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Chapter 1

Normed Vector Spaces

1.1 Vector Spaces

Definition 1.1.1 (Vector Space.) A vector space over a
field F of real or complex numbers is a nonempty set E with two
operations:

1. Addition, + : E x E — E, and
2. Multiplication by scalars, - : F x E — F,

satisfying the following conditions: Vx,y,z € E and Vo, 3, € F
lL.z+y=y+ux,

2@ty tr=x+(y+2),

30 € E such that x +0 = x,

Ve € E, 3(—x) € E such that x + (—x) =0,

a(Bz) = (aB)a,

(a+ B)x = ax + Sz,

alx +y) = ar + ay,

ST B N A

l-x==x.
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Remarks.

A vector space over R is a real vector space.

A vector space over C is a complex vector space.
Elements of F are scalars.

Elements of E are vectors.

The element 0 is zero vector.

The zero vector is unique.

For any x,y € E there is a unique z € F such that x + z = y. Such a
vector is denoted by z =y — .

Proof: Exercise.
Properties.

Let A€ F, z € E, and A\x = 0.
If A# 0, then x = 0. If x # 0, then A = 0.

Proof: Exercise.

For any = € I,
0z =0 and (—1)z = —ux.

Example. F" (R" and C").

Example (Function Spaces). The vector space F/(X, F) of all func-
tions f : X — FE from a set X into a vector space F.

F™ can be defined as F(Z,,F).

A vector subspace (or a subspace) of a vector space E is a subset
E, C FE of E which is itself a vector space.

A proper vector subspace of a vector space E is a proper subset
E, C E of E which is itself a vector space.
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e Example. Let 2 C R™ be an open subset in R”. The space of all
functions from € into C is a vector space. The following are subspaces
of this vector space:

. C(£2) (continuous functions)

. C*(Q) (functions with continuous partial derivatives of order k)

. C™(9) (smooth functions)

P(€) (polynomials)

B~ W N

e Example (Sequence Spaces). Let N be the set of positive integers.
The space F(N,IF) of all functions from N into F is the vector space of
sequences of scalars. The following are subspaces of this vector space:

1. bounded sequences,

2. convergent sequences,

e Example (/’-Spaces). Let p > 1. The space of infinite sequences of
complex numbers, (z,), such that

o)
Dzl < o0
n=1

Proof: Use Minkowski inequality.

o0 5
|z |l,= (Z |f€n|”>
n=1

and let xy denote the sequence (x,y,).

e Notation: Let

Theorem 1.1.1 Holder’s Inequality. Letp > 1, g > 1 and
1 1
-+ -=1
P q

Let (x,,) and (yn) be any two sequences of complex numbers. Then

[y <l = [lpll v llq -

Proof:
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1. Let n = &7~ be a curve in the n — &-plane for n, € > 0.
2. Let a,b > 0.
3. Let

a P
5= [ ago =2
0 p

be the area between the curve and the &-axis for 0 < € < a.

4. Let
b bq
&:/mw4:_
0 q

be the area between the curve and the n-axis for 0 < n <b.
5. We have

ab < S7+ Ss.
6. Thus
afP b
ab < — + —.
p q
7. Let
gl
|z [l |y [lq
8. Then
ol lysl 1 Jl” 1l
lzlpllylly ~pllzlle  allylld
9. Finally
lay h_ Shalewl 11

Tz lp iyl Tzloliylle =2 q
n

Theorem 1.1.2 Minkowski’s Inequality Let p > 1. Let (z,)
and (y,) be any two sequences of complex numbers. Then

[z +yllp<lzl,+ 1yl

Proof:

1. If p =1 it is true by triangle inequality.
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2. If p>1, then

(I z+y [[,)" = Z Tyl < Z |20 || xn+yn|pil+z Yo || @ tyalP~

n=1 n=1 n=1

3. Further, by Holder inequality

Q=

ety < (el +1lyl) (z 2 +yn|q<p—l>>
n=1

4. We have q(p — 1) = p. Thus

P
q

z+ylp)? < (el + 11y lle) 2z +yl)

This gives the inequality.
|

e Examples (Cartesian Product of Vector Spaces). Let {E;}}_;
be a collection of vector spaces over a field F. The Cartesian product
(or product) of vector spaces E; is the space

E = By x---xE,

1.1.1 Homework
e Exercises: [1,2,4(c),6].
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1.2 Linear Independence, Basis, Dimension

Definition 1.2.1 Linear Combination. Let E be a vector
space over a field F and A = {:cj};?:l be a finite collection of vectors
from E. The linear combination of these vectors is a vector

[
=021+ + T
with scalars o € F, 1 < 5 < k.
e Example.
Definition 1.2.2 Linear Independence. A finite collection of
vectors A = {x;}}_, is linearly independent if
a1y + -+ opx =0
. implies a; =0, 1 < 5 < k.

An infinite collection A of vectors is linearly independent if every
finite subcollection of A 1is linearly independent.

A collection A of vectors is linearly dependent if it is not linearly
independent.

A collection A of vectors is linearly independent if no vector of A is a
linear combination of a finite number of vectors from A.

Example. R"

Linear independence depends of the field of scalars. Compare Cg and
Ce.

Let A C E be a subset of a vector space E. The span of A, span A,
is the set of all finite linear combinations of vectors from the subset A.

Span of a subset A of a vector space E is a vector subspace of the
vector space F spanned by A.

Span of A is the smallest subspace of the vector space E containing A.

Example. R?
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Definition 1.2.3  Basis. A collection B of vectors of a vector
space E is a basis of E if B is linearly independent and span B = F.

A vector space FE is finite-dimensional if it has a finite basis.

A vector space E is infinite-dimensional if it does not have a finite
basis.

If the vector space E is finite-dimensional, then the number of vectors
in any basis is the same. Proof: Exercise.

The dimension, dim F, of a finite-dimensional vector space E is the
number of vectors in a basis.

Example. R", C'(Q2), Ci, C¢

The dimension of the vector space depends on the field of scalars.

1.2.1 Homework
e Exercises: [11,12,13,14]
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1.3 Normed Spaces

Definition 1.3.1  Norm. Let E be a vector space over a field
F. A norm is a function || - ||: E — R that assigns to every vector
x a real number || x || and satisfies the following conditions:

1. ||z ||>0, VzekE;
2. |z ||=0 if and only if ©=0;
3. Az ||=|A] |z ||, VezeE XeF;

b le+yl<lzl+1lyl, Yoyeck

e Examples.

1. Euclidean Norm in R™.

|z [|= /24 + a2
2.
| @ [|= |z1] + - + [@,]
3.
| z ||= max |z;|
1<i<n
4. Norm in C*

I = Vil + -+ ol

5. Norm of Uniform Convergence. Let (2 C R" be a closed
bounded subset of R” and C(£2) be the space of continuous func-
tions on 2. Norm in C(Q)

I £ lloo= max|f(x)]

I o = (i mrp)

n=1

6. Norm in [P

B =

7. Find the limit p — oo.
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Definition 1.3.2 Normed Space. A vector space with a norm
1s called a normed space.

One can define different norms on the same vector space.

A normed space is a pair (F, || - ||), where E is a vector space and || - ||
is a norm on .

Some vector spaces have standard norms.

A vector subspace of a normed space is a normed space with the same
norm.

The norm can be used to define convergence.

Definition 1.3.3 Convergence in a Normed Space. Let
(E,|| - ||) be a normed space and (z,) be a sequence of vectors in
E. The sequence (x,) converges to x € E if for every e > 0 there
exists a positive integer M € N such that for every n > M we have

|z, —z [|[<e.

Then we write x = lim,,_,o T,, OT T,, — X.

r, — x simply means that || z,, — z ||— 0 in R.

Properties of convergence in normed space.

A convergent sequence has a unique limit.

If x, — x and A\, — A\, then \,xz, — Az.

If x, -z and y,, — vy, then z,, + vy, —  + y.

Not every convergence in a vector space can be defined by a norm.

Example (Uniform Convergence). Let C(2) be the space of all
continuous functions on a closed bounded set 2 C R"™ and let (f,) €
C(€2) be a sequence of functions in C'(2). The sequence (f,,) converges
uniformly to f if for every € > 0 there exists a positive integer M =
M (e) € N such that for all z € Q and for all n > M we have

[f(x) = falz)] <e.
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The norm of uniform convergence defines the uniform convergence, i.e.
the sequence (f,) converges uniformly to f if and only if

Example (Pointwise Convergence). Let C([0,1]) be the space of
continuous functions on the interval [0, 1] and let (f,,) be a sequence of
functions in C([0,1]). The sequence (f,) converges pointwise to f

if for all € [0,1] and for every € > 0 there exists a positive integer
M = M(e,z) € N such that for all n > M we have

[f(x) = fal2)] <e.

The pointwise convergence simply means that for every z € [0, 1] the
sequence (f,(z)) converges to f(z), i.e.

fale) = flx) — or |ful2) = f(2)] = 0.

There is no norm on C(]0, 1]) which defines the pointwise convergence.
Proof: (by contradiction). Construct a sequence (f,,) of functions such
that

L. || fo||= 1 for all n € N and

2. fu(x) = 0asn — oo Vr €0,1].

Definition 1.3.4  Equivalence of Norms. Two norms on the
same vector space E are equivalent if they define the same conver-
gence.

That is, the norms || - |1 and || - ||2 are equivalent if for any se-
quence (z,) in E and x € E,

| , — x ||1— 0 if and only if || x, — x ||2— 0.

e Example. R?
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Theorem 1.3.1 Two norms || - |1 and || - ||2 in a vector space
E are equivalent if and only if there exist positive real numbers
® | «a,0€ R, such that

allz|hi<||x|Lp ||zl foral z€kFE.

Proof:

1. This condition implies the equivalence of norms (obvious).
2. Let the norms be equivalent.
3. Assume that there is no « such that

al x| <|| x| for all z € E.

4. Then there exists a sequence (x,,) such that

1
— @ 1> 2 2 -
5. Let
1 T
T ale
6. Then )
[ 9o lle=—= and [z Vn.

vn

7. Contradiction.
[ |

e Every normed space (£, | - ||) is a metric space (E,d) with the metric

d(z,y) =z =yl

Definition 1.3.5 A metric space (E,d) is a set E with a
metric d. A metric d on a set E is a function d : E x E — R
satisfying the following axioms: Vx,y,z € E

* 1. d(z,y) >0,

2. d(z,y) =0 if and only if x =y,

3. d(z,z) < d(z,y) +d(y, z) .
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Definition 1.3.6 A topological space (F,7T) is a set E with a
topology 7. A topology T on a set E is a collection T of subsets
of E (called open sets) that contains E and () and is closed under
union and finite intersection.

Topology satisfies the following axioms:

1. E,0eT,

2. UaeaOq € T for any subcollection of open sets {Oq}taca,

3. Mp_,0y € T for a finite subcollection of open sets {O}}_; .

The convergence defined by the norm || - || is the same as the conver-
gence defined by the metric d(x,y) =|| z — vy ||

The metric defines a topology in E (open and closed sets).

The basic topological notions can be defined without a metric.

Definition 1.3.7 Open Balls, Closed Balls, Spheres. Let
E be a normed space, x € E and r € Ry a positive real number.
We define the following sets:

Open ball
B(a,r)={yeE| [[z—yl<r}

Closed ball

Br,r)={yeE| |z—-y[<r}

Sphere
Sr)={yel| [|zr—yl=r}

Here x 1s the center and r is the radius.

Examples. R?, C([0,1]), || - ||co-

Definition 1.3.8 Open and Closed Sets. A subset S C E of
a normed space E is open if for every x € S there exist € > 0 such
that B(z,e) C S.

A subset S C E of a normed space E is closed if its complement
E\ S is open.
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e Example. Let 2 be a closed bounded set in R™ and C'(2) be the space
of continuous functions on {2 with the norm of uniform convergence

| - [l Let f € C(Q) such that f(z) > 0 for all z € Q. The set
{9€C@]yg(z) < f(z), VoeQ}

is open C'(€2), and the sets
{9 C@Q]yg(z) < flz), Voe}

and

{g€C(Q]glxg) =X (2o €2, X C)}
are closed in C'(2).

Theorem 1.3.2 1. The union of any number of open sets is
open.

2. The intersection of a finite number of open sets is open.
3. The union of a finite number of closed sets is closed.
4. The intersection of any number of closed sets is closed.

5. The empty set and the whole space are both open and closed.

Proof: Exercise.

Theorem 1.3.3 A subset S of a normed space E is closed if and
only if every sequence of elements of S convergent in E has its limait
mn S.

That s, if x, € S and x, — x, then x € 5.

Proof:

1. (I) Suppose S is closed, z,, € S, z, — x and x & S.

2. Je > 0 such that B(xz,e) C E'\ S.

3. But || z,, — z [|[— 0 (contradiction).

4. (II) Suppose that for any z,, € S if x,, — x, then x € S but S is
not closed.

5. Then E\ S is not open. So dx € E'\ S such that every ball B(x, ¢),
Ve > 0, contains elements of S.
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6. Jx, € S such that x, € B(x, +).
7. Then x, — = € S, which contradicts z € E'\ S.

Definition 1.3.9  Closure. Let S be a subset of a normed space
E. The closure of S (denoted by S or clS) is the intersection of
all closed sets containing S.

The closure of a set is a closed set.

The closure of a set is the smallest closed set which contains S.

Theorem 1.3.4 Let S be a subset of a normed space E. The clo-
sure of S s the set of limits of all convergent sequences of elements
of S.

That is

clS ={x € E |3z, € S such that z,, — z}

Proof: Exercise.

Examples (Weierstrass Approximation Theorem). The closure
of the set of all polynomials on [a, b] is the whole space C([a, b]).

Definition 1.3.10 Dense Subsets. A subset S of a normed
space F is dense in F if clS = FE.

Examples.

1. The set of all polynomials on [a,b] is dense in C([a, b]).

2. The set of all sequences of complex numbers which have only a
finite number of nonzero terms is dense in [P for any p > 1.

Theorem 1.3.5 Let S be a subset of a normed space E. The fol-
lowing conditions are equivalent:

1. S is dense in E.

2. For every x € E there exist x,, € S such that x, — x.

3. FEvery nonempty open subset of E contains an element of S.

Proof: Exercise.
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Definition 1.3.11 Compact Sets. A subset S of a normed
e | space E is compact in E if every sequence in S contains a con-
vergent subsequence whose limit belongs to S.

e Examples. R", C"

. ‘ Theorem 1.3.6 Compact sets are closed and bounded.
Proof:

(I) Let S be compact, z,, € S and z,, — =.

3 a subsequence z,, which converges to some y € S.
Since z,, — =, thenx =y € S.

So, S is closed.

(IT) Suppose S is not bounded.

3 a sequence x, € S such that || z, ||> n for all n € N.

(x,) does not contain a convergent subsequence.

X N O W

So, S is not compact.
[ |

e Example (Noncompact Closed and Bounded Set.) Let C(]0, 1])
be the space of continuous functions on [0,1]. The closed unit ball
B(0,1) is a closed and bounded set. Let z,(t) = t* € B(0,1) be

the sequence of functions of unit norm. Then (z,) does not have a

B(

convergent subsequence. So, the closed unit ball , 1) is not compact.

1.3.1 Finite Dimensional Normed Spaces

Lemma 1.3.1 Let X C E be a finite dimensional vector subspace
of a normed space (E.| - ||). Let n = dim X and {e;}!; be a
basis in X. Define a norm || - |1 on X as follows. For any r =
Yo e € X, let

n
. 2= foil
i=1

Then there is a real number ¢ € R such that for any x € X we have

[ f|= el -
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Proof:

1.

No ot

10.

11.

This is equivalent to the following: for any || = |[;= 1 there is a
¢ € R such that
[z [[=c.

Suppose this is false. Then there exists a sequence (y,,) € X such
that

|| Ym ”1: L, and (ym) — 0.
Let

Ym = Z QG (m) €
=1

Since || ym [|1= 1, then Vi, m, |a;my| < 1.
For each 7, the sequence ((m))men is bounded.
Then, the sequence (o1,m)) has a convergent subsequence.

By relabeling the sequences, there exists a sequence (y,,) € X
such that

[ym =1, (ym) =0, and  (a1m) = a1.

Repeating this procedure n times we get a sequence (y,,) € X
such that

Fym =1 (gm) =0, and  (aim) = .

Therefore,
H Ym ”1: L, (ym) — 0, Ym — Y = Zaiei-
i=1
Since
|y =1,
then y # 0.
We also have
| Ym =1y [I# 0,

which contradicts v, — 0.
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Theorem 1.3.7 Any two norms on a finite-dimensional vector
space are equivalent.

Proof:

1. Let {e;}"_; be a basis in a finite-dimensional normed space E.
2. Let x =3 " aue; € E.
3. Then for a norm || - ||;, 3¢ € R such that

n
lo > e o)
=1

4. For another norm || - ||z by triangle inequality

n n
F2 (<) ol e o< kY e,
i1 i1

where k = maxi<;<, || € ||2-

5. Thus
a |z 22 @ |,

where a = ¢/k.
6. Similarly, the second inequality.
[ |

Theorem 1.3.8 (Completeness.) FEvery finite dimensional sub-
e | space of a normed space is complete. FEvery finite dimensional
normed space is complete.

Theorem 1.3.9 (Closedness.) Every finite dimensional subspace
of a normed space is closed.

1.3.2 Homework
e Exercises: [18,21,22,23,24,25,26]
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1.4 Banach Spaces

Definition 1.4.1 Cauchy Sequence. A sequence of vectors
(x,) in a normed space is a Cauchy sequence if for every e > 0
® | there exists M € N such that for all n,m > M,

|z — 2z, || < e

Theorem 1.4.1 The following statements are equivalent:
1. (xy,) is a Cauchy sequence.

2. Let (p,) and (gy) be increasing sequences of positive integers.
Then

| 2, = 24, =0 as n — oo.

3. Let (pn) be an increasing sequence of positive integers. Then

| Zppir = Tp, | 0 as n — oo.

Proof:
1. We have (a) implies (b) and (b) implies (c¢). So, we have to prove
(c) implies (a).
2. By contradiction. Suppose that (c¢) holds but (z,) is not Cauchy.
3. Get a contradiction to (c).

e Every convergent sequence is Cauchy. Proof: Exercise.

Not every Cauchy sequence in a normed space E converges to a vector
in F.

Example. Incompleteness.

Lemma 1.4.1 Let (z,) be a Cauchy sequence of wvectors in a
o | normed space. Then the sequence (|| x, ||) or real numbers con-
verges.

Proof:
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1. We have | || zp || = || 2o || | <I| @m — @0 ||. Thus (|| z, ||) is
Cauchy.

e Every Cauchy sequence is bounded.

Proof: Exercise.

Definition 1.4.2 Banach Space. A normed space E is com-

¢ | plete (or Banach space) if every Cauchy sequence in E converges
to an element in F.

e Examples.

1. R” and C" (with any norm) are complete.

2. The space C(Q2) of continuous functions on a closed bounded sub-

set  C R™ with the norm of uniform convergence | - [/~ is
complete.

3. The space [? of complex sequences with the norm || - ||, is com-
plete.

Theorem 1.4.2 Completeness of [2. The space of complex se-
quences with the norm || - |3 is complete.

Proof:

1. Let (a,) € I2 be Cauchy. Let a, = (o{™, ", ...).
2. Let € > 0. Then dM such that for n,m > M,

o0
| an = am |P= g — o™ <.
k=1

3. So, for any k € N, for n,m > M,

o — ™| <&

4. So, (ag@)) is Cauchy sequence of complex numbers for each k € N.
5. Let ay, = lim,, oo oz,(:’) and a = (o, g, ... ).

6. Claim: a € [? and a,, — a.
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7. We have, for any n > M
|l an —al®*< e?.
8. By Minkowski inequality
lall=ll'a = ax +an ([ a—an || + [ an [[< 00

So, a € 2.
9. Also
lim ||a,—a|=0
So, a,, — a.

Theorem 1.4.3 Completeness of C([a,b]). The space of
complex-valued continuous functions on an interval |a,b] with the
norm

IS lloe= rﬁ?lf(ﬂ?)l

18 complete.

Proof:

1. Let (f,) € C(|a,b]) be Cauchy.
2. Let € > 0. Then dM such that for n,m > M,

| fo— fm llI= max |fu(z) = fin()| < €.

la
3. So, for any x € |a, b], for n,m > M,
() = fn(2)] <€
4. So, (fu(z)) is Cauchy sequence of complex numbers for each z €
[a,b].
5. Let
f(z) = lim f,(z) for z € [a,b)].

n—oo

6. Claim: f € C([a,b]) and f, — f.
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7. We have, for any n > M and Vz € [a, b]

10.

|ful@) — fl2)] <e.

Let 2,29 € [a,b]. Then, 36 > 0 such that if |z — 20| < 4, then
|far(@) = far(@o)| < e

Then if | — zo| < 8, then

|f(2) = f@o)| = |f(2) = far(x) + far (@) — fr(@o) + far (o) — £ (20)]

<|f(x) = fu(@)| + | far(@) = far(o)| + | far(@0) — fl0)] < 3¢
So, f is continuous, f € C([a,b]).
We have, for any n > M

| fn—fll<e
Thus f, — f.

Definition 1.4.3 Convergent and Absolutely Convergent
Series. A series > . x, converges in a normed space E if the
sequence of partial sums s, =Y ,_, Ty converges in E.

® | That is, there is x € E such that || s, —x [|[— 0 as n — o0.
If s, — x, then > 7 @, = .

If 570 |l @, || < 00, then the series converges absolutely.

e An absolutely convergent series does not need to converge.

Theorem 1.4.4 A normed space is complete if and only if every
absolutely convergent series converges.

Proof:

1. (I) Let E be a Banach space (complete normed space).
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Let (z,,) be an absolutely convergent sequence in F such that

)
Dl < oo
n=1

and s, =Y 1, Tk

3. Claim: (s,) is Cauchy.
4. Let € > 0. Then dM such that

(o]
Y llzal<e
n=M+1
. Then Vm,n > M,
m o
lsn=smll=ll > @< Y leall<e
j=n+1 j=M+1

So, (s,) is Cauchy in FE.

6. Thus, 3z € E such that s, — z, or >~ x, = =.

7. (IT) Conversely, assume that every absolutely convergent series

converges in F.

8. Claim: F is complete.
9. Let (x,) be Cauchy in E.

10.

11.

12.

Then there exists a strictly increasing sequence of positive integers
(pr) € N such that for all m,n > py

| Zm — 2z, ||< 27k

Consider the telescopic series

Z(xkarl B xpk)

oo
k=1

Since
o oo
Z || Lppyr = Tpy ||S ZQ_k < 00.
k=1 k=1

it converges absolutely.
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13. Therefore, by assumption it converges.
14. Thus, the partial sums

n

Sn = E :(‘Tpkﬂ - ‘T;Dk) = —Tp, +Tp,,, —SE E
k=1

converge to an s € F.

15. Therefore, the sequence
Tp, = Tpy + Spn-1 = T =Ty, + 8

converges to an x € F.
16. Finally,

|20 =z [[<|| @0 = 2p, | + [ 2p, =2 [[=0

Theorem 1.4.5 A closed vector subspace of a Banach space is a
Banach space.

Proof:

. Let E be a Banach space.

. Let F' be a closed vector subspace of F.

1

2

3. Let (x,) be a Cauchy sequence in F.

4. Then (x,) is Cauchy in £ and z,, — = € E.
D

. Since F'is closed, x € F.

1.4.1 Homework
e Exercises: [31,33,34,36]
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1.5 Linear Mappings

Let L : Fy — FE5 be a mapping from a vector space E; into a vector
space Fs.

If € Ey, then L(x) is the image of the vector .
If A C E; is a subset of F;, then the set
L(A) ={y € Ey |y = L(x) for some x € A}
is the image of the set A.
If B C E5 is a subset of Es, then the set
LB)={rcE, | L(z) € B}
is the inverse image of the set B.

A mapping L : D(L) — E> may be defined on a proper subset (called
the domain) D(L) C E; of the vector space Ej.

The image of the domain, L(D(L)), of a mapping L is the range of L.
That is the range of L is

R(L) ={y € Ey |y = L(z) for some x € D(L)}.

The null space N(L) (or the kernel Ker(L)) of a mapping L is the
set of all vectors in the domain D(L) which are mapped to zero, that
18

N(L) = {z € D(L) | L(z) = 0}.

The graph I'(L) of a mapping L is the set of ordered pairs (x, L(x)),
that is

I'(L) ={(z,y) C By x By | x € D(L) and y = L(z)} .
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Definition 1.5.1 Continuous Mappings. A mapping [ :
Ey — Es from anormed space Ey into a normed space Es is con-
tinuous at zy € E if any sequence (x,) in Ey converging to g is
mapped to a sequence f(x,) in Ey that converges to f(xo).

That is f 1s continuous at xq if
| ©n, — 20 ||— 0 implies || f(x,) — f(zo) ||— 0.

A mapping f : Ey — FEy is continuous if it is continuous at every
x € E1~

e Proposition. The norm || - ||: £ — R in a normed space F is a
continuous mapping from FE into R.

Proof: If || z,, — x ||— 0, then

[an =Tl < #n =2 —=0

Theorem 1.5.1 Let f : Ey — FEy be a mapping from a normed
space Ei into a normed space Ey. The following conditions are
equivalent:

1. f is continuous.

2. The inverse image of any open set of Fy is open in Ej.

3. The inverse image of any closed set of FEy is closed in Ej.

Proof: Exercise.
|

Definition 1.5.2  Linear Mappings. A mapping L : E; — E,
is linear if Vo, y € Ey, Vo, € F,

L(ax + By) = aL(x) + BL(y).

e Let S C E; be a subset of a vector space E;. A mapping L : S — Es
is linear if Vx,y € S and Va, § € F such that ax + Sy € S,

L(ax + By) = aL(z) + SL(y).
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Proposition. If S is not a vector subspace of Fy, then there is a unique
extension of L : S — Fs to a linear mapping L : span S — FEs from the
vector subspace span .S to Es.

Proof: The extension L is defined by linearity. For any = € span S such
that r = a2 + - - -z, with x; € S and «; € F, we define

L(z) =1 L(x) + -+ o, L(xy) .

Thus, one can assume that the domain of a linear mapping is a vector
space.

Proposition. The range, the null space and the graph of a linear
mapping are vector spaces.
Proof: Exercise.

For any linear mapping L, L(0) = 0. Thus, 0 € N(L) and the null
space N (L) is always nonempty.

Theorem 1.5.2 A linear mapping L : Fy — FEy from a normed
space Fy into a normed space Fy is continuous if and only if it is
continuous at a point.

Proof:

1. Assume L is continuous at x¢ € Fj.
2. Let z € Ey and (z,) — .
3. Then (z, — x + x¢) — xo.
4. Thus
| L(xn) — L(z) [|=]] L(zn — @ + 20) — L(wo) [[— 0
|

Definition 1.5.3 Bounded Linear Mappings. A linear map-
ping L : E1 — Es from anormed space Ey into a normed space Es is
bounded if there is a real number K € R such that for all v € Ey,

I L) [[< K[« || .
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Theorem 1.5.3 A linear mapping L : £y — E5 from a normed
® | space 4 into a normed space Fy is continuous if and only if it is
bounded.

Proof:

1. (I). Assume that L is bounded.
2. Claim: L is continuous at 0.

3. Indeed, x,, — 0 implies

| Lzn) |< K[ 0 ||= 0

4. Hence, L is continuous.
5. (II). Assume that L is continuous.
6. By contradiction, assume that L is unbounded.
7. Then, there is a sequence (z,) in E; such that
I Ln) [[> 0 || 2 |
8. Let .
Yp = ——— neN

n |

9. Then .
Fynll=—, and || L(ya) [> 1

10. Then y, — 0 but L(y,) 4 0.
11. Thus, L is not continuous at zero.

e Remark. For linear mappings, continuity and uniform continuity are
equivalent.

e The set L(E, E») of all linear mappings from a vector space F; into a
vector space Fs is a vector space with the addition and multiplication
by scalars defined by

(L1 + Lo)(z) = Li(x) + Lo(x), and (aLl)(z) = aL(x).
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e The set B(E, E») of all bounded linear mappings from a normed space
E; into a normed space Es is a vector subspace of the space L(E, Es).

Theorem 1.5.4 The space B(FEy, E3) of all bounded linear map-
pings L : By — FEs from a normed space Ey into a normed space
E5 is a normed space with norm defined by

I L(z) |
L= sup ————= sup | L(z)] .
r€E1,2#£0 || x H z€E,||z]|=1
Proof:

1. Obviously, || L ||> 0.

2. || L ||=0 if and only if L = 0.

3. Claim: || L || satisfies triangle inequality.

4. Let Ll,LQ c B(El,EQ).

5. Then

[ Li+ Lo || = Sup I L1(x) 4 La(x) |
z||=1

< ”81”1p | Ly(z) | +H81”lp | La(2) |
x||=1 z||=1

= [ Lol + 1 Lo |

For any bounded linear mapping L : F; — Ey

L) <N LA =], Voekr.

| L || is the least real number K such that

| L(z) |[< K || z || for all z € Ej.

The norm defined by || L ||= sup,ep, jzy=1 | L(x) || is called the
operator norm.

Convergence with respect to the operator norm is called the uniform
convergence of operators.
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e The strong convergence in B(FE1, F5) is defined as follows:

Definition 1.5.4 A sequence of bounded linear mappings L, €
B(E,, E,) converges strongly to L € B(E, Es) if for every x €
E; we have

| Ln(x) — L(z) ||[— 0 as n — oo.

e Proposition. Uniform convergence implies strong convergence.

Proof: Follows from

I Ln(2) = L) <] Ln = L[ || = |

e Converse is not true.

Theorem 1.5.5 Let E; be a normed space and Ey be a Banach
space. Then B(FE1, Ey) is a Banach space.

Proof:

1. Claim: B(E4, E5) is complete.
2. Let (L,) be a Cauchy sequence in B(FEy, Fy).

3. Then Vx € Fy, as m,n — o0
| Lin(x) = Lo(z) [|[<[| Lin = L=n ||| | =0
4. So, Vx € Ey, (L,(z)) is Cauchy sequence in Fj.

5. Therefore, L,(z) — y(z) € Es.
6. Define L : E; — FE5 by

L(z)= lim L,(x).

n—oo

7. Claim: L € B(El,EQ).
8. Since (L,,) is Cauchy, 3M such that Vn € N,

| Lo [|< M

9. Hence

| L) 1=l Jim Loe) (= Jim | Lo(e) (1< M | |
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So, L is bounded, that is L € B(FEy, E»).
Claim: || L, — L ||— 0.

Let € > 0.

dk € N such that Vn,m > k,

| Lin — Ln [|< e

Thus,
|| Lm(x) — L, () ”SH Ly, — Ly, ||< € H z H .

So, as n — oo for any m > k
| Lin(z) — L(z) |[< e[|z .
Thus, Ve > 0, dk € N such that Vm > k,

| Lm = L[[<e

Theorem 1.5.6 Let E; be a normed space and Ey be a Banach
space. Let S C E; be a subspace of E1 and L : S — E5 be a
continuous linear mapping from S into Es. Then L has a unique
extension to a continuous linear mapping L : S — Es defined on
the closure of the domain of the mapping L.

If S is dense in Ey, then L has a unique extension to a continuous
linear mapping L : Fy — Fs.

Proof:
1. Let z € S.
2. Ix,) €8, z, — .
3. Then
I L(wm) = L) [[<I LA #m = 20 [|—= 0 as n,m — oo
4. Thus, (L(z,)) is a Cauchy sequence in Es.

ot

So, L(x,) — z € Es.
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6. Define the extension L : S — Ej of L by L(z) = z, that is

L(z) = lim (z,,).

n—oo

Claim: E(a:) does not depend on the sequence x,, but only on its
limit.

8. Lety, €S, y, — x.

9. Then
Yn — Tp — 0, and L(y, — z,) — 0.
10. Hence
L(yn) = L(yn - xn) + L(xn) -z
11. Since L is continuous, for any x € S, L(x) = L(x).
12. Also, L is a linear mapping.
13. Claim: L is continuous.
14. Let z € S and z,, € S such that z,, — =.
15. Then
[ E@ | = |l L) = lm | La,) |
<l L Jim |, |
= Ll =] -
16. Thus L is bounded and || L ||=|| L ||.

Theorem 1.5.7 Let Ey and Es be normed spaces, S C Ei be a
subspace of E1 and L : S — FE, be a continuous linear mapping

from S into Ey. Then the null space N(L) is a closed subspace of
e | F.

If the domain S is a closed subspace of Ey, then the graph T'(L) of
L s a closed subspace of Fy X FEs.

Proof: Exercise.
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e A bounded linear mapping L : ¥ — [F from a normed space F into the
scalar field [F is called a functional.

e The space B(F,F) of functionals is called the dual space and denoted
by E’ or E*.

e The dual space is always a Banach space.

Proof: since F is complete.

Theorem 1.5.8 Diagonal Theorem. Let E be a normed space.
Let X : N XN — E be a mapping defined by an infinite matriz
(xi;), 1,7 € N, of elements of E such that

1. Vj e N, lim; . 255 = 0, and

2. every increasing sequence (p;) of positive integers has a sub-
o sequence (q;) such that

oo
lim E Lgiq; = 0
71— 00

Jj=1

Then

1—00

Proof: Read in the textbook.

[ |
Theorem 1.5.9 Banach-Steinhaus Theorem  (Uniform
Boundedness Principle). Let T be a family of bounded linear
mappings from a Banach space X into a normed space Y. If for
® | cvery x € X there ezists a constant C,, such that || T(x) ||< C, for
all T € T, then there exists a constant M > 0 such that
| T|< M foralTeT
Proof: Read in the textbook.
[ |

1.5.1 Homework
e Exercises: [37,38,39,42]
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1.6 Completion of Normed Spaces

Definition 1.6.1  Let (E,|| - ||) be a normed space. A normed
space (E, || - ||1) is a completion of (E,| - ||) if

1. There ezists a linear injection ® : E — F,

2. For everyx € E

Iz [|=I[ () [,
3. ®(E) is dense in E,

4. E is complete.

e The space E is defined as follows.
e Let (z,) and (y,) be Cauchy sequences in E.
e The sequences (z,) and (y,) are equivalent,
(2n) ~ (yn), if lim || z,, — y,, ||= 0.

e The set of equivalent Cauchy sequences equivalent to a Cauchy se-
quence (x,) is the equivalence class of (x,,)

[(zn)] = {(yn) € E| (yn) ~ (2)}
e The set of all equivalent classes is
E =E/ ~={[(zn)] | (zn) is Cauchy sequence in E}
e The addition and multiplication by scalars in E are defined by
[(@n)] + ()] = [(zn + )], Allzn)] = [(Azn)]
e The norm in E is defined by the limit
I (] = lim |, |,

which exists for every Cauchy sequence.
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This definition is consistent since for any two equivalent Cauchy se-
quences (x,) and (y,)

I {Cn)] =1 ()]

Proof: Exercise.

The linear bijection ® : E — E is defined by a constant sequence
®(x) = [(x,)] such that z,, = z, Yn € N.

Then @ is one-to-one.

Proof: Exercise.

Obviously, Vo € E, || z ||=|| ®(x) ||1.
Claim: ®(E) is dense in F.

Proof: Since every element [(z,,)] of E is the limit of a sequence (®(z,,)).

Claim: E is complete.

Proof:
Let (y,,) be a Cauchy sequence in E.
Then 3(z,,) such that

1
D(x,) —yn 1< —.
| @) =y 1<~

Claim: (z,,) is Cauchy sequence in FE.
Proof:
[ 2n —zm || = | ®(xn) = @(zm) |1
< [ @@n) =yn i+ 1 yn = ym I+ | ym — D(2m) [

1 1
< | Y= Ym |1 +— + —.
n m

Let y = [(zn)].
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e Claim:
| Yn —y [lhi— 0.

Proof:

ln=ull < 1= ®(@a) |1+ | D) =
1
< @)~y + —0. (1)

Definition 1.6.2 Homeomorphism. 7Two topological spaces
e | Iy and E5 are homeomorphic if there exists a bijection ¥ : E; —
E, from E, onto E, such that both ¥ and ¥~ are continuous.

Definition 1.6.3 Isomorphism of Normed Spaces. Two
e | normed spaces (E1, | - ||1) and (Es, || - ||2) are isomorphic if there
exists a linear homeomorphism V : By — Fy from E; onto Es.

e Any two completions of a normed space are isomorphic.

Proof: Read elsewhere.

1.6.1 Homework

e Exercises: | |
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1.7 Contraction Mappings and the Banach
Fixed Point Theorem

e Examples.

Definition 1.7.1  Contraction Mapping. Let E be a normed
space and A C E be a subset of E. A mapping f : A — E from A
into E/ 1s a contraction mapping if there exists a real number a,
such that 0 < o < 1 and Vx,y € A

[ f@x) = fy) IS allz—yll.

e A contraction mapping is continuous.

Proof: Exercise.

o IfVz,ye A
| f(@)=Fw l<llz—yl,

then it is not necessarily a contraction since the contraction constant
« may not exists.

e Examples.

Theorem 1.7.1 Banach Fixed Point Theorem. Let E be a
Banach space and A C F be a closed subset of E. Let f : A — A be

a contraction mapping from A into A. Then there exists a unique
z € F such that f(z) = z.

Proof:

1. We have Vz,y € A
| f)=f) lI<allz—yl

2. Let zg € A and
$n:f(zn—1), nGN

3. Claim: (z,) is a Cauchy sequence in A.

4. We estimate, Vn € N

| Tp1 — a0 [[S Q" || 21 — 20 || -
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D.

So, Vn,m € N, m < n, by triangle inequality

n—1 Q™
| 2n = 2 1< 0l || 21 — 29 I T e =20
—

=m

Thus,
| zp — T ||[— 0 as m — o0

Next, there exists z = limz,, € A.

8. Claim: z is the unique point such that f(z) = 2.

10.
11.
12.

13.

. We estimate

Iz =2zl < I FG) =2l +l12n—=|
= 1 /G) = flena) [+ T 2n — 2|
< allz-zaa [+ =2
—0  asn— 00

Therefore, f(z) = z.
Suppose there exists w € F such that f(w) = w.
Then

Iz =wl=ll f(z) = fw) [ al z=w].

This implies z = w.

e Examples.

e If the contraction constant o« = 1, then the Fixed Point Theorem is no
longer valid.

1.7.1 Homework
e Exercises: [44,45,46,47]
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Chapter 2

Lebesgue Integral

2.1

Step Functions

Characteristic function of a set A C X is a mapping
XA X — {O, 1}

defined by
(z) = 1, ifze A
XA =10, ifrg A

For a non-zero function f : R™ — R, the closure of the set of all points
in R"™ for which f(x) # 0 is called the support of f, i.e.

supp f = {z € R"|f(z) # 0} .

Clearly,

supp xa = A.
Let I be a semi-open interval in R™ defined by
I={xeR"|ap <z <b, k=1,...,n}
for some a; < b.

A finite linear combination of characteristic functions of semi-open in-

tervals
N
F=Y"arxy,
k=1

is called a step function.

39
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e The collection of all step functions is a vector space.
e The absolute value of a step function is a step function.

e For any two functions f and ¢, the functions A = min(f,g) and z =
max(f, g) are step functions.

2.2 Lebesgue Integrable Functions

e The measure of the set [ is defined to be
p(l) = (br —a1) - (bn — an).
e The Lebesgue integral of a characteristic function of the set [ is

defined by
/XI = p(l).

e The Lebesgue integral of a step function is defined by linearity

N N
[ 3 v = S auntn).
k=1 k=1

e A function f : R"™ — R is Lebesgue integrable if there exists a
sequence of step functions { fx} such that

o0
[~ Z s
k=1
which means that two conditions are satisfied:
o
o) > [1nl <o
k=1

b) f(z) = ifk(a:), Vz € R" such that i |fr(z)] < 00
k=1

k=1
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e The Lebesgue integral of f is then defined by

/f—g/fk

e Every Riemann integrable integral is Lebesgue integrable and both in-
tegrals are equal.

Theorem 2.2.1  If f is integrable and f > 0 then

) [1=0

e The set of all Lebesgue integrable functions on R™ is denoted by L*(R™).

Theorem 2.2.2 The set L*(R™) is a vector space and [ is a
linear functional on it.

o Let f~5 2 fr and A be the set defined by

A={reR'[f() 3 A}

[ra=o
[in=0

Then

e A function f such that

is called a null function.
o If f > fk, then
the series Y - fi(z) converges to f(z) for all x except a null set.

e Convergence for all x except a null set is called convergence almost
everywhere.
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Theorem 2.2.3 The absolute value of an integrable function is in-
tegrable and

[ J
1)< i
Theorem 2.2.4 If f,g € L'(R") and f < g, then

' 1=/

2.3 Series of Integrable Functions

o Let f € L*(R") be an integrable function and (f,,) be a sequence of
integrable functions in L'(R"). We say

o0
f = Z fk )
k=1
if two conditions are satisfied:
o
o 3 [1hl <o
k=1

b) f(x)= ifk(:t), Vax € R" such that i |fe(z)] < 0.
k=1

k=1

Theorem 2.3.1 If (fi) is a sequence of integrable functions and

FoY fs
k=1

then f is integrable and

/fzg/fk,
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2.4 L! Norm

e The L'-norm in L'(R") is defined by

1A= [ 11

e This functional is not a norm! To make L!'(R™) a normed space one
has to consider instead of functions equivalence classes of equivalent
functions.

e A function f is called a null function is it is integrable and || f|| = 0.

e Two functions f and ¢ are said to be equivalent if f — ¢ is a null
function.

e The equivalence class of f € L'(R"), denoted by [f], is the set of all
functions equivalent to f.

e The space L'(R™) of equivalence classes of integrable functions is a
normed space with the L! norm.

e The space £'(R") is complete.

o If F € L(R™), then we cannot specify the value of F' at a point x € R™
since F'is not a function R” — R but an equivalence class of functions!

e A sequence of integrable functions (f,,) is said to converge in norm
to an integrable function f if

| fn = f l=0.

e A series Y .- fr is said to converge in norm to a function f if

IS fi—f =0
k=1

e Notation. Convergence in norm is denoted by

fom fing LS Y RES
k=1
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Convergence in norm is the usual convergence in a normed space.

Theorem 2.4.1 If
f = kav
k=1

then

f Z Ir
=1

Convergence Almost Everywhere

A set X C R" is called a null set (or a set of measure zero) if its
characteristic function is a null function.

Every countable set is a null set.

A countable union of null sets is a null set.
Every subset of a null set is a null set.
The closure of a null set is a null set.

Two integrable functions, f,g € L'(R™), are said to be equal almost
everywhere,

o
[}

f=g9g ae., or f=gyg
if the set of all € R™ for which f(x) # g(z) is a null set.

Let A = supp (f — g). Obviously, f = g if [ xa=0.

Theorem 2.5.1 Let f and g be integrable functions. Then

g fadonlyit 7= gll= [ 17 -gl=0

A sequence of functions (f,,) is said to converge almost everywhere
to a function f if

fn(z) — f(x) for every x € R™ except a null set.
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e Notation. Convergence almost everywhere is denoted by

RSP or dmf

o A series Y -, fi converges to [ almost everywhere if the sequence of
partial sums converges to f almost everywhere.

e Notation.
oo
S hES
k=1
e Convergence almost everywhere has properties similar to the converges
in norm but is essentially different.

e Equivalence of functions and equality almost everywhere are the same
thing.

e The value of a function at every point is not needed to find the value
of the integral.

e Integral of a function is determined by the values of the function almost
everywhere, that is everywhere except a null set.

e Uniform convergence does not imply convergence in norm.

Theorem 2.5.2 Let (f,) be a sequence of integrable functions such

that .
3 / ful < oo.
k=1

Then there exists a function f such that

ka =7
k=1

Theorem 2.5.3 If

then
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Theorem 2.5.4 Let (f,) be a sequence of integrable functions such

that .
3 / il < oo.
k=1

Then

FESN e dfandonlyif  fEYS i

Fundamental Theorems

Theorem 2.6.1 The space L*(R") is complete.

The space L'(R") is the completion of the space of step functions with
respect to convergence in L' norm.

Theorem 2.6.2 (Riesz Theorem) Let f be a function and (f,)
be a sequence of functions such that

fu 1
Then there exists a subsequence (f,,) such that

fou = 1.

Convergence in norm implies convergence of integrals:
g mples [ [

That is the order of the limit and the integral can be interchanged.

Convergence almost everywhere does not have this property, that is

fo 55 f does not imply / fn — / f

So, the order of the limit and the integral can not be interchanged.

A sequence of functions is monotone if it is non-increasing or non-
decreasing.
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Theorem 2.6.3 (Monotone Convergence Theorem) Let (f,)
be a monotone sequence of integrable functions such that the se-
quence of integrals ([ fn) is bounded. Then there exists an inte-
grable function f such that

[0 and o f %

[, =1im [ 1,

Moreover, if for some M

Vﬁ

In particular,

< M, Vn € N,

oz

then

Theorem 2.6.4 (Dominated Convergence Theorem) Let f be
a function, h be an integrable function and (f,) be a sequence of
integrable functions such that

=y

and
|ful <h,  VneN.

Then f is integrable and
fu S,

[, =1im [ 1,

That s
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Theorem 2.6.5 (Fatou Lemma) Let f be a function and (f,) be
a sequence of non-negative integrable functions such that

5 1

and for some M

/fngM, Vn € N.

[r=u

Then f is integrable and

2.7 Locally Integrable Functions

Let I be a bounded interval of R™. The integral of f over I is defined

by
[fz/mf

If f is an integrable function then for every bounded interval I the
integral [, f exists.

The converse is not true.

A function f : R®™ — R is called locally integrable if for every
bounded interval I the function fy; is integrable.

Locally integrable functions form a vector space.

The space L'(R) is a subspace of the space of locally integrable func-
tions.

The absolute value of locally integrable function is locally integrable.

The product of locally integrable functions may be locally noninte-
grable!

The product of a bounded function and a locally integrable function is
locally integrable.
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e If g is an integrable function and f is locally integrable function such
that | f| < g, then f is integrable.

The set of functions vanishing outside a bounded interval I is a vector
space denoted by L'(I).

The space L'(I) is a normed space with the norm

HfH:/I!f\-

The space L'(I) is complete.

2.8 Lebesgue Measure

A set Q is called measurable if the characteristic function xq of €2 is
a locally integrable function.

The measure p(£2) of a measurable set 2 is defined by

u@ = [ xo

e The measure of any set is non-negative.
e The measure of the empty set is 0, that is u(0) = 0.
e The measure of a null set is 0.

e The measure of a nonmeasurable set € is defined to be co.

Theorem 2.8.1 Let (£2;)72, be a sequence of disjoint sets. If each
set of the sequence is measurable, then the union of the sequence is
also measurable and

A(VESES !
k=1 k=1
The integral over any measurable set € is defined by

[ 1= [t
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For any measurable set ) the space L'(Q) is the set of all integrable
functions vanishing outside €.

The space L!(Q) is a Banach space.

A function f is called measurable if there exists a sequence of step
functions (f,) converging to f almost everywhere, that is

Iy
Every integrable function is measurable.

Every locally integrable function is measurable.

Not all measurable functions are locally integrable.

Theorem 2.8.2 The set of measurable functions form a vector
space.

The absolute value of a measurable function is measurable.

The product of measurable functions is measurable.

Theorem 2.8.3 Let f be a measurable function and g be a locally
integrable function. If |f| < g, then f is locally integrable.

Square Integrable Functions

A locally integrable function f such that |f|? is integrable is called
square integrable.

The space of square integrable functions is denoted b L*(R").

Theorem 2.9.1 The space of square integrable functions is a vec-
tor space.

Corollary 2.9.1 The product of two square integrable functions is
an integrable function.
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Theorem 2.9.2 The space L*(R™) is a normed space with the
norm

' = (fur)”
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Chapter 3

Hilbert Spaces and
Orthonormal Systems

3.1 Inner Product Spaces

Definition 3.1.1

Inner Product Space. A complex vector

space E is called an inner product space (or a pre-Hilbert
space, or a unitary space) if there is a mapping (-,-) : E X
E — C, called an inner product, that satisfies the conditions:
Vr,y,z € E, Ya € C:

1. (z,z) >0
x,x) =0 if and only if t =0

- (

-
x4y, 2) = (2,2) + (y, 2)
- (o, y) = (z,y)

-

G N L o

z,y) = (y, )"

e Examples.

93
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3.1.1 Finite-dimensional spaces

e C™ is the space of n-tuples x = (z1,...,zx) of complex numbers. It is
a Hilbert space with the inner product

(x,y) = Y _xy;
j=1

3.1.2 Spaces of sequences
e [? is the space of sequences of complex numbers x = (x,,), such that

o0

Z|acn|2 < 0.

n=1

It is an inner product space with the inner product
(z,9) = > _ ;y;
j=1

e [y is the space of sequences of complex numbers with zero tails with
the inner product

(Q?, y) = Z x]y;
j=1

3.1.3 Spaces of continuous functions

e (([a,b]) with the inner product
b
(f.9) = / fg

e Cy(R) (space of continuous functions with compact support) with the

inner product
()= [ fo
R
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3.1.4 Spaces of square integrable functions

e [*([a,b]) is the space of complex valued functions such that

l[UP<w-

It is an inner product space with the inner product

<ﬁm=4ﬂf

e L?([a,b], 1) (space of square integrable functions with the measure 1)
with the inner product

(f,9) = /abufg*,

where 4 > 0 almost everywhere.

e Let 2 be an open set in R™ (in particular, © can be the whole R").
The space L*(Q) is the set of complex valued functions such that

JAEE

where x = (21,...,2,) € Qand dv = dz; - - - dz,,. It is an inner product
space with the inner product

<ﬁw—ljf

e [*(R") with the inner product
(f9)=1 [fg"
R

e Let 2 be an open set in R™ (in particular, € can be the whole R™) and
V be a finite-dimensional vector space. The space L*(€,V) is the set
of vector valued functions f = (f1,..., fx) on Q such that

i;émﬁ<m.
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It is an inner product space with the inner product

N

3.1.5 Real Inner Product Spaces

e Remark. The inner product in a real inner product space is symmetric.

e A finite dimensional real inner product space is called a Euclidean
space.

e R" is a Euclidean space.

3.1.6 Direct Sum of Inner Product Spaces

e Let F4 and E5 be inner product spaces. The direct sum E = E; ® E5
of F; and Es is an inner product space of ordered pairs z = (x,y) with
x € By and y € F, with the inner product defined by

(21, 22)E = (1, 22) B, + (Y1, Y2) B, -

3.1.7 Tensor Products of Inner Product Spaces

e Let E) and F5 be inner product spaces. For each ¢y € E; and ¢y € Ej
let 1 ® @9 denote the conjugate bilinear form on F; x Fy defined by

(01 @ @2)(Y1,92) = (Y1, 1) B, (Y2, P2) B,

where ¢; € E; and ¢y € E5. Let E be the set of finite linear combi-
nations of such bilinear forms. An inner product on F can be defined
by

(@Y, n@ e = (p,m)E (U, 1)k,

(with p,n € E; and ¥, u € Ey) and extending by linearity on E.
e Let E be an inner product space. The space

F(E)y=C&>*,E®-- ®F

n

is called the Fock space over E.
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3.1.8 Homework

e Exercises: [4,5]

57
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3.2 Norm in an Inner Product Space

Definition 3.2.1 Norm in an Inner Product Space. Let E
be an inner product space. The norm in E is a functional || - ||:

E — R defined by
|z |= V(z,z).

Theorem 3.2.1 FEwvery inner product space is a normed space with
o | the norm || = ||= /(x,x) and a metric space with the metric

d(z,y) = /(v —y,x —y).

Theorem 3.2.2 Schwarz’s Inequality. Let E be an inner prod-
uct space. Then for any x,y € E we have

. (@)l <[z yll -

The equality |(z,y)| =|| = || || y || holds if and only if x and y are
linearly dependent.

Proof:
1.
[ |
Corollary 3.2.1 Triangle Inequality. Let E be an inner product
o | Space. Then for any x,y € E we have
fz+yll<lzl+llyll .
Proof:
1.
|

Theorem 3.2.3 Parallelogram Law. Let E be an inner product
space. Then for any x,y € E we have

lz+y I +lz—yl>=2(l |+ 1y

Proof:
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Definition 3.2.2 Orthogonal Vectors. Let E be an inner
product space. Two vectors x,y € FE are orthogonal if (z,y) = 0.

Notation. The orthogonality of the vectors x and y is denoted by

r Ly

The relation L is symmetric, that is, if x L y then y L x.

Theorem 3.2.4 Pythagorean Theorem. Let E be an inner
product space. If two vectors x,y € E are orthogonal then

lz+y "=l |*+ 1y ]*

Proof:
1.

Examples.

3.2.1 Homework
e Exercises: [9,10,11,12,13]
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3.3 Hilbert Spaces

Definition 3.3.1 Hilbert Space. An inner product space is
called o Hilbert space if it is complete as a normed space.

e Examples.

3.3.1 Finite dimensional Hilbert spaces

e C" is complete.

3.3.2 Spaces of sequences

e The space of square summable sequences (I?) is complete. Proved be-
fore.

e The space of sequences with vanishing tails (ly) is not complete. Coun-

terexample.

3.3.3 Spaces of continuous functions

e C([a,b]) is not complete. Counterexample.

e Cy(R) (space of continuous functions with compact support) is not
complete. Counterexample.

3.3.4 Spaces of square integrable functions.

e | Theorem 3.3.1  L*([a,b]) is complete.
Proof:

1.

e | Theorem 3.3.2  L2(R) is complete.
Proof:

1.
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|
e | Theorem 3.3.3  L?([a,b],u) is complete.
Proof:
1.
|

3.3.5 Sobolev Spaces

e Let  be an open set in R™ (in particular, € can be the whole R™)
and V' a finite-dimensional complex vector space. Let C™ (€2, V') be the
space of complex vector valued functions that have continuous partial
derivatives of all orders less or equal to m. Let

a=(ag,...,ap),
a; € N, be a multiindex of nonnegative integers, o; > 0, and let
o) =0+ + .
Define
olal

ozt - - -6xgnf'

Then f € C™(V,Q) iff Vo, || <m,Vi=1,...,N, Vx € Q we have

Dof =

|Dfi(x)] < 00

The space H "(Q,V) is the space of complex vector valued functions
such that Vo, |a] < m,

D*f e L*(Q,V)

i.e. such that Va, |a| < m,

N
;/Qu) fil2) 2z < oo
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It is an inner product space with the inner product
N
Fo)= 3 X [ Doty
a, la|<m =1 &

The Sobolev space H™(, V) is the completion of the space H™(, V)
defined above.

3.3.6 Homework
e Exercises: [15,16,17,18]
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3.4 Strong and Weak Convergence

Definition 3.4.1  Strong Convergence. A sequence (z,) of
vectors in an inner product space E is strongly convergent to a
vector x € E if

lim ||z, —2||=0
n—oo

Notation. z,, — .

Definition 3.4.2  Weak Convergence. A sequence (z,) of
vectors in an inner product space E is weakly convergent to a
vector x € E if for anyy € B

lim (z, —z,y) =0

n—oo

. w
Notation. z,, — =

Theorem 3.4.1 A strongly convergent sequence is weakly conver-
gent to the same limit.

Proof:
1.

Converse is not true. Counterexample.

Corollary 3.4.1 Let E be an inner product space. Then for every
y € E the linear functional ¢, : £ — C defined by

oy(x) = (2,y) Vee E

1S continuous.

Theorem 3.4.2 Let (x,) be a sequence in an inner product space
E. If:

1.z, >z and
2. |z =l 2 I,

then x, — x.
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Proof:

1.
|

Theorem 3.4.3 Let S be a subset of an inner product space E and
(x,) be a sequence in E. If:

1. span S is dense in F,
2. () is bounded, and

3. for anyy € S, lim,_o(z, —x,y) =0,

w
then x, — x.

Proof:

1.
|

Theorem 3.4.4 Weakly convergent sequences in a Hilbert space
are bounded.

Proof:

1.

3.4.1 Homework
e Exercises: [20,21,23,24]
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3.5 Orthogonal and Orthonormal Systems

Definition 3.5.1  Orthogonal and Orthonormal Systems.
Let E be an inner product space. A set S of vectors in E is called
an orthogonal system if any pair of distinct vectors in S is or-
thogonal to each other.

An orthogonal system of unit vectors is an orthonormal system.

Every orthogonal system can be made orthonormal.

Let S be a set of vectors in F. If x L y for any y € S, then x L span S.

’ Theorem 3.5.1 Orthogonal systems are linearly independent.

Proof:

1.

Definition 3.5.2 Orthonormal Sequence. A sequence of
vectors which is an orthonormal system is an orthonormal se-
quence.

Examples.

Any orthogonal sequence can be always made orthonormal.

Gram-Schmidt orthonormalization process. Any sequence of lin-
early independent vectors can be made orthonormal.

1.
2.

Let (y,) be a linearly independent sequence.

Then the sequence (z,) defined by

k—1
— _ (ykv zn)zn
21 = Y1, Zk—yk—ZW
n=1 "

is orthogonal.

Then the sequence (e,,) defined by e, = 2,/ || z, || is orthonormal.
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3.5.1 Homework
e Exercises: [32,33,37]
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3.6 Properties of Orthonormal Systems

Theorem 3.6.1 Pythagorean Formula. Let E be an inner
product space and {x,}N_, be an orthonormal set in E. Then

N 2 N
Sl = el
n=1 n=1

Proof:

Theorem 3.6.2 Bessel’s Equality and Inequality. Let E be

an inner product space and {e,}"_, be an orthonormal set in E.
Then Vx € B

2

N
Lo [P= lzal” +
n=1

N
xTr — E Tn€n
n=1

and

N
Dzl <l e |
n=1

where x, = (x,e,).

Proof:

1.
|

e Remarks. Let (e,) be an orthonormal sequence in an inner product
space E.

e The complex numbers z,, = (z,e,) are generalized Fourier coeffi-
cients of  with respect to the orthonormal sequence (ey,).

e An orthonormal sequence (e,) in E induces a mapping ¢, : £ — [
defined by

p(z) =T = (zn)
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e The sequence of Fourier coefficients & = (z,,) is square summable, that
is 7 € [2 since for any v € F

[e%S)
Dzl <[z |
n=1

and, therefore, this series converges.

e The expansion

[e's)
xTr ~ E Tn€n
n=1

is a generalized Fourier series of x.

e The question is whether the mapping ¢ is bijective and whether the
Fourier series converges.

Theorem 3.6.3 Let (e,) be an orthonormal sequence in a Hilbert
space H and (x,) be a sequence of complex numbers. Then the
series Y oo Tne, converges if and only if (x,) € [, that is the
series Yy " |x,|? converges.

In this case

2 )
=2 |zl
n=1

)
E Tn€n
n=1

Proof:

e Fourier series of any x € H in a Hilbert space H converges.
e Fourier series of x may converge to a vector different from x!
e Example.

e Let (e,) be an orthonormal sequence in an inner product space £. The
sequence of Fourier coefficients x,, = (z,e,) is square summable, and,
therefore,

lim (z,e,) =0 VzxeFE

n—oo
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Thus, every orthonormal sequence weakly converges to zero.

e Orthonormal sequences are not strongly convergent since || e, ||= 1
Vn € N.

Definition 3.6.1 Complete Orthonormal Sequence. Let E
be an inner product space. An orthonormal sequence (e,) in E is
complete if Vx € E the Fourier series of x converges to x.

That s

9]
* r = E Tn€n -
n=1

More explicitly,

lim x—anen =0
n—oo —
e Example.
Definition 3.6.2 Orthonormal Basis. Let E be an inner

product space. An orthonormal system B in E is an orthonormal
basis if for any x € E there exists a unique orthonormal sequence
o | (€,) in B and a unique sequence (x,) of nonzero complex numbers

such that .
T = Z TpCo, -
n=1

e Remarks.

A complete orthonormal sequence in an inner product space is an or-
thonormal basis.

Let E be an inner product space and (e,) be a complete orthonormal
sequence. Then the set

S = span{e, | n € N}

is dense in F.
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Theorem 3.6.4 Let H be a Hilbert space. An orthonormal se-
e | quence in H is complete if and only if the only vector orthogonal to
this sequence is the zero vector.

Proof:

1.
]

Theorem 3.6.5 Parseval’s Formula. Let H be a Hilbert space.
An orthonormal sequence (ey) in H is complete if and only if Vx €

H
° )
2 2
L2 [1P=") |l
n=1

where x, = (x,e,).

Proof:

1.
|

Theorem 3.6.6 Let Hy and Hy be Hilbert spaces. If {r} and {1}
e | are orthonormal bases for Hy and Hs respectively, then {py ® ¥y}
1s an orthonormal basis for the tensor product Hy ® Hs.

Proof:

1.

e Examples.

3.6.1 Homework
e Exercises: [38,39,40,41]
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3.7 'Trigonometric Fourier Series
e Consider the Hilbert space L*([—, 7).
e The sequence

1 .
e n €z

Qpn(x) = \/ﬁ )

is an orthonormal sequence in L?([—, ]).

e Consider the space L'([—7,7]).
e Identify the elements of L'([—n,x]) with 27 periodic functions on R.

e Then for any f € Ll([-mﬂ%

[dtf(t):[dtf(t—x)

n

hn:Z<f7(pk>90k7 necN.

k=—n

e Define the sequence

More explicitly,

where

More explicitly,
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where
1 - .
Ko(r)=o——— Y (n+1—|[k])e™

2r(n+1) =

is the Fejer’s kernel.

Lemma 3.7.1 We have

° 1 sin® [(n+1)%]

2r(n+1)  sin® (%)

Proof:

Definition 3.7.1 A sequence k,, of 2w-periodic continuous func-
tions is a summability kernel if it satisfies the conditions:

/ dt kp(t) =1,

2. There is M € R such that Vn € N

1. Vne N

/ dt |k, (t)] < M,

—Tr

3. For any d € (0,)

27—0
lim dt |k, () =0

n—oo Fy

. ‘ Lemma 3.7.2 The Fejer’s kernel is a summability kernel.

Proof:

1.
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Theorem 3.7.1 Let (k,) be a summability kernel and f €
LY([—m,x]). Let (F,) be a sequence defined by

. F, = /ﬁ dt rn (D) f(z — 1).

—T

Then F,, strongly converges to f in L' norm.

Proof:

1.
|

Theorem 3.7.2 Let f € L'([-n,7]). If all Fourier coefficients
fo = (f,pn) vanish, then f =0 almost everywhere.

Proof:

1.

Theorem 3.7.3 The sequence

is a complete orthonormal sequence, (an orthonormal basis), in

L ([, 7).
Proof:

1.

e Let f € L*([—m, ). The series

f@)= )" fapal®),

n=—oo

where

fo= / "t F(t)ealt),

—T

is the Fourier series. The scalars f, are the Fourier coefficients.
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e Fourier series does not converge pointwise!

e Fourier series of a function f € L?*([—m,7]) converges almost every-
where.

3.7.1 Homework

e Exercises: [45]
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3.8 Orthonormal Complements and Projec-
tion Theorem

A subspace of a Hilbert space is an inner product space.

A closed subspace of a Hilbert space is a Hilbert space.

Definition 3.8.1 Orthogonal Complement. Let H be a
Hilbert space and S C H be a nonempty subset of H. We say
that x € H is orthogonal to S, denoted by x 1 S, if Vy € S,

,y) =0.
The set

(x

of all vectors orthogonal to S is called the orthogonal comple-
ment of S.

Two subsets A and B of H are orthogonal, denoted by A L B, if
every vector of A is orthogonal to every vector of B.

St={zecH|x LS}

If x L H, then x = 0, that is

H+*={0}, {0} =H.

If AL B, then An B = {0} or (.

Theorem 3.8.1 The orthogonal complement of any subset of a
Hilbert space is a Hilbert subspace.

Proof:

AN

Let H be a Hilbert space and S C H.
Check directly that S* is a vector subspace.
Claim: S* is closed.

Let (x,,) be a sequence in S+ such that z,, — z € H.

Then Vy € S
(z,y) = lim (2,,y) = 0.

n

Thus z € S*.
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Remarks.

e S does not have to be a vector subspace.

Definition 3.8.2 Convex Sets. A set U in a vector space E
is called convex if Vr,y € U and Ya € (0,1),

ar+(1—a)yeU.

A vector subspace is a convex set.

Theorem 3.8.2 The Closest Point Property. Let H be a
Hilbert space and S be a closed convex subset of H. Then Vx € H
o | there exists a unique y € S such that

—y ||= inf — .
I —yl=inf ||z -z ||

Proof:

—_

. (I). Existence. Let d = inf,cs ||z — 2 |.

\V]

. Let (yn) be a sequence in S such that
lim ||z —y, ||=d.
3. By convexity we have Vn,m € N

1
I = 5 (ot ym) 1> d

4. By the parallelogram law, we have

1
Fn =t [P= 20 2 =g [P +2 2 =9 7 =4 2= 5 G+ 1) I

5. As n,m — oo, we have
| Yn — Ym ||2_> 0.

6. So, (yn) is Cauchy.
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7. Since H is complete dlimy, =y € H.
8. Since S is closed y € S.
9. By continuity, we get

|z —yll=lin ||z -y, |=d

10. (II). Uniqueness. Let y; be another such point.
11. Then, by convexity

1
ly—w |P=4d* =4 = — S+ u) ?<0

12. Thus y = ;.
|

Theorem 3.8.3 Let H be a real Hilbert space. Let S be a closed
convex subset of H, y € S and x € H. Then

— v ll= inf _
o=y l=inf [z
iof and only iof

Vze S, (x—y,z—y) <0.

Proof:
1. (I).Let x € H, y,z € S and X € (0,1).
2. Suppose || z —y [|[=infees ||z — 2 || .
3. By convexity we have

| (z—y)=Az—1y) |
lz—y > —2X\z—y,z—y)+ N[ z—y |]?

lz—y|? <
<

4. Therefore, as A — 0, we get
(x—y,z—1y) <0.

5. (II). Let x € H and y € S.
6. Suppose Vz € S, (x —y,z —y) < 0.
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7.

8.

Then Vz € S
lz—y P =llz—z|*=2@—-y.z—y)— | z—y|?<0.

Thus
lz—ylP<[z—z]|?

Theorem 3.8.4 Orthogonal Projection. Let H be a Hilbert
space and S be a closed subspace of H. Then ¥Yx € H there exist
o | uniquey € S and z € S+ such that

r=y+z.

Proof:

1.

10.

11.

12.

S R A T

(I). Existence. If z € S, then let y =z € S and 2 = 0 € S+ so
that x =y + 2.

Let x € S.

Let y € S be the unique point closest to x.
Let z=2 —y.

Then || z ||=infyes || 2 —w || .

Claim: z € S*.

Let w e S and A € C.

Then
2 [IP<ll 2 = dw [[*=]| 2 | =2Re A(w, 2) + [A]* || w ||
Thus
—2Re A(w, z) + [A]? || w [|*> 0.
We obtain

Re (w, z) <0, Im (w, z) <0.
Since this is true for any w € S, we obtain
(w,z) =0.

Thus, z € S*.
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13. (II). Uniqueness. Suppose x =y + z = y; + 1.
14. Then y —y; = 21 — z.
15. Sincey —y; € Sand 2 — 2, € S*, then y —y; = 2z — 2, = 0.
[ |
e Orthogonal decomposition of H. If every element of H can be

uniquely represented as the sum of an element of S and an element of
S+, then H is the direct sum of S and S+, which is denoted by

H=S®S*

e The union of a basis of S and a basis of S* gives a basis of H.

e Orthogonal projection. An orthogonal decomposition H = S ¢ S+
of H induces a map P : H — S defined by P(y + z) = y, where y € S
and z € S*.

e Examples.

Theorem 3.8.5 Let H be a Hilbert space and S be a closed sub-
e | space of H. Then

(SHt=5.
Proof:
1. Let x € S.
2. Then z L S+, or z € S*++.
3. So, S C S+t
4. Let x € S*.
5. Since S is closed, there exist y € S and z € S+ such that z = y+2.
6. Then y € S*++.
7. Since S+t is a vector space, z = —y € S+,
8. Since z € S+t and 2z € S*.
9. Thus, z=0,and x =y € S.

—_
e

Therefore, S++ C S.
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3.8.1 Homework
e Exercises: [51,52,53,55,56]
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3.9 Linear Functionals and the Riesz Repre-
sentation Theorem

e Examples.
o L*((a,b))
e o(f) = (f,g) is a linear bounded functional.

o Let 29 € (a,b). Then ¢(f) = f(xo) is a linear but unbounded func-
tional.

o C"

o Let k € {1,...,n}. Then ¢(x) = x, = (x,¢) is a linear bounded
functional.

Lemma 3.9.1 Let E be an inner product space and f: E — C be
a bounded linear functional on E. Then

dim(N(f))* < 1.

Proof:

1. If f =0, then N(f) =FE.

2. Therefore, (N(f))*+ = {0} and dim(N(f))*+ = 0.

3. Suppose that f # 0.

4. Since f is bounded and linear it is continuous.

5. Therefore, N(f) is a closed subspace of E.

6. Thus, (N(f))* is not empty.

7. Let z,y € (N(f))* be two nonzero vectors.

8. Then f(x) # 0 and f(y) # 0.

9. Therefore, there exists a # 0 € C such that f(z + ay) = 0.
10. Hence, x + ay € N(f).
11. Since z,y € (N(f))*, we also have = + ay € (N(f))*.
12. Thus x + ay = 0.
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13. Therefore, x and y are linearly dependent, and, therefore,

dim(N(f))* = 1.
u

Theorem 3.9.1 Riesz Representation Theorem. let H be a
Hilbert space and f: H — C be a bounded linear functional on H.
There exists a unique xo € H such that

. f(x) = (2, 20)

for all x € H. Moreover,

I N=1 o Il -

Proof:

1. (I). Existence.
If f=0, then 2y = 0.
Suppose f # 0.
Then dim(N(f))* = 1.
Let u € (N(f))*.
Then Vx € H,

oo W

r=y+z
where y = x — (z,u)u € N(f) and z = (z,u)u € (N(f))*.
6. Therefore, f(y) = 0.
7. Further,

where

o = (f(u))"u.
8. (II). Uniqueness. Suppose there exists zo and x; such that Vo € H
f(@) = (2, 20) = (2, 21).

9. Then Vx € H

(x,x9 —x1) = 0.
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10.
11.
12.

13.

14.

Thus, (zo — x1) € H = {0}.
So, xg = x1.
Finally, we have
|/ ()| (2, z0)|

I f [|= sup =——+ = sup <[l o || -
w0 |2l a0 (2]

On another hand
|[f (o)l _ (o, mo)| _

ETREN

Thus, [| f [[=] zo |-
|

e Remarks. The set H' of all bounded linear functionals on a Hilbert
space is a Banach space, called the dual space.

e The dual space H' of a Hilbert space H is isomorphic to H.

3.9.1 Homework

e Exercises:



84 CHAPTER 3. HILBERT SPACES AND ORTHONORMAL SYSTEMS

3.10 Separable Hilbert Spaces

Definition 3.10.1 Separable Spaces. A Hilbert space is sepa-
e | rable if it is finite-dimensional or contains a complete orthonormal
sequence.

Examples.
o L*([-m, )

o [?

Example (Non-separable Hilbert Space). Let H be the space of
all complex valued functions f : R — C on R such that they vanish
everywhere except a countable number of points in R and

S @) < oc.

f(x)#0

Define the inner product by

(fo)= D> [fla)glx).

Then for any sequence f, in H, there are non-zero functions f such
that (f, f,) = 0 for all n € N. Therefore, H is not separable.

Theorem 3.10.1 Let H be a separable Hilbert space. Then H con-
tains a countable dense subset.

Proof:

1. Let (e,) be a complete orthonormal sequence in H.

2. Define the set

S = {Z(Oék +if)er | o, B € Q,n € N}

k=1

3. Then S is countable.
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4. Also, Vx € H,
Tim || (. ex)er —x [|= 0.
k=1

5. Therefore, S is dense in H.
[ |

Theorem 3.10.2 Let H be a separable Hilbert space. Then every
orthogonal set S in H is countable.

Proof:

—_

. Let S be an orthogonal set in H.

2. Let
Slz{ ’ |m€S}.
|z |l

3. Then Vz,y € Sy, x # v,

|2~y [P=2.

4. Consider the collection of balls By-1/2(x) for every x € 5.
5. Then, for any z,y € S1, © # v,

BQ—1/2 (l’) N 32_1/2(y) = @

6. Since H is separable, it has a countable dense subset A.

7. Since A is dense in H it must have at least one point in every ball
B2—1/2 (ZL’) .

8. Therefore, S; must be countable.

9. Thus S is countable.

Definition 3.10.2 Unitary Linear Transformations. Let H;
and Hy be Hilbert spaces. A linear map T : Hy — Hy is unitary if
Ve,y € Hy

(T(JJ), T(y))H2 = (l‘, y>H1'
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Definition 3.10.3  Hilbert Space Isomorphism. let H, and
Hy be Hilbert spaces. Then H; is isomorphic to Hy if there exists
a linear unitary bijection T : Hy — Hy (called o Hilbert space

isomorphism).

e Remark. Every Hilbert space isomorphism has unit norm

T |[= 1.

Theorem 3.10.3 1. Every infinite-dimensional  separable

2. Fvery finite-dimensional separable Hilbert space H is isomor-

Hilbert space is isomorphic to 2.

phic to C*, where n = dim H.

Proof:

A S

(1). Let H be infinite-dimensional.

Let (e,) be a complete orthonormal sequence in H.
Let x € H.

Let z, = (z,e,).

This defines a linear bijection T : H — [? by
T(x) = (z,).

Let z,y € H.
Then

(T(ZL‘), T(y))12 = Z mny;kz

On another hand

(@) = Tneny) =D wnlen,y) = Y Ty
n=1 n=1 n=1

Therefore T' is unitary, and is, therefore, an isomorphism from H
onto [2.
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e Remarks.
e [somorphism of Hilbert spaces is an equivalence relation.

e All separable infinite-dimensional Hilbert spaces are isomorphic.

3.10.1 Homework
o Exercises: 3.12[58,60,61,62]

87
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Chapter 4

Linear Operators on Hilbert
Spaces

4.1 Examples of Operators

e Let E be an inner product space. An linear operator is a linear map
A:FE— FE.

Only linear operators will be considered.

An operator A : E — E is bounded if 3K € R such that Vz € E,

| Az < K [« | .

The norm of an operator A is

A
|All= sup 1Azl

repazo | ||

A linear operator is bounded if and only if it is continuous.

Identity Operator [ : F — E is defined by
Idz ==z, Ve e B

Obviously,
|Id||=1.

39
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e Null Operator 0: F — F is defined by

0z =0, Vere FE

Obviously,
[ 0]=0.

Operators on finite-dimensional Hilbert spaces.

Let eg, (k = 1,...,n), be the canonical orthonormal basis in C". Let

A : E — FE be an operator and define
(Aej, ek) = Akj .

Then

n

Aej = Z ekAkj

k=1

and for any v € £
T = Zejxj, z; = (z,¢e;)

we have

Az = Z GkAkj[Ej

jk=1

There is a one-to-one correspondence between the operators on C" and

the n x n complex matrices.

e The trace of the operator A is defined by

trA = Z(Aek, ek) = ZAkk .
k=1 k=1

e The adjoint of the operator A is defined by

(ATej, €k) = (6]', Aek) .



4.1. EXAMPLES OF OPERATORS 91

e The matrix (AT);; of the adjoint operator Af is Hermitian conjugate of
the matrix Ajz, that is

(ANjk = (Agj)* .

e The norm of the operator A is defined by

| A|P=tr AAT = " A7

jk=1
e Every operator on a finite-dimensional Hilbert space is bounded.

e Differential Operator D : C*°([a,b]) — C*°([a,b]) on the space of
smooth functions is defined by

_ 4

(DH(@) =

The differential operator is unbounded.

e Integral Operator K : L*([a,b]) — L*([a,b]) is defined by
b
(KN = [ dyKp)iw).

The function K (z,y) is the kernel of the operator K.
The trace of the operator K is

b
TrK:/ dzx K (z, )

when the integral exists.
The adjoint KT of the operator K is defined by

b
(K1) = [ dy I (w.)f o).
The norm of the operator K is defined by

b b
| K |?= Tr KK = / / da dy | K (. ).

when it exists.
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The operator K : L*([a,b]) — L*([a, b]) is bounded if its norm is finite.
Proof: By Schwarz inequality.

Multiplication Operator u; : L*([a,b]) — L*([a,b]), where f €
C([a, b]) is a continuous function called the multiplier, is defined by

(1rg)(x) = f(x)g(x).

The operator iy is bounded and
= ma x)|.
I g = ma |(2)
Two operator A and B on a vector space E are equal if A — B is a
null operator.

The set of all operators on a vector space E is a vector space with the
addition and multiplication by scalars defined by

(A+ B)(z) = A(z) + B(x), (aA)(z) = aA(x).

The product AB of the operators A and B is the composition of A and
B.

The integer powers of an operator are defined as the multiple compo-
sition of the operator with itself, i.e.

A =1d A=A, A2=AA ...

In general, AB # BA.
The operators A and B are commuting operators if AB = BA.
Operators form an algebra.

Noncommuting Operators. The differential operator D and the op-
erator of multiplication by a nonconstant function py do not commute.

Theorem 4.1.1 The product of bounded operators is bounded and

I AB [|<|[ Al B ||

Proof:
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1.
| ABz [|<|[ A[[[| Bz |<[ A B[]l = | -
[ |
Theorem 4.1.2 A bounded operator on a separable infinite-
° . ‘ : ‘ : :
dimensional Hilbert space can be represented by an infinite matrix.
Proof:
1. Let Aij = (Aej,ei).
2. Then .
Az = Z(m, er)Aeg,
k=1
and .
(Az,ep) = ZAkj(x, e;).
j=1
[ |

4.1.1 Homework
e Exercises: 4.13[1,2,3]
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4.2 Bilinear Functionals and Quadratic Forms

Definition 4.2.1 Bilinear Functional. Let E be a complex
vector space. A bilinear functional on F is a mapping ¢ : E X
E — C which is linear in the first argument and anti-lenar in the
second.

e Examples.

Definition 4.2.2  Let E¥ be a normed space and ¢ be a bilinear
functional on E. Then

1. ¢ is symmetric if Vo,y € E,
oz, y) = oy, x)".
2. ¢ is positive if Vr € I,

¢(z,x) > 0.

3. ¢ is strictly positive if Vo #0 € E,
o o(z,x) > 0.
4. ¢ is bounded if there exists a constant K > 0 such that

Ve,y € E,
oz, y) < K x|yl

5. The norm of a bounded bilinear functional is

H (bH: sup ’Qﬁ(l’,y” )
w0 2 [y |

so that Vr,y € £

oz, )l <l el lyll-
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Definition 4.2.3  Quadratic Form. Let E be a normed space
and ¢ be a bilinear functional on E. The quadratic form associ-
ated with the bilinear functional ¢ is the functional ® : E — C
defined Vx € E by

O(x) = ¢(z, x).

A quadratic form on E is bounded if there exists a constant K > 0
such that Vx € E
° [P(2)] < K[|« |* .

The norm of a bounded quadratic form is defined by
|@()]

z|?

| ® [|= sup

w0 ||

so that Ve € B
D) <[| @ ||| 2 |I”.

Theorem 4.2.1 Polarization Identity. Let E be a complex vec-
tor space, ¢ be a bilinear functional on E and ® be the associated
o | quadratic form on E. Then Vx,y € B

Br,y) = L 1B +9) — Bz —y) +i9(r +iy) — i0(r — i)}

Proof:

1. Use

O(azx + By) = |af®(z) + af*¢(z,y) + " Bo(y, x) + |6 P(y)
for o, B = %1, +i.
|

Corollary 4.2.1 Let E be a vector space, ¢1,¢s be bilinear func-
tionals on E and ®,, Py be the associated quadratic forms on E.
Then, ’Lf (I)l = (I)Q, then ¢1 = ¢2.

In particular, if A, B are operators on E such that Vx € F,
(Az,x) = (Bzx,z), then A = B.

Proof: Easy.
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Theorem 4.2.2 Let E be a vector space, ¢ be a bilinear functional
on E and ® be the associated quadratic form on E. Then, ¢ is
symmetric if and only if ® is real.

Proof: Exercise.

Theorem 4.2.3 Let E be a normed space, ¢ be a bilinear func-
tional on E and ® be the associated quadratic form on E. Then ¢
15 bounded if and only if ® is bounded. Moreover,

[®[<[[ol<2] ]

Proof:

1. By definition
[e[<lol-

2. Suppose P is bounded.
3. By the polarization identity and the parallelogram law

oGyl <l =1+ 1y ).

Theorem 4.2.4 Let E be a normed space, ¢ be a bilinear func-
tional on E and ® be the associated quadratic form on E. Let ¢ be
symmetric and bounded. Then ® is bounded and

[ [=Ilo]l

Proof:

1. We have
@ <o .

2. By the polarization identity

[@(z +y) — Pz —y)]

A

Re ¢(z,y) =

3. By the parallelogram law

1
Re ¢z, )l <5 1@ [Il=1*+ 1y [’]
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4. Let 4
¢(x,y) = |p(z,y)le".

5. Then Vz,y € E such that || z |[|=|| y ||= 1, we have
|6z, y)] = ¢e™“z,y) = Re ¢(e "z,y) <[ @ || .

6. Thus
o |I<[| @
[ |

Theorem 4.2.5 Let H be a Hilbert space and A be a bounded op-
erator on H. Let ¢ be a bilinear functional on H defined Vx,y € H
e | by ¢(x,y) = (x,Ay). Then ¢ is bounded and

[oll=IlAl-

Proof:
1. By Schwartz inequality
[o(z, )l <Al [yl

2. Thus, || ¢ [I<[[ Al
3. For any Az # 0 we have

I Az |*= [¢p(Az, z)| <[[ ¢ || || Az || || = |

4. Thus,
| Az [[<[[ ¢ | [ = |

Theorem 4.2.6 Let H be a Hilbert space and ¢ be a bounded bi-
linear functional on H. There exists a unique bounded operator A
® | on H such thatVr,y € H

o(z,y) = (z, Ay).

Proof:

1. By Riesz theorem there exists a unique z = Ay € H such that
and 6(z, ) = (x, Ay).
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2. Claim: the mapping y — 2z = Ay is bounded linear operator on
E.

3. We also have
(2, Ay)| = [¢(z,y)l <[l o [ [ = || [ v |
4. Thus, for x = Ay # 0 we have

Ay IP<l o 11 Ay 1w |

and
| Ay IS o [l v |l

5. Uniqueness is trivial.

Definition 4.2.4  Coercive (Elliptic) Functional. Let E be
a normed space, ¢ be a bilinear functional on E and ® be the as-
sociated quadratic form on E. Then ¢ is elliptic if there exists a
constant K > 0 such that Vo € E

®(z) =d(z.2) 2 K | = |

e Example.

Theorem 4.2.7 Lax-Milgram Theorem. Let H be a Hilbert
space space and ¢ be a bounded elliptic bilinear functional on H
and A be the unique operator on H such thatVz,y € H, ¢(z,y) =
o | (z,Ay). Let f be a bounded linear functional on H. Then there
exists a unique vector vy € H such that Vx € H

f(z) = ¢(x,x5) = (z, Axy).

Proof:
1. Let A be such that Vx,y € H
Pz, y) = (z, Ay).

2. Claim: A is bijective.
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3. Claim: A is injective.

© ® N o

10.
11.

12.

13.

14.
15.
16.
17.

18.

19.
20.
21.

We have

K|z |?< ¢z, 2) <[| Az || || = |
Thus Vz € H

K| <|| Az ] .

Therefore, if Az =0, then x = 0.
Also, if Azxy = Az, then 1 = 5.
So, A is injective.
Let R(A) be the range of A.

Claim: R(A) is closed.
Let x,, be a sequence in H and y € H such that

lim || Az, —y [|=0.

99

Then (z,) is Cauchy and, therefore, there exists © € H such that

lim || z, —x [|=0
Then
lim || Az,, — Az ||=0
Therefore, Ax = y and, hence, y € R(A).

Thus, R(A) is closed.
Claim: A is surjective, that is, R(A) = H.

By contradiction. Suppose dz # 0 € H which is orthogonal to

R(A).
Then
0= |(z, Az)| = |p(x,2)| > K || = ||,

which is a contradiction.

Thus, A is bijective.

Let f be a bounded linear functional on H.
Then there exists zo € H such that Vo € H,

f(x) = (, z0).
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22. Then, there exists a unique zy € H such that g = Az, and
Ve e H,

f(z) = (z, Axy) = ¢(z, ).

4.2.1 Homework
e Exercises: 4.13[4,5]
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4.3 Adjoint and Self-Adjoint Operators

Definition 4.3.1 Adjoint Operator. Let H be a Hilbert space
and A a bounded operator on H. The adjoint operator A* of A
® | is defined by

(Az,y) = (z,A’y),  Va,y € H.

e The adjoint operation * : L(H) — L(H) is an operator on the space of
all bounded operators, which has the properties

(@A + 6B) — o A* + BB
(A7) =
(AB)" = B' A"
I"=1

where o, # € C and [ is the identity operator.

Theorem 4.3.1 Let H be a Hilbert space and A a bounded operator
on H. Then the adjoint operator A* is bounded and

A=l A"]l,  and || AA"|=] A|*.

Proof:

1.
|

Definition 4.3.2  Self-adjoint (Hermitian) Operator. Let
o | H be a Hilbert space and A a bounded operator on H. The operator
A is self-adjoint if A = A*.

e Examples.

Theorem 4.3.2 Let H be a Hilbert space and A a bounded operator
on H. Then the operators AA* and A + A* are self-adjoint.

Proof: Easy.
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Theorem 4.3.3 Let H be a Hilbert space and A and B be bounded
self-adjoint operators on H. The operator AB is self-adjoint if and

only if AB = BA.

Proof: Easy.
[ |

Corollary 4.3.1 Let H be a Hilbert space, A be bounded operator
on H and g, o, . .., ay be real constants. Then the operator agl +
a1 A+ -+ a, A" is self-adjoint.

Proof: Exercise.
[ |

Definition 4.3.3 Let H be a Hilbert space and D(A) and D(B)
be subspaces of H, and let A : D(A) — H and B : D(B) — H be
operators. Then B is an adjoint operator of A if

(Az,y) = (z, By), Ve € D(A),y € D(B).

Remarks.
In general, an adjoint is not unique!
If D(A) is dense in H then the adjoint is unique.

Examples.

Theorem 4.3.4 Let H be a Hilbert space and A be a bounded op-
erator on H. Then there exist unique self-adjoint operators B and
C on H such that A= B +iC and A* = B —iC.

Proof:

1.
|

Theorem 4.3.5 Let H be a Hilbert space and A be a bounded self-
adjoint operator on H. Then

| A = sup L4201

wz0 | @

Proof:
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Definition 4.3.4  Anti-selfadjoint (Anti-Hermitian) Oper-
e | ator. Let H be a Hilbert space and A be a bounded operator on H.
Then A is anti-self-adjoint if A = —A*.

e Example.

4.3.1 Homework
e Exercises: 4.13[]
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4.4 Invertible, Normal, Isometric and Uni-
tary Operators

Definition 4.4.1 Inverse Operator. Let E/ be a vector space
E and A be an operator on E with a domain D(A) and a range
R(A). The operator A is invertible if there exists an operator
o | A7': R(A) — E, called the inverse of A, such that Vx € D(A)
and y € R(A),

Al Ar =2, and AA Yy =9

e The inverse of an invertible operator is unique.
e Domains and ranges

D(A™Y) = R(A),  R(A™') = D(A).

Definition 4.4.2  Kernel of an Operator. Let E be a vector
space E and A be an operator on E with a domain D(A) and a
range R(A). The kernel of the operator A is the set of all vectors
in E mapped to zero, that is

KerA={z € E| Az =0}

Theorem 4.4.1 Let E be a vector space E and A and B be linear
operators on E. Then:

1. A~Y is a linear operator.

2. A is invertible if and only if Ax = 0 impliesx = 0, or Ker A =

{0},

8. If A is invertible and {x;}}_, is a collection of linearly in-
dependent vectors, then {Ax;}i_, is a collection of linearly
independent vectors.

4. If A and B are invertible, then AB is invertible and

(AB) ' =B1'A"!

Proof: Easy.
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Corollary 4.4.1 An invertible operator A : E — E on a finite-
dimensional vector space E is surjective, that is R(A) = E.

This is not true in infinite dimensions.

Example.

One-sided shift operator.

Two-sided shift operator.

Inverse of a bounded operator is not necessarily bounded.

Example. [?

The inverse of an invertible operator on a finite-dimensional vector
space is bounded.

Theorem 4.4.2 Let H be a Hilbert space and A be a bounded in-
vertible operator on H such that R(A) = H and A~ is bounded.
e | Then A* is invertible and

(A*>—1 — (Afl)*‘

Proof:
1. Show that Vx € H
(A A =A"(AY)Vr =2
|

Corollary 4.4.2 Let H be a Hilbert space and A be a bounded
invertible self-adjoint operator on H such that R(A) = H and A™!
is bounded. Then A~' is self-adjoint.

Proof: Easy.

Definition 4.4.3 Normal Operator. Let H be a Hilbert space
and A be a bounded operator on H. Then A is normal if

AA" = A A.
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Every self-adjoint operator is normal.

Theorem 4.4.3 Let H be a Hilbert space and A be a bounded op-
erator on H. Then A is normal if and only if Vo € H,

| Az [|=] A | -

Proof:
1. If A is normal, then
(A" Az, z) =[] A"z ||?

2. So, || Az [|=|| A2 |.
3. If | Az ||=|| A*z |, then

(A*Az,x) = (A" Az, ).

4. Therefore,
AA* = A*A

5. Thus A is normal.

The condition || Az ||=|| A*z || is stronger than || A ||=|] A* |

Examples.

Theorem 4.4.4 Let H be a Hilbert space, A be a bounded normal
operator on H and oo € C. Then ol — A is normal.

Proof: Easy.
[ |

Theorem 4.4.5 Let H be a Hilbert space, A be a bounded operator
on H and B and C' be self-adjoint operators such that A = B +iC.
Then A is normal if and only if A and B commute.

Proof: Easy.
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Definition 4.4.4 Isometric Operator. Let H be a Hilbert
space and A be a bounded operator on H. Then A is isometric if
Ve e H,

| Az ||l=]l = |-

Examples.

Definition 4.4.5 Unitary Operator. Let H be a Hilbert space
and A be a bounded operator on H such that D(A) = R(A) = H.

® | Then A is unitary if

AA*=A"A=1 on H.

Theorem 4.4.6 Let H be a Hilbert space and A be a bounded op-
erator on H. Then A is isometric if and only if A is unitary.

Proof:
1. If || Az ||*>=|| = ||, then (A*Ax,z) = (AA*z,x) = (x,x) for any
x € H.

2. So, A is unitary.

3. Similarly, if A is unitary, then A is isometric.

e [sometric operators preserve the inner product.

Theorem 4.4.7 Let H be a Hilbert space and A be a bounded op-
erator on H. The A is unitary if and only if A is invertible and

AT = A

Proof: Easy.
|

Theorem 4.4.8 Let H be a Hilbert space and A be a bounded uni-
tary operator on H. Then

1. A is isometric.
2. A is normal.

3. A7Y and A* are unitary, and, therefore, isometric and nor-
mal.
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Proof: Easy.

1.

A normal operator is not necessarily unitary.

Examples.

I2. Let (x,)nez be a sequence. The operator Az, = x,,_; is unitary.

e L?([0,1]). The operator Af(t) = f(1 —t) is unitary.

4.4.1 Homework
o Exercises: 4.13[15,16,17,18,19,20,21,22,23,25,26,27,28,29]
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4.5

Positive Operators

Definition 4.5.1 Positive Operator. Let H be a Hilbert space.
An operator A is positive if it is self-adjoint and Vx € H

(Az,x) > 0.

Definition 4.5.2 Strictly Positive Operator. Let H be a
Hilbert space and A be a self-adjoint operator on H. Then A is
strictly positive (or positive definite) if Vo € H, x # 0,

(Az,x) > 0.

Examples. L*([0,1])

Theorem 4.5.1 Let H be a Hilbert space and A be a bounded op-
erator on H. Then the operators AA* and A*A are positive.

Proof: Easy.

Theorem 4.5.2 Let H be a Hilbert space and A be a invertible
positive operator on H. Then the inverse operator A=' is positive.

Proof:

1. Let y € H.
2. There is an x € H such that Az = y.

3. We have
(A™'y,y) = (z, Az) > 0.

e Remarks.

o [f A is positive, then we write

A>0

e If A and B are two self-adjoint operators such that A — B is positive,

then we write
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A—B>0,or A> B.

Proposition 4.5.1 Let H be a Hilbert space, A, B,C, D be self-
adjoint operators on H and o € R, o« > 0. Then

1. IfA>B andC > D, then A+ C > B+ D.

2. If A>0, then aA > 0.

3. IfA>B and B > C, then A> C.

Proof: Exercise.

Theorem 4.5.3 Let H be a Hilbert space and A be a bounded self-
adjoint operator on H such that || A ||[< 1. Then A <.

Proof:

1. We have Vo € H
(A=Dz,z)= (| Al -1) [z |’<0.

2. Thus A< 1.
[ |

Corollary 4.5.1 Let H be a Hilbert space and A be a positive op-
erator on H. Then there exists « € R, a > 0, such that c A < I.

Proof: Exercise.

The product of positive operators is not necessarily positive.

Examples. R?

Theorem 4.5.4 Let H be a Hilbert space and A and B be com-
e | muting positive operators on H. Then the product AB is a positive
operator on H, i.e. AB > 0.

Proof:

1. Let A#0.
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2. Let {P,}>°, be a sequence of operators defined by

A
Pl:m’ PnJrl:Pn_Prr?:Pn([_Pn)

3. The operators P, are polynomials in A. Therefore, they are self-
adjoint and commute with A Vn € N.

4. Claim:
A=Al P
n=1
5. First, we show (by induction)

0< P, <1

6. Then we show that Vx € H,

o0
Z | Pz ||°< oo.
n=1

7. Therefore,
| Pz ||— 0.

8. This leads to the needed representation of A as a series.

9. Now, we compute Vx € H
(ABz,2) = A | Y (BPaz, Par) 2 0,
n=1

10. Therefore, AB > 0.
[ |

e Remark. This theorem can be proved much easier by using the square
roots A and /B of the operators A and B as follows: Vo € H

(ABz,z) = (VAVBz,VAVBz) > 0.
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Corollary 4.5.2 Let H be a Hilbert space and A and B be self-
e | adjoint operators on H such that A < B. Let C' be a positive
operator on H that commutes with both A and B. Then AC' < BC.

Proof: Exercise.
[ |

Theorem 4.5.5 Let H be a Hilbert space, o, 3 € R be positive real
numbers such that 0 < a < 3, and A be a positive operator on H
such that

al < ALpAI.

Then
1. A is invertible.
2. A is surjective, that is, R(A) = H, and, therefore, bijective.

3. )
<A<

3 I.

L=

Proof:

(1). We have a || z [|P< (Az,z) < B ||z ||*.

Thus, if Az =0, then x = 0.

Thus, Ker A = {0}, and A is invertible.

(2). Claim: R(A) is closed.

Let (yn) be as sequence in R(A) that converges to some y € H.
Then there is a sequence (z,,) in H such that y,, = Ax,.

We have

N i e

all zn =z <[ Yo = ym | -

*

Therefore, (z,) is Cauchy and converges to some x € H.
9. By continuity of A, we obtain y = Ax.

10. Thus, y € R(A), and, hence, R(A) is closed.

11. Claim: (R(A))* = {0}.

12. Let y € R(A).
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13. Then Vx € H, (Az,y) = 0.

14. Therefore, (Ay,y) = 0.

15. This means that y = 0.

16. Therefore, (R(A))* = {0}.

17. Then D(A™Y) = R(A) = {0} = H.

18. Finally, we also have
aATN < T < BAT!,

which leads to the last assertion of the theorem.

Theorem 4.5.6 Let H be a Hilbert space, B be a self-adjoint op-
erator on H, and {A;}52, be a sequence of self-adjoint operators on
H such that: 1) all operators A, n € N, commute with each other
as well as with operator B, and ii)

A <Ay < <A <A < <B,
Then there exists a self-adjoint operator A on H such that

lim A,z = Ax, Vee H

n—oo

and

A, <A<B, VYneN.

Proof:

1. Let C,, = B — A,.
2. Then

3. Then
C72L+1 S CnCnJrl S 0721

W

. Let z € H and a,, = (C?z,z) =|| C,z ||*.

ot

. Then (a,) is an nonincreasing sequence of nonnegative real num-
bers.
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6. Therefore, the sequence (a,) converges to some « > 0.

7. Hence, as m,n — oo we also have

lim (Cpx,Chx) = a.

8. Therefore, as m,n — oo, we have
| O — Cpz ||I>=]| Oz ||* + || Coz || —2(Cppz, Cpiz) — 0.

9. Therefore, C,x is Cauchy, and, hence, converges.
10. Thus, A,z also converges for any = € H.

11. Finally, we define the operator A by

Ar = lim A,x.

n—oo

12. Then A is self-adjoint, and Vn € N,
A, <A<LB.
[ |

Definition 4.5.3 Square Root. Let H be a Hilbert space and A
e | be a positive operator on H. A square root of A is a self-adjoint
operator B on H satisfying B?> = A.

Theorem 4.5.7 Let H be a Hilbert space and A be a positive op-
erator on H. Then A has a unique positive square root (denoted by

o | VA

The square root VA commutes with every operator commuting with

A.
Proof:
_ A
1. Let D = A
2. Then D < 1.

3. Define the sequence (T,)nen by

1
Ty =0, Tt :Tn+§(D—T3).
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4.

Claim:
o<n<.-- <71, <--- < 1.

5. Let C,, =1—-1T,.

10.

11.
12.

13.

14.

15.

16.
17.

Then, we have,

1 1
Cpi1==C2+=(I—-D)>0.
2 2
Also

1
CnJrl - Cn = 5(071 + Cnfl)(cn - Onfl) .

. We have Cy = I and Cy = I — D. Therefore,

C, <.
Therefore, by induction

Cn+1 S Cn-

The sequence C, is a decreasing sequence of self-adjoint operators
squeezed between 0 and I, and, therefore, converges.

Therefore, the sequence T;, converges to a positive operator 7.

As n — oo we obtain
T?=1D.

Let B= /|| A||T. Then
B?*=A.
The operator B is positive and commutes with every operator that

commutes with A.

Uniqueness. Suppose there are two positive operators By and By
such that B = B = A.

Let z € H and y = (B; — Ba)x.
Then

(B1y,y) + (B2y,y) = ((B1 + Ba)y, y) = (B} — B3)z,y) = 0.
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Since both By and B, are positive, then
(Blyay) = (B2y7y) =0.

Now let C; be a square root of By and Cy be a square root of Bs.

Then
0= (Biy,y) = (Ciy,Cry),  and 0= (Bay,y) = (Cay, Cay).
This means that
Ciy =By =Cyy = By =0.
Finally, for any x € H,
| (Bi - Ba)a = ((Bi — Ba)*w,2) = (B — Ba)y,) = 0.

Thus B1 = BQ.

4.5.1 Homework
o Exercises: 4.13[31,33,34,37,38,39]



4.6. PROJECTION OPERATORS 117

4.6 Projection Operators

Definition 4.6.1  Orthogonal Projection Operator. Let H
be a Hilbert space and S be a closed subspace of H. Then H =
S @ St and for any x € H we have

rT=Yy+z,
where y € S and z € S*.
The vector y is called the projection of x onto S.

The orthogonal projection operator onto S is an operator P
on H defined by
Pxr=y.

That s

Pls=1 and Pg. =0.

Remarks.

Projection is a linear operator.

Projection is bounded and

| Pl<1.

Zero operator is the projection onto the zero subspace {0} and || 0 ||= 0.

The identity operator is the projection onto the whole space H.
e A nonzero projection operator has the unit norm

I P =1

Plsgs =0, Plg=1.

Definition 4.6.2  Orthogonality of Projection Operators.
Let H be a Hilbert space and P and () be two projections operators.
® | Then P and () are orthogonal if

PQ=QP=0.
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For any two projection operators P and ), PQ) = 0 if and only if
QP =0.

The operator P+ = I — P is the projection onto S*. It is called the
complementary projection.

For orthogonal projections we have

pr=p,  (PY)y=pP, P +P=I = PP'=P'P=0.

Examples. I?, L?([-7,7]).

Definition 4.6.3 Idempotent Operator. An operator A is
idempotent if

A2 = A,

Projection operators are idempotent.
Not every idempotent operator is a projection.

Example.

Theorem 4.6.1 Let H be a Hilbert space and P be a bounded op-
erator on H. Then P is a projection if and only if P is idempotent
and self-adjoint.

Proof:

1. (I). Let P be a projection onto a closed subspace S.
2. Then P is idempotent.
3. Let z,y € H. Then

(Pz,y) = (Pz, Py) = (z, Py)

4. Thus P is self-adjoint.
5. (II). Let P be a self-adjoint idempotent operator.
6. Let S be a subspace of H defined by

S={x e H|Px=uz}.

7. Then S is closed (since P is bounded).
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8. The idempotency leads then to P|g = I.
9. Similarly, P|g. = 0.
10. Thus P is the projection onto S.
|

Corollary 4.6.1 Let H be a Hilbert space, S be a closed subspace
of H and P be the projection onto S. Then Vx € H

(Pz,z) =| Pz |* .

Proof: Easy.
|
The sum of two projections is not necessarily a projection.
Example.
Theorem 4.6.2 Let H be a Hilbert space, R and S be closed sub-
spaces of H and Pr and Ps be the projections onto R and S respec-
tively. Then Pg and Pg are orthogonal if and only if R 1. S.
Proof:
1. (I). Let PrPs = 0.
2. Then R L S since for any x € Rand y € S
(z,y) = (Pre, Psy) = 0.
3. (II). If R L S, then PrPs = 0.
[ |

Theorem 4.6.3 Let H be a Hilbert space, R and S be closed sub-
spaces of H and Pr and Ps be the projections onto R and S re-
spectively. Then the sum P = Pr + Ps is a projection operator if
and only if Pr and Ps are orthogonal. The sum of the orthogonal
projections Pg and Ps is the projection onto the direct sum R& S,

Pr + Ps = Prgs .

Proof:
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1. (I). Let P be a projection.

2. Then P2 = P and
PrPs=0.

(I). Let PrPs = 0.
Then P is idempotent and self-adjoint.

Thus P is a projection.

Finally, P|res = I and P|geg)yL = 0.

No vk W

Thus P is the projection onto R & S.

Theorem 4.6.4 Let H be a Hilbert space, R and S be closed sub-
spaces of H and Pr and Ps be the projections onto R and S respec-
tively. Let P = PrPs. Then P is a projection operator if and only
if Pr and Pg commute. In this case P is the projection onto RN.S,

PrPs = Ppns .

Proof:

1. (I). Suppose that P is a projection.
Then P* = P and PrPg = PgPxg.

(I). Let PrPs = PgPkg.

Then P is self-adjoint and idempotent.

Thus P is a projection.

SO AN ol B

Moreover,
P|ROS =1 and P|(ROS)i =0.

7. Thus P is the projection onto RN S.
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Theorem 4.6.5 Let H be a Hilbert space, R and S be closed sub-
spaces of H and Pr and Pg be the projections onto R and S respec-
tively. Then the following conditions are equivalent:

1. RCS.

[ ]
2. PsPr = Pg.
3. PrPs = Pg.

4. || Pre ||<|| Psz || Vo € H.
Proof:

1. (I). Suppose R C S.

2. Then PgPr = Py.

3. (II). If PsPg = Pg, then PrPs = Pg.
4. (III). If PrPs = Pg, then for all x € H

| Pra [|=[| PrPsz [|<|| Psx || .

(IV). Finally, suppose that for all x € H, || Prx ||<|| Psz || .
Suppose that R is not a subset of S.

Then there is © € R such that x € S.

Then

o N o o

| Prz =]l = |*=|| Psz |* + || Psz [I* .
9. Thus, if # ¢ S, then Pgz # 0, and, therefore,
| Pr ||> Psz ||,

which contradicts the assumptions.

4.6.1 Homework
e Exercises: 4.13[40,43,44,45,46]
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Compact Operators

Definition 4.7.1 Compact Operator. An operator on a
Hilbert space is compact (or completely continuous) if the im-
age of every bounded sequence in H contains a convergent subse-
quence.

Remark. Every operator on a finite-dimensional space is compact.

Example.

’ Theorem 4.7.1 FEvery compact operator is bounded. ‘
Proof:

1. If A: H — H is not bounded, then there is a sequence (z,) in H
such that || z,, |= 1, n € N, and || Az, || = 0o as n — 0.

2. Then (Az,) does not contain a convergent subsequence.

Remark. Not every bounded operator is compact.

The identity operator on an infinite-dimensional Hilbert space is not
compact.

Projection operator on finite-dimensional subspaces are compact.

Examples.

Theorem 4.7.2 Integral operators in L*([a,b]) with continuous
kernels are compact.

Proof: No proof. Read the textbook.

Theorem 4.7.3 The set of all compact operators on a Hilbert space
1S a vector space.

Proof: Exercise.
[ |

Theorem 4.7.4 A product of a compact operator and a bounded
operator on a Hilbert space is a compact operator.

Proof:
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1. Let A be a compact operator and B be a bounded operator on a
Hilbert space H.

2. (I). Let (x,) be a bounded sequence in H.

@

Then (Bz,) is bounded and (ABwx,,) contains a convergent subse-
quence.

Thus, AB is compact.
(IT). We have (Az,) contains a convergent subsequence (Ax,, ).

Therefore, the sequence BAz,, converges.

N o

Thus BA is compact.
|

Definition 4.7.2  Finite Dimensional Operator. An opera-
tor is finite-dimensional if it has a finite-dimensional range.

Theorem 4.7.5 Finite-dimensional bounded operators are com-
pact.

Proof:

1. Let A be a finite-dimensional bounded operator and R(A) be its
range.

2. Let P be projection onto R(A).
3. Then A = PA.

4. Since A is bounded and P compact, the product A = PA is
compact as well.

Theorem 4.7.6 The limit of a convergent sequence of compact op-
erators 1s compact.

Proof:

1. Let (7},) be a sequence of compact operators and T" be an operator
such that || T, = T ||— 0 as n — oc.

2. Let (x,) be a bounded sequence in H such that || z, ||< M for all
n € N.
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3. Then there exists a subsequence (z1,) of (z,) such that (T1z; )
converges.

4. Similarly, there exists a subsequence (z2,) of (x1,) such that
(Thxa,,) converges.

5. By induction, we get a sequence of sequences (xy,) such that
(k) is a subsequence of (xy_1,) and Tpxy, converges.

6. Let (y,,) be a sequence defined by v, = .

7. All of this sequences, in particular, the sequence (y,) are subse-
quences of the sequence (x,,). Therefore, y,, = z,,,, where (p,) is
an increasing sequence in N.

8. Then, the sequence Tjz,, converges for any k£ € N.
9. Claim: the sequence (T'z,,) converges.

10. Let € > 0.

11. Let €; > 0. Then here is K € N such that

| T =T ||< e1.
12. Next, there exists L € N such that for any n,m > L,
| Tacp, — Ty, <.
13. Then for n,m > max{K, L},

|| T‘/L‘pn - T‘Tpm || S H TI;Dn - TK‘rpn H + H Tprn - TK‘Tpm ||
+ H thpm - Txpm H
< eiM+4e+eM=Q2+M)e,=¢

by choosing £, = ¢/(2 + M).
14. So, (T'z,,) is Cauchy in H and, therefore, converges.

15. Thus T is compact.
|

Corollary 4.7.1 The limit of a convergent sequence of finite-
dimensional operators on a Hilbert space is a compact operator.

Proof: Obvious.
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Theorem 4.7.7 The adjoint of a compact operator on a Hilbert
space s compact.

Proof:

1.
2.

Let A be a compact operator on a Hilbert space H.

Let (z,) be a bounded sequence in H such that for any n € N,
|z [|< M.

Let y, = A*x,, n € N.
Then (y,) is bounded.

Since A is compact, there exists a subsequence (y,,) such that
Ay, converges in H.

Claim: Vn,m € N,
| Ypm — Yo H2S 2M || Ayp, — Ayp,, ||— 0.
Thus, (y,,) is Cauchy in H and, hence, converges.

Thus, T™ is compact.
|

Theorem 4.7.8 An operator on a Hilbert space is compact if and
e | only if it maps every weakly convergent sequence into a strongly
convergent sequence.

Proof:

1. Let T be a compact operator on a Hilbert space H.

2. (I). Let (x,) be a sequence in H that converges weakly to = € H.
3.
4

. Then there is ¢ > 0 and a subsequence (z,,) such that for all

Assume that (T'z,,) does not converge (strongly) to T'z.

n €N,
| Txp, — Tz ||>¢.
The sequence (x,, ) is bounded.

There is a strongly convergent subsequence (1'z,, ) of the sequence
(T:Upn ) .
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We have, for any y € H,

(T, y) — (Tx,y).

Thus
Tx, = Tz

Then (weakly)
Tz, — Tz.

Moreover, (strongly)
Tz, — Tx,

which contradicts the assumption.

(IT). Assume that 7" maps every weakly convergent sequence to a
strongly convergent sequence.

Let (x,) be a bounded sequence in H such that for all n € N,
[z < M.

Claim: (T'z,) has a convergent subsequence.
Let (e,) be a complete orthonormal sequence in H. (separability?)
There a subsequence (z1,,) of (x,) such that (z;,,e;) converges.

By induction, there is a subsequence (zpi1,) of (xg,n) for all
k € N such that (xy,,, e;) converges as n — oo.

Let y,, = zppn, n € N.
Then (y,) is a subsequence of (z,,).

Also, for any k£ € N the sequence (y,,ex) converges as n — 00.
Let

a = lim (y,,ex) .

Claim: the sequence (y,) is weakly convergent.

We have, Vi,n € N,

D e <D s en) P =y IP< M.
k=1

l
k=1
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22.

23.

24.

25.

26.

27.

As n,l — oo we get

oo
> ol < M2
k=1

Let -
Yy = Z €L .

k=1
Then for all kK € N as n — oo we obtain

((Yn —v), ) = (Yn, ex) — ar — 0.

Thus, (weakly)
Yn =Y
Therefore, (strongly)
Ty, —Ty.
Thus 7" is compact.

Corollary 4.7.2 Let A be a compact operator on a Hilbert space
® | H and (e,) be an orthonormal sequence in H. Then Te, — 0 as
n — 00.

Proof: Obvious.

Remarks.

The inverse of a compact invertible operator on an infinite-dimensional

Hilbert space is unbounded.

Compactness of operators is a stronger version of continuity.

That is why compact operators are also called completely continuous

operators.

4.7.1 Homework
e Exercises: 4.13[49,50]
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4.8 Eigenvalues and Eigenvectors

Definition 4.8.1 Eigenvalue. Let A be an operator on a com-
plex vector space . A complexr number X is called an eigenvalue
of the operator A if there is a non-zero vector u € E such that

Au = .

The vector u s called the eigenvector corresponding to the eigen-
value \.

Example. Projection operator.

Remarks.

There are infinitely many eigenvectors corresponding to an eigenvalue.

Theorem 4.8.1 Let A be an operator on a complex vector space
e | E and X be an eigenvalue of the operator A. The collection of all
etgenvectors corresponding to the eigenvalue X is a vector space.

Proof: Exercise.

Definition 4.8.2  Eigenvalue Space. Let A be an operator on
a complex vector space E and \ be an eigenvalue of the operator
A. The set of all eigenvectors corresponding to the eigenvalue \ is
called the eigenvalue space (or eigenspace) of \.

The dimension of the eigenspace of the eigenvalue X is called the
multiplicity of \.

o | An eigenvalue of multiplicity one is called simple (or non-
degenerate)

An eigenvalue of multiplicity greater than one is called multiple
(or degenerate). The multiplicity is then called the degree of
degeneracy.

The problem of finding the eigenvalues and the eigenvectors is the
eigenvalue problem.
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e Example. Let H = L*([0,27]), f(z) = sinz, g(z) = cosz and A :
H — H be defined by

Au=(u, f)g + (u, 9)f -

Show that A has exactly one non-zero eigenvalue A = 7 of multiplicity 2
and the eigenvalue A = 0 of infinite multiplicity. Find the eigenvectors.

check this!!!

e Remarks.

e The operator A — AI is invertible if and only if A is not an eigenvalue
of the operator A.

e [f the vector space E is finite-dimensional and X is not an eigenvalue
of the operator A, then the operator A is bounded.

Definition 4.8.3 Resolvent and Spectrum. Let A be an
operator on a normed vector space E and N € C be a complex
number. The operator

Ry=(A-)X)"'":E—FE
® | is called the resolvent of the operator A.

The values of A € C for which the resolvent Ry is well defined and
bounded are called regular points of A.

The set of values of A € C which are not reqular is called the spec-
trum of the operator A.

e Remarks.
e Every eigenvalue belongs to the spectrum.
e Not all points in the spectrum are eigenvalues.

e Example. Let £ = C([a,b]), u € F and A be an operator on E defined
by
(Af)(E) = u(t)f(t) .
Show that:
1) the spectrum of A is exactly the range of u,
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2) if u(t) = ¢ is constant, then \ = ¢ is an eigenvalue of A,
3) if w is strictly increasing, then A has no eigenvalues.

e Remarks.

Theorem 4.8.2 Let A be an operator on a Hilbert space H.

1. If T is an invertible operator on E, then the eigenvalues of
the operators TAT ' and A are the same.

If A is self-adjoint, then all eigenvalues of A are real.
If A is positive, then all eigenvalues of A are non-negative.

If A is strictly positive, then all eigenvalues of A are positive.

S T

If A is unitary, then all eigenvalues of A have modulus equal
to 1.

° 6. If A is a projection, then it can only have two eigenvalues: 1
and 0.

7. If A is bounded, then for every eigenvalue A\ of A we have

AL<IF A

8. If A is bounded and self-adjoint, then for every eigenvalue A
of A we have

A < sup 1047,
Slh 2l

9. If A is self-adjoint or unitary, then the eigenvectors corre-
sponding to distinct eigenvalues are orthogonal.

Proof: Easy.

¢ Remark.

e All eigenvalues of a bounded operator lie inside the circle of radius
| A || in the complex plane.
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Theorem 4.8.3 Let A be a non-zero, compact, self-adjoint oper-

e | ator on a Hilbert space H. Then A has an eigenvalue A equal to
either || A || or — || A .

Proof:

1. Let

so that || B ||= 1.

2. Let (z,,) be a sequence of unit vectors in H and («,) be a sequence
of real numbers defined by

an =|| Bz, |I*
We can always choose a saequence (z,,) so that
o, — 1.
3. Then one can show that
| (Bz — )Ty H2§ an(l—ay).

4. Therefore,
I (B* = an)an [*— 0.

5. The operator B? is compact.

6. Therefore there exists a subsequence (z,,) such that B%z,, con-
verges to some vector x

B%*z, — .
7. Then we have
| T—Tp, 1<l x_BQ$pn |+l Bzxpn_apnxpn |+l Ap, Tp, —Tp, |

8. Therefore,
|z —ap, [[=0
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9. Thus

Tp, — T

n

and
B’r =1.

10. This means
(B-1)(B+1)x=0.

11. We conclude that
either (B—I)x=0o0r (B+1)x =0,

which means that
either +1 or —1 is an eigenvalue of B,

and || A || or — || A is an eigenvalue of A.
|

Corollary 4.8.1 Let A be a non-zero compact self-adjoint operator
on a Hilbert space H. Then there is a unit vector u € H such that
|| ul=1 and

|(Au, u)| = sup [(Az,z)|.

=<1

Proof:

1. Let u, || u ||= 1, be the eigenvector corresponding to the eigenvalue
| Affor = Al

Theorem 4.8.4 Let A be a self-adjoint compact operator on a
Hilbert space H. Then the set of distinct non-zero eigenvalues of A
is either finite or forms a sequence (\,) that converges to 0

lim A\, =0.

n—oo

Proof:

1. Suppose A has infinitely (countably) many distinct eigenvalues
(A\,) with the corresponding unit eigenvectors (u,,).

2. Then (u,,) is an orthonormal sequence.
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3. Hence (u,,) weakly converges to 0.

4. Thus, since A is compact
Au,, — 0

and
lim A2 = lim || Au, [*=0.

n—oo

e Example. Let H = L?([0,27]), k is a locally square integrable periodic
function with period 27, k; be a function defined by k;(z) = k(t — x)
and A be an operator on H defined by

(AN@) = (u, k) -

Show that:
1) A is self-adjoint if k(—z) = k(x), and
2) the eigenvalues and the eigenfunctions of A are

An = (U, k) Uy, (1) = ™, nez.

Theorem 4.8.5 Let H be a Hilbert space and (P,) be a sequence
of pairwise orthogonal projections on H. Let (\,) be a sequence of
complex numbers converging to 0. Then:

1. The series -
A= APy
n=1
converges in B(H, H) and defines a bounded operator on H.

2. Fach X\, is an eigenvalue of the operator A. The only other
possible eigenvalue of A is 0.

3. If all \,, are real, then A is self-adjoint.

4. If all P, are finite-dimensional, then A is compact.
Proof:

1. (I). Since B(H, H) is complete we only need to show that sy =
ij:l AP, is a Cauchy sequence.
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Let € > 0. Then there is ng € N such that
|An| < e for any n > ny.

For any « € H and any k, m € N such that m > k > ny we obtain
m m
1D APz P< D) Bz P< | |,
n=k n=k

So,
m
I sm —si [I=1 D AP < e,
n=~k

and, hence, s, is a Cauchy sequence.
(II). Let k € H and u € Py(H).

Then
Au = \yu

and, hence, )\, is the eigenvalue of A.
Suppose A is a complex number such that A # 0, A, for any n € N

and v is a vector such that

Au = .

Let R(A) be the range of A, P be the projection on R(A) and P+
be the projection on the orthogonal complement (R(A))*.

Then .
Y P+Pt=1.
n=1

Therefore,

(A=AMu=>Y (A= ANPu—APru=0.

n=1

Since A # A\, for any n and A # 0, then P,u = 0 for all n € N and
Ptu=0.

Thus, v = 0 and A is not an eigenvalue.
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13. (III). Suppose A, are real.
14. Then for any xz,y € H

(Az,y) = (z, Ay) .

15. (IV). If all P, are finite-dimensional, then A is compact since the
limit of a convergent sequence of finite-dimensional operators is a
compact operator.

Definition 4.8.4 Approximate Eigenvalue. Let T be an
operator on a Hilbert space H. A complex number X\ is called an
approximate eigenvalue of T' if there exists a sequence of unit
vectors (x,,) such that || x, ||=1, Vn € N and

lim || (T — M)z, ||=0.

e Every eigenvalue is an approximate eigenvalue.

e Example. Let H be a Hilbert space and (e, ) be a complete orthonor-
mal sequence in H. Let A be a real number and (\,) be a sequence
of real numbers such that A, # A and lim,, ..o A, = A\. Let T be an
operator on H defined by

Tu= Z An(u, ep)e, .
n=1

Show that ), is an eigenvalue of 7" and ) is an approximate eiegenvalue
of T" but not an eigenvalue.

4.8.1 Homework
o Exercises: 4.13[51,52,53,54,55,58,59)]
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4.9 Spectral Decomposition

Theorem 4.9.1 Hilbert-Schmidt Theorem. Let H be an
infinite-dimensional Hilbert space and A be a self-adjoint compact
operator on H. Then there exists an orthonormal system of eigen-
vectors (uy) corresponding to non-zero eigenvalues (\,) such that
every vector x € H has a unique representation

oo
xr = 5 Uy + U,
n=1

where (av,) is a sequence in C, and v is a vector such that
Av=0.

If A has infinitely many distinct eigenvalues (\y,), then
A, — 0.

That is, there is a direct sum decomposition of the Hilbert space

H:éEn@EO,

n=1

where E, are the eigenspaces corresponding to the eigenvalues \,
and FEy = Ker A is the kernel of the operator A..

Proof:

1. Since A is self-adjoint and compact there is an eigenvalue A\; of A
such that
(Ml = sup [(Az, 7).

zeH,||z)| <1
2. Let E; C H be the eigenspace corresponding to Aj.
3. Then Ei is a closed invariant subspace of H.
4. Thus, there exists an eigenvalue Ay such that

Aol = sup  [(Az, z)].

:J:EEli,HxHSl
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D.

10.

11.
12.

13.

By induction, at the n-th step, we get the eigenvalues (A1, ..., \,)
and their eigenspaces (Fi,..., F,) and we choose an eigenvalue
Ant1 such that

[Aps1l = sup  [(Az, ).
z€E;[|lz[I<1
. We have
Al = [Ant]
and
E, LE,, forn # k.
If at the step k we get an eigenspace Ej, such that (Az,z) = 0 for

any x € Fi-, then this process terminates. The space Ey = Ej- is
the eigenspace of the zero eigenvalue.

In this case we have
H=F& - -®LE,® Ly,

and every vector x € H has a unique representation

k
T = E a;u; + v,
J=1

where v € Ej is a zero eigenvector.

Suppose that the process does not terminate. Then we get a
sequence of eigenvalues ()\,) with noninreasing moduli and the
corresponding eigenspaces (E,).

Then a sequence (u,) of unit eigenvectors from F, converges
weakly to 0.

Since A is compact, the sequence (Au,) converges strongly to 0.

Thus
|)‘n| :H Auy, H_> 0.

Now, let

S = @En = Span{u, | u, € E,,n € N}.
n=1
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14. Then
H - S@Eo,

and for any x € H there is a unique decomposition

oo
T = E a;u; + v,
j=1

where v € Ej.
15. Claim: Ey = S+ is the zero eigenspace.
16. Let w € Ey be a unit vector.
17. Then for any n € N

[(Aw,w)| < sup  |[(Az,z)| = [Appa] -
zeEl |z <1

18. Since A, — 0, we have (Aw,w) = 0, and therefore, Aw = 0.

Theorem 4.9.2 Spectral Theorem for Self-Adjoint Com-
pact Operators. Let H be an infinite-dimensional Hilbert space
and A be a self-adjoint compact operator on H. Then there ex-
ists a complete orthonormal system (v,) (an orthonormal basis) in
H consisting of eigenvectors of A corresponding to the eigenvalues

(An)-

Then for every v € H

Ar = Z An (2, 00y, -
n=1

Proof:

1.

The sequence (v,,) we add to the eigenvectors (u,,) corresponding

to non-zero eigenvalues an orthonormal basis in the zero eigenspace
Ey.
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Theorem 4.9.3 Let H be a Hilbert space and A and B be two
commuting self-adjoint compact operators on H. Then there exists
an orthonormal basis in H consisting of the common eigenvectors
of the operators A and B.

Proof:

1. Let XA be an eigenvalue of A and E\ be the corresponding eigenspace.

2. Then F, is an invariant subspace of B and has an orthonromals
basis consisting of the eigenvectors of B. These vectors are also
eigenvectors of A.

Theorem 4.9.4 Let H be a Hilbert space and A be a self-adjoint
compact operator on H. Let (\,) be the eigenvalues of A and (v,)
be the corresponding orthonormal system of eigenvectors. Let (P,)
be the projection operators onto the one-dimensional spaces spanned
by (v,). Then, for allx € H

o0
T = E P,z
n=1

and -
A= "\P,.
n=1

More generally, if p is a polynomial, such that p(0) = 0, then

p(A4) =3 PP,

Proof:
1. The projections P, are defined by
Per = (z,vr)vg

so that for any x € H we have

o
T = E P.x.
n=1
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or .
> p=1I.
n=1
2. Therefore,
Ax = Z P .
n=1

3. We immediately obtain
Abz =Y MNP,
n=1

which proves the theorem.

Definition 4.9.1  Function of an Operator. Let f : R — R
be a real-valued function on R such that

£(0) = lim f(\) = 0.

A—0

Let A be a self-adjoint compact operator on a Hilbert space H given
by its spectral decomposition

* A= i AP,
n=1

Then the operator f(A) on H defined by

FA) =) F)P

15 self-adjoint and compact.

e Example. If all eigenvalues of a self-adjoint compact operator A are
non-negative, that is A, > 0, then for any a > 0 we define

A = iAan.
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e If the function f is not zero at zero but is just bounded at zero, then
we can still define

f(A) :ZfO‘n)Pn-

In this case the operator f(A) is not compact.

Theorem 4.9.5 Let H be a Hilbert space and T be a self-adjoint
operator on H such that all eigenvalues (\,) of the operator T are
e | non-negative (or positive) and the eigenvectors (u,) of T form an
orthonormal basis on H. Then the operator T is positive (or strictly
positive).

Proof:

1. Let x be a non-zero in H.
2. Then

(Tz,2) = Aul(z,u,)]* > 0.
n=1

4.9.1 Homework
e Exercises: 4.13[60,61,64,65,66]
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4.10 The Fourier Transform

4.10.1 Fourier Transform in L'(R)

The Fourier transform on L?(R) is defined as an extension of the Fourier
transform in L'(R) N L*(R).

Definition 4.10.1  Fourier Transform in L'(R). Let L'(R)
be the space of integrable functions on R. The Fourier transform

F:L'R) — LY(R)

is a linear operator on L*(R) defined by

[e.e]

(Ff)(w) = (2n) /2 / )

—00

Example.

Theorem 4.10.1 The Fourier transform of an integrable function
is a continuous function. That is,

F(L'(R)) c C(R).

Proof:
1. Let f € LY(R) and h € R.

2. We get an estimate

o+ h) - fw) < @) 2 / dr e 1]|f(z)].
Since -
tin [ de e 1)@ = 0

~

f is continuous.

L'(R) is the normed space with the norm

| £ lh= /“ dr |f(x)].

o0



4.10. THE FOURIER TRANSFORM 143

e Let Cp(R) be the space of all continuous functions on R vanishing at
infinity, that is
‘ l|im |f(z)|=0.
It is a normed space with the uniform convergence norm (or the sup
norm)

| f llo=sup |f(z)].
Tz€R

Theorem 4.10.2 Let (f,,) be a sequence in L*(R) such that

| fo=f h—=0.

Then
| Ffo=Ff lls— 0,
that is, the sequence (F f,) converges to F f uniformly on R.
Proof:

1. We notice that Vw € R
(FHw) < @m)™ 2 f

2. Thus
| F(fn = f) o< (277')71/2 | fo—=f11 -
|

Theorem 4.10.3 Riemann-Lebesgue Lemma. The Fourier
transform of an integrable function is a continuous function van-
® | ishing at infinity. That is,

F(L'(R)) C Cy(R).

Proof:

1. We estimate

flw) = l(27r)_1/2 /OO dx e ™*

N~ DN
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[ |
e Thus, the Fourier transform is a continuous linear map
F: L'R) — Cy(R).
Theorem 4.10.4 Let f € L'(R). Then
(Flef@)w) = (F(Hlw—-a),
. (F{f(z —z0)})(w) = (F(f)(w)e ™™,
FliaoDe) = —FNI(E),  a>0,
F{fx)} = F{f(-2)}.
Proof: Easy.
[ |

Example (Modulated Gaussian Function).

(o (i 2) ) 0o (250

Theorem 4.10.5 Let f € L'Y(R) N Co(R) such that f is piecewise
differentiable and f' € L*(R). Then

(Ff)(w) = iw(Ff)w).

Proof:

1. Integration by parts.
[ |

Corollary 4.10.1 Let n € N. Let f € L'(R) N Cy(R) be a con-
tinuous integrable function such that: 1) f is n times piecewise
differentiable and 2) f® € LY(R) N Cy(R) for k = 0,1,...,n and
f™ e LY(R). Then

(FFM) (W) = ()" (FHw).

Proof:
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1. Induction.

[ |
e The convolution of two functions f,g € L*(R) is defined by
(F+)a) = @m) 2 [ de fla = 0900,
Theorem 4.10.6 Convolution Theorem. Let f,g € L'(R).
o | Then
F(fxg) = (FNH(Fg).
Proof:
1. Computation.
|

4.10.2 Fourier Transform in L?(R)

L?(R) is the normed space of all square integrable functions with the
norm

| £ IB= / dr |f(@)P.

o0

Let C.(R) be the space of all continuous functions on R with compact
support, that is vanishing outside a bounded interval.

The space C.(R) is dense in L*(R).

Let C' be the operator of complex conjugation and Id be the identity
operator on L?*(R).
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Theorem 4.10.7 Fourier transform is a continuous linear map-
ping
F:C.(R) — LQ(R)

preserving the L?-norm.

That s
F(C.(R)) C L*(R)

and for any f € C.(R)

L FSf =l £ ll2 -

Proof:

1. Suppose f has a compact support within the interval [—7, 7].

2. Then, we compute

£ 15=1FF 115 -

3. If f has a compact support but it is not withing the interval [—, 7,
then there is a A > 0 such that

g9(x) = f(Az)

has a compact support within [—m, 7].

4. Then
(Fo)w) =5 (F0) (5)

5. Therefore,

£ U3=X1g 2= A1 Fa llz=Il £ 15 -

e The Fourier transform is a densely defined operator in L?(R) and has
a unique extension to the whole space L*(R).
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Definition 4.10.2 Fourier Transform in L*(R). Let f €
L3(R) and (p,) be a sequence in C.(R) converging to f in L*(R),
that is such that

I on—=flla—0.
® | The Fourier transform of f is defined by

Ff= lim Fop,,

where the limit is with respect to the L*-norm.

Theorem 4.10.8 Parseval’s Relation. For any f € L*(R)

IFf =l f 12 -

o | That is, the Fourier transform is an isometry on L*(R).
More generally, for any f,g € L*(R)

(Ff,Fg)=(f9)-

Proof: Easy. Every isometry preserves inner product (by polarization
identity).

e We define a sequence of operators F,, in L*(R) by

(Fuf)w) =y " de e f(a).

—n

Theorem 4.10.9 Let f € L*(R). Then
H (:Fn_F)f H2_>0

That s
Fof = Ff

with respect to the L*-norm.

Proof:
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1. Let x,(z) be the characteristic function of the interval [—n,n].
Define for n € N

ful@) = xu(2) f(2).
2. Then || f = fu |l2— 0 and || Ff — Ff, ||]2— 0.

[ |
Theorem 4.10.10 Let f,g € L*(R). Then
[
(f,CFCg)=(Ff.9).
Proof:
1. Let
fn = an and gn = Xn9 -
2. Then we compute
(ffmvgn) = (fma-,'r_gn)
3. As n,m — oo, we get
(Ff.9)=(},Fg).
[ |
Lemma 4.10.1 In L*(R)
[ ]
CFCF =1d.
Proof:
1. By computation show that
| f—=F(FF) l3=0.
[ |

We define a sequence of operators F, ! in L*(R) by
(Fa'Hw) = (Fuf)(~w)

= (2m)71/2 /n dx " f(x) .

-n
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Theorem 4.10.11 Inversion of the Fourier Transform in
L*(R). Let f € L*(R). Then

FlAFf—f,

where the convergence is with respect to the L?-norm.

Proof:

1. By computation.

e The inverse Fourier transform F~! is defined by

(F ) (@) = (Ff)(—a) = (2m) 12 / " dw T f ().

— 00

Corollary 4.10.2 Let f € L'(R)NL*(R). Then almost everywhere
o | in R it holds

[=FNFf).

Proof: Follows from previous theorem.

Corollary 4.10.3 Duality. Let f € L'(R) N L*(R). Then almost
everywhere in R it holds

(F2f)(z) = f(-=).

Proof: Easy. Obvious.
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Theorem 4.10.12 Plancherel’s Theorem. There is a linear
bounded operator

F:L*R) — L*{R)
such that for any f,g € L*(R):
1. if f € LY(R), then

(Ff)(w) = (2n) /2 / )

—00

2.
I (F=F)f 2= 0,
3.
I (Id—F " F)f [l = 0,
/.
£ =1 f 2
5
F*=CFC,
6.
CFCF = FCFC =1d,
7.

Ft=1d,
8. F 1is a unitary operator on L*(R)

FF=1d,

9. F is a Hilbert space isomorphism of L*(R) onto itself.

Proof:

1. The surjectivity of F follows from the fact that for any f € L*(R),
f=FCFCf=Fg,
where g = CFCf.
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e Examples.

4.10.3 Homework
e Exercises: 4.13[69,70,71]
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4.11 Unbounded Operators

Let H be a Hilbert space and A be an operator in H.

We say that A is defined in a Hilbert space if the range of A is a proper
subset of H, that is A is not surjective.

A is unbounded if it is not bounded.

To show that A is unbounded, one has to find a bounded sequence (x,,)
in H such that
| Az, |[|— oo

Unboundedness is equivalent to discontinuity at every point.

To show that A is unbounded, one has to find a sequence (x,,) converg-
ing to 0 such that the sequence (Ax,,) does not converge to 0.

Convention. If the domain D(A) of the operator A is the whole space
H then we say that

A is an operator on H .

If the domain D(A) of the operator A is a proper subset of H then we
say that

A is an operator in H .

If A is a bounded operator in a Hilbert space H, then A has a unique
extension to a bounded operator defined on the closure of D(A).

There exists a bounded operator B defined on the closure D(A) such
that

Az = Bz for every z € D(A).

The operator B is defined by continuity. That is, for any x € D(A) let
(x,) be a sequence in D(A) such that x, — z. Then
Bx = lim Ax, .

n—oo

In this case,
A=l B -
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Then the operator B can be extended to a bounded operator C' defined
on the whole space H by

C == BPD(B) .
Then || C' [|=[| B].
Thus, a bounded operator can always be extended to the whole space
H, so one can always assume that the domain of a bounded operator

is the whole space H.

An unbounded operator does not have a natural unique extension onto
the closure of its domain.

Definition 4.11.1 Extension of Operators. Let E be a vector
space and A be an operator in E. An operator B in E is called an
extension of the operator A (denoted by A C B) if

D(A) € D(B),

and

Az = Bz for all z € D(A).

We have

D(A+ B) = D(A) N D(B) and D(AB) = {x € D(B) | Bx € D(A)}

We have
[(A+ B)C] = (AC + BQC)

but only
(AB+ AC) C [A(B+ C)].

Definition 4.11.2  Densely Defined Operator. Let E be a
vector space and A be an operator in E. We say that A is densely

defined if D(A) is dense in E, that is D(A) = E'.
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Definition 4.11.3 Adjoint of a Densely Defined Operator.
Let H be a Hilbert space and A be a densely defined operator in H.

Let y € H and ¢, : D(A) — C be a linear functional on D(A)
defined for x € D(A) by

py(r) = (Az,y).
The adjoint A* of A is an operator with the domain

D(A*) ={y € H | ¢, is continuous on D(A)}
and such that

(Az,y) = (z, A*y) for all x € D(A) and y € D(A*).

e If A is not densely defined, then A* is not uniquely defined.

Theorem 4.11.1 Let H be a Hilbert space and A and B be densely
defined operators in H.

1. If AC B, then B* C A*.

(The adjoint of a densely defined operator A is the extension
. of the adjoint of the extension of A).

2. If D(B*) is dense in H, then B C B**.

(If the adjoint of a densely defined operator B is densely de-
fined, then the adjoint of the adjoint is the extension of the
operator B.)

Proof:
1. (I). Let A C B. Then for all z € D(A) and y € D(B*)
(Az,y) = (Br,y) = (z, B"y).
2. We also have for all z € D(A) and y € D(A")
(Az,y) = (z, A%y).
3. Thus D(B*) C D(A*) and for all y € D(B*)
A*y = B%y.
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4. Therefore,
B* C A*.

5. (II). Let D(B*) be dense in H. Then since for all x € D(B) and

y € D(B)
(B*y,r) = (y, Bx),

B** exists and for all x € D(B*") and y € D(B*)
(B*y,z) = (y, B™z) .
6. Therefore, D(B) C D(B**) and for any z € D(B)

Bx = B¥x.

Theorem 4.11.2 Let H be a Hilbert space and A be a densely
defined injective operator in H such that the inverse A=! is densely
e | defined. Then the adjoint A* is also injective and

(A*)fl — (Afl)* ]

Proof:
1. Let y € D(A*). Then for any z € D(A™!

(A2, A'y) = (AA™ 2, y) = (2,y).
2. Thus A*y € D((A~1)*) and
(A Ay =y.
3. Then for any y € D((A™1)*) and x € D(A)
(Az, (A1) = (z,y).
4. Thus (A~1)* € D(A*) and

A4y =y,
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Theorem 4.11.3 Let H be a Hilbert space and A, B and AB be
densely defined operators in H. Then

B*A* C (AB)*.

Proof:

1. Let x € D(AB) and y € D(B*A*).

2. Then
(ABz,y) = (Bx,A™y) = (2, B*A™y) .

3. Therefore y € D((AB)*) and
B*A*y = (AB)"y.
|

Definition 4.11.4  Self-Adjoint Operator. A densely defined
operator A in a Hilbert space H is self-adjoint if

A" =A,
in particular, D(A*) = D(A) and
(Az,y) = (z, Ay) for all x,y € D(A).

If A is a bounded densely defined operator in H, then A has a unique
extension to a bounded operator on H. Then

D(A) = D(A*) = H.
For unbounded operators, it is possible that
Ax = A*z for any x € D(A) N D(A*), but D(A) # D(A*).

Then A is not self-adjoint.

Definition 4.11.5 Symmetric Operator. A densely defined
operator A in a Hilbert space H is symmetric if

(Az,y) = (z, Ay) for all z,y € D(A).
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e Every self-adjoint operator is symmetric.

e Example. Let H = [? and A be a self-adjoint injective operator on H

defined by
A = (22) .

n

The domain of the inverse operator D(A™') = R(A) is dense in H. The
inverse operator is defined by

AN x,) = (nxy) .
Then A~! is an unbounded operator. We also have
(A7) = (AP = AL,
Thus, A~! is self-adjoint unbounded operator.

Example. Let H = L*([0,1]) and

A=il
be the differential operator in H with the domain
D(A) ={f € H| fis continuous and f(0) = f(1) =0}.
Then for any f,g € D(A)
(Af,9) = (f, Ag).

Thus A is symmetric.

Let g € H and ¢, be a functional on D(A) defined by

wa(f) = (Af,9).

Then ¢, is continuous on D(A) for any continuously differentiable func-
tion g € H, not necessarily satisfying ¢(0) = g(1) = 0. Therefore,

D(A) € D(A%)

and A is not self-adjoint.
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Theorem 4.11.4 Let H be a Hilbert space and A be a densely
defined operator in H. Then A is symmetric if and only if A C A*.

Proof:

1. (I). Let A C A*. Then for all z,y € D(A)
(Az,y) = (2, Ay) .

2. Thus A is symmetric.

3. (II). Suppose that A is symmetric. Then for all z,y € D(A)
(Az,y) = (z, Ay)
and for all z € D(A), y € D(A")
(Az,y) = (z,A"y).

4. Thus A C A*.

Definition 4.11.6  Let £, and E, be vector spaces, D(A) C Ey
and R(A) C E,. The graph G(A) of an operator A : D(A) —
o | R(A) is a subset of By X Ey defined by

G(A) ={(z,Az) |z € D(A)}.

e If AC B (B is an extension of A), then G(A) C G(B).

Definition 4.11.7 Closed Operator. Let E; and FE5 be
normed spaces and A : Ey — FEs be an operator from Fy into Es.

The operator A is closed if its graph G(A) is a closed subspace of
El X EQ, that s

if ©t, € D(A), x,, — x, and Az, — vy, then v € D(A) and Az =y .

The domain D(A) of a closed operator does not have to be closed.

Theorem 4.11.5 Closed Graph Theorem. FEwvery closed oper-
ator from a Banach space into a Banach space is bounded.
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e The domain of an unbounded operator in a Hilbert space cannot be
closed. It cannot be the whole space.

° ’ Theorem 4.11.6 The inverse of a closed operator is closed.
Proof: Obvious.

Theorem 4.11.7 Let H be a Hilbert space and A be a densely
defined operator in H. Then the adjoint A* is a closed operator.

Proof:

1. Let y, € D(A*) be a sequence such that
Yn — Y and A*y, — 2.
2. Then, for any = € D(A),
(Az,y) = lim (Az,y,) = lim (z, A%y,) = (z, 2) .
3. Therefore, y € D(A*) and A*y = z.
|

e A symmetric operator can be always extended to a closed operator.

Theorem 4.11.8 Let H be a Hilbert space and A be a densely de-
fined symmetric operator in H. Then there exist a closed symmetric
o | Operator B in H such that A C B.

A densely defined symmetric operator has a closed symmetric ex-
tension.

Proof:

1. Let D(B) be the set of all x € H for which there is a sequence
(zn) in D(A) and y € H such that

Ty — X and Az, —vy.

2. Then D(B) is a vector space and D(A) C D(B).

3. Let z € D(B) and z,, be such that z, — z and the limit y =
lim,, . Ax, exists. Then B is defined by

Bx = lim Ax, .

n—oo
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Claim: The value Bz does not depend on the representing se-
quence .

Let z, — x and 2, — z. Let Azx,, — y and Az, — w.

Then for any u € D(A)

(u, Az, — Az,) = (Au, z,, — 25)

Asn — o0

(u, (y —w)) =0.
Thus, y —w € D(A)*.
Since D(A) is dense in H, y —w = 0.
So, B is well defined.
Claim: B is an extension of A.

For any x € D(A) we can just take a constant sequence x,, = x.
Thus Bx = Ax.

Claim: B is symmetric.

Let z,y € D(B). Then there are sequences z,, and y, in D(A)
such that x,, — x, y, — y and Az, — Bx and Ay, = By.

Then
(A:Ena yn) - (xna Ayn) )
and as n — o0
(Bz,y) = (v, By) .
Claim: B is closed.

Let x € D(B) and x, be a sequence in D(B) such that z,, — «
and Bz, — y.

Claim: z € D(B) and Bz = y.
For any m € N there is y,, € D(B) such that

1 1
20 —ym < —, and || Brm — Ayp [|< —.
m m

Therefore,
Ym — T, and AYym — Y.
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21. This means = € D(B) and
Bx=vy.
[

Theorem 4.11.9 Let H be a Hilbert space and A be a densely
defined closed operator in H.

1. For anyu,v € H there exists unique x € D(A) andy € D(A*)
such that

Ar+y=u and r—Ay=wv.

2. For any v € H, there exists a unique v € D(A*) such that

A*Az+z =wv.

Proof:

1. (I). Let H, = H x H.
2. Then G(A) is a closed subspace of Hj.

3. Thus,
H, = G(A) @ GA)™ .

4. We have (z,y) € G(A)* if and only if for all z € D(A)
(,2) + (Az,y) =0, or  (Az,y) = (z,—2);

equivalently y € D(A*) and z = —A*y.

5. Thus, if (v,u) € H x H, then there is unique x € D(A) and
y € D(A*) such that

(v,u) = (z, Az) + (=AY, y) .

6. (II). If v = 0 above, then there are unique x € D(A) and y €
D(A*) such that

Ar+y =0, and r—A'y=v.

7. Thus,
T+ A"Ax =v.
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e Remark. Let H be a Hilbert space and A be a closed operator in H.
It is possible to redefine the inner product on D(A) by

([E, y)l = (xay) + (A$7Ay) :
Then D(A) is complete with respect to the norm
Il fi=ll = I* + 1| Az |1* .

D(A) is a Hilbert space with the inner product (,);. The operator A
is a bounded operator on D(A) in this norm.

4.11.1 Homework
e Exercises: 4.13[72,7375,76,77]
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Notation

Notation
Logic

A=— B
A<—DB
iff

A<— B
Vee X
dre X

A implies B

A is implied by B

if and only if

A implies B and is implied by B
for all z in X

there exists an x in X such that

Sets and Functions (Mappings)

reX
g X
{x € X | P(x)}
AcCX
X\ A

x is an element of the set X

x is not in X

the set of elements z of the set X obeying the property P(x)
A is a subset of X

complement of A in X

closure of set A

Cartesian product of X and Y

mapping (function) from X to Y

range of f

characteristic function of the set A
empty set

set of natural numbers (positive integers)
set of integer numbers

set of rational numbers

set of real numbers
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R,
C

Vector Spaces

HoG
H*

R™

Cn

l2

[P

Notation

set of positive real numbers
set of complex numbers

direct sum of H and G

dual space

vector space of n-tuples of real numbers
vector space of n-tuples of complex numbers
space of square summable sequences

space of sequences summable with p-th power

Normed Linear Spaces

|||
T, — T

w
Ty — T

norm of x
(strong) convergence
weak convergence

Function Spaces

supp f
H®dG

Co(R™)
C(Q)
CH(Q)
()
D(R™)
LY(Q)
L2(Q)
Lr(Q)
H™(9)
CO(V> Rn)
Ck(V,Q)

support of f

tensor product of H and G

space of continuous functions with bounded support in R"
space of continuous functions on €

space of k-times differentiable functions on €2

space of smooth (infinitely diffrentiable) functions on 2
space of test functions (Schwartz class)

space of integrable functions on €2

space of square integrable functions on {2

space of functions integrable with p-th power on €2

Sobolev spaces

space of continuous vector valued functions with bounded support in R"
space of k-times differentiable vector valued functions on €2
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C=(V,Q)
D(V,R")
LI(V,9)
L2(V,9)
(v, )
H™(V, Q)
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space of smooth vector valued functions on 2

space of vector valued test functions (Schwartz class)

space of integrable vector valued functions functions on €2

space of square integrable vector valued functions functions on 2

space of vector valued functions functions integrable with p-th power on €2
Sobolev spaces of vector valued functions

Linear Operators

DOA
L(H,G)
H* = L(H,C)

differential operator
space of bounded linear transformations from H to GG
space of bounded linear functionals (dual space)
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