dte™f(®).
0
c+100 ds
FO=ETNO= [ eFs).

where c is a sufficiently large constant

Properties
(L[Oef ()] (s)
(LLf(@]D(s)

sF(s) — f(0),
—0sF'(s).

40



Solving Heat Equation by Laplace Transform

Heat kernel of an ellipfic fime-independent operator L
(O + L)U @ z,2") =0
U:z,2) =6(xz—2z)
Resolvent
(L—XNG\; z,2") =6(x—2).
Laplace transform

0
G\ z,2') = /dt ew‘U(t;:I:,:c/)
0]

U(t,z,z)) = / Te_AtG()\; z,z'),
C—100 T

41



Homogeneous Differential Operators

Mellin Transform
Definition
o
F(s) = (Mf)(s) = [att=Lf ().
0
F'(s) is analytic in an infinite stripa < Res < b

Inverse Mellin tfransform
c+100
1 dS —s
ft)=WM""F)(t) = —t °F(s),
- 2m
C—100

where cis a real number such thata < ¢ < b

42



Relation to Fourier fransform
(MF@®)(s) = Fle®)(is),
f@) (@) = (Mf(logt))(~ip),

wheret = e*, x = logt

Properties
(MEFE)IIG) = (MF(s+1)
(M@@ef(ENI(s) = —(s=1)(M[f)(s—1)
(M@0 f(2))](s) = —s(M[)(s)

43



Homogeneous Differential Equations

Second-order homogeneous PDO with real coefficients

L = —C¥$28£ + Bxdr + v,
with o > 0 (singular point at x = 0)

Heat equation

(0 + L)U(t; z,2") =0,

UO;z,2") = 6(x — )
and the boundary condition

im U(t;z,2) = I|lim U, z,2')=0.

x,x'—0 x,x'—00

44



Mellin tfransform

[0 + ™M ()IF(t,5) =0.
Mellin symbol

ocM(s) = —as® — (a+ B)s+ .
Initial condition
F(0,s) = («/)51

Heat Kernel
200

ds 1 fx\ %
—100

45



Asymptotic Expansion of Integrals
Asymptotic Expansions

A function f(x) is infinitesimal with respect to a function
g(x)asx — a

fl@) _

f(x) = o(g(x)) if lim (&) 0.
r—a g T
The function f(x) is bounded with respectto g(x) asz — a
f) =0(g(x))  if  tim i = ¢,
w=a g(z)
with some constant C.
We write
fz) ~glz) i im &) 1

r=a g(x)

46



An asymptotic sequence at x — a is a sequence (¢n)oL 1
of real valued functions such that ¢, (x) # 0 in a neigh-
borhood of a and

nt1(x) = o(pn(z)) .

Example, {(z —a)"}>2 4

A function f is expanded in an asymptofic series

F@) ~ > anpn(@),

n=1

where a,, are constants, if forall N > 0

N
f(x) = > anen(z) = o(pn ().

n=1

47



This series is called asympftofic expansion of the function f
with respect to the asymptotic sequence ().

The function

N
Ry(z) = f(z) — ) angn(x)
n=1

Is The remainder ferm of the asympftotic series.

The condition Ry (x) = o(pn(x)) means that for any fixed
N

r—a

48



However, if for some fixed x
N m N(CI;) 7

then the asymptotic series diverges.

There are three possibilities:

a) asymptotic series converges to the original function;
) asympftotic series converges to a different function;
C) asymptotic series diverges.

The asymptotic expansion of a function with respect to an
asymptotic sequence is unique.

However, Two different functions can have the same asymp-
fotic expansion.

49



Gaussian Integrals

Standard one-dimensional Gaussian infegral

7Oda: _ 2 1
— e = 1.
VT

—00

— 00

By shifting the variable x — = — i3/(2a) we get

o
dx —ar?+ifzx — ()4_1/2 exp (_6_2> '

— €
VT

50



By expanding in power series in 3

O
dr 22 2k+1

— €
VT

(2k)!
D2k

o—k-1/2

51



Multidimensional Gaussian integrals
Let A = (a;;) be an n x n real symmetric positive matrix

Then for any vector p there holds

[ s P (= (@, A2) + i (p,0))
Rn
= (det A)_1/2 exp (—% <p, A_1p>) .

Proof: by diagonalizing the matrix A and using one-dimen-
sional Gaussian integrails.

52



By expanding in power series in p

dx : :
[ Sz (= (@, Ax)) @'t a2t = 0
R”n

dx | |
/ /2 exp (— (x, Azx)) x't ... x*2k
R’I’L

— (det A)"1/23277° (2K)! GGz . .. Giok-12k)

22k !
Here G = A~1lis the inverse matrix and and the paren-
thesis denote complefte symmetrization over all indices in-

cluded.

Very important; the right-hand side does not depend on
the dimension of the space R"™. One can take the limit
n — oo And define the infinite-dimensional Gaussian path
integrals.
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Laplace Integrals in One Dimension

b
F(\) = /da: ga(a:)e_)‘s(x) ,

where S and ¢ are ssmmooth functions and X is a large posi-
five parameter.

Non-degenerate critical point (minimum at an interior point
a < xzg<b)

S'(xg) =0, S"(zg) >0
Taylor expansion

S() = $(x0) + 8" (20) (@ — 20)° + O((w ~ 20)) .

54



Asymptotic Expansion

If the function S has a minimum only at a single non-dege-
nerate inferior critical point g, then as A — oo there is an
asymptotic expansion

FO ~ (2{) 1/2 [S"(azo)]_l/z o~ S (z0) i a}{)\—k,

k=0
The coefficients a; are polynomial in the higher deriva-
tives S()(z0), k > 3, the derivatives () (zg), I > 0, and

[S" (z0)] .

Leading asymptotics

T 1/2 _
F(t) N (27) [S//(xo)} 1/2 G—AS(mO)SO(xO) .

55



Proof.

Change of variable

wzazg-l—)\_l/zy.

Taylor series

S(zg + A~ Y2y)

o(zg + A712)

1
S(xg) + 5)\—15//(330)?/2

56



Expand the exponent in a power series in inverse powers
of \.

Extend the integration interval to the whole real line and
compute the standard Gaussian infegrals.

The half-integer powers of A~1 always come with half-integer
powers of y and, therefore, vanish affer infegration.

The coefficients are polynomial in the higher derivatives
S(K) (zg), k > 3, the derivatives o) (zg), 1 > 0, and [S”(xg)] L.
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Laplace Integral in Multiple Dimmensions

FO) = [ dz p(2) exp[-AS @],
M

where M is bounded connected open set in R™, S and ¢
are some real-valued smooth functionson M and A > 0 is
a large positive parameter.

A point xzg in M is called a crifical point of the function S
If

0;S(xg) = 0.
Hessian matrix

58



A crifical point xq is called non-degenerate if the Hessian
mMaftrix is non-degenerate at zg, that is,

detH(ZL‘o) = 0.

Non-degenerate crifical points are isolated.

Suppose that the function S has a minimum only at a single
interior non-degenerate critical point xg in M. Then

9;S(xg) =0, H>0

that is, Hessian matrix is positive

Taylor expansion
S(z) = 5(z0) + (= — %), H(z — 20)) + O((z — 20)).

59



Asymptotic Expansion

If the function S has only one non-degenerate critical point
xo IN M, where it has the only minimum in M, then there is
an asymptotic expansion as A — oo

F(A) ~ (27”)7%/2 [det H] L2 exp[-AS(a0)] 3 apr*.

k=0
The coefficients a;, are polynomial in the higher derivatives
[0, - - - 0;,,,S(x0)], m > 3, of the function S, the derivatives
[0, - - - 0i,,(x0)]. m > 0, of the function ¢ and the inverse
Hessian matrix H—1.

Leading asympftotics
>\ 1/ 2
FO) ~ (57) [det H /2 expl[-A8(w0)le(wo)

60



Proof.

Change of the infegration variables
o= xzb 4 )\—1/2yz’ .
Taylor series

1
S(zo + A"1%y) = S(xp) + 5/\—1 (y, Hy)

)\—m/Q . .
+ Z Z T [0iy -+ 05, S (o)l YL - - -y,
m=3 11,....tm=1 m:
N A—m/2 . .
p(zo+r"1/2y) = Z Z — 03y -+ O, o(x)] Yyt -y

m=0 iq1,...,i;m=1 11! im!
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Expand the exponent in a power series in inverse powers
of \.

Extend the infegration domain to the whole R™ and com-
pute the standard Gaussian integrails.

Finally, we get a power series in inverse powers of A\ with co-
efficients polynomial in the higher derivatives [9;, - - - 9;,,5(x0)].
m > 3, of the function S, the derivatives [9;, - - - 0;,,»(x0)].
m > 0, of the function ¢ and the inverse Hessian maftrix
H 1
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Feynmann Diagrams

Let us represent the derivatives [0;, - - - 9;,,S(xg)], m > 3,
by vertices with m lines attached to it

and the derivatives [;, - - - 0;,,@(x0)], m > 0, by another
type of vertices with m lines attached to them.

Let us represent the inverse Hession H—1, called the prop-
agaftor, by aline connecting two verfices.

Then each term of the asymptotic expansion can be rep-
resented by an appropriate graph known as a Feynmann
diagram where the corresponding legs of the vertices are
linked by propagators.
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