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Chapter 1

Integral Operators

1.1 Existense Theorems

1.1.1 Integral Equations

e Letgbe a given functionK(x, t) be a given function of two variables, and
f be an unknown function. Theolterra equation of the first kind reads

X
a(x) = f dt K(x, t)f(t).
a
¢ \olterra equation of the second kindis
a(x) = f(x) +f dt K(x, t)f(t).
a
e TheFredholm equation of the first kind reads
b
a(x) = f dt K(x, t)f(t).
a
e Fredholm equation of the second kinds
b
a(x) = f(X) +f dt K(x, t)f(t).
a
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4 CHAPTER 1. INTEGRAL OPERATORS

1.1.2 Neumann Series and Fredholm Alternative

e LetT : H —» H be a mapping on a vector spade Thefixed point setof
T is the set of vectorg € H such that

T(X) = Xo.

e If T is a linear operator, then its fixed point set is equal to the kernel of the
operator [ - T).

e The mappingT is acontraction if there is 0< a < 1 such that for any
X,y € H

IT)-TH Il x=yll .

Theorem 1.1.1 (Contraction Mapping Theorem) Let H be a Banach
space and S be a closed subspace of H. LeST— S be a contractior
mapping. Let x be an arbitrary vector in S and

Xo = lim T"x.

nN—oo

Then x% belongsto S and
T (%) = Xo.

Moreover, this is the unique solution of the equaiqm)T= X, that is the
unique fixed point of the mapping T.

Proof: Banach Fixed Point Theorem.

Theorem 1.1.2 Let H be a Banach space and T be a continuous map-
ping such that for some mN, T™ is a contraction. Let x H and

Xo = lim T"x.

n—oo

Then x is the unique fixed point of T.

Proof: Easy.

appliedfunanal.tex; May 24, 2005; 13:58; p. 3



1.1. EXISTENSE THEOREMS 5

Theorem 1.1.3 Let H be a Banach space and A be a non-zero bounded
linear operator on H. Let & H anda € C be a complex number such
that

o] < ——.
Al

® | Let T be a mapping on H defined by
T(f) = aAf +g.

Then T has a unique fixed point, that is the equatigh)T= f has a
unique solution.

Proof: Easy.

e Note that

n
T(f) = a"Af + " a"A'g.
k=0

e The fixed point
f= Z o"A'g,
k=0

is the solution of the equation
(I-aAf =qg.
obtained by the geometric series

(I-aA)"=) a"A",
n=0

called theNeumann series

appliedfunanal.tex; May 24, 2005; 13:58; p. 4



CHAPTER 1. INTEGRAL OPERATORS

Theorem 1.1.4 (Neumann Series) et A be a bounded linear operator
in a Banach space H. Then the resolve()R= (A—l)tis a bounded
operator for anyl € C such that

I > AL

that is, outside the circle or radiusA ||. Moreover,
R() = - > A
n=0

and

1
| R IS ————F-
*) A=Al

Proof:

1. We have

DI A< o0,
n=0

2. We check that

[Se]

(A-al) i A~ DA = (Z /1‘(”+1)A”] (A=) =—I.
n=0

n=0

3. Finally,

IR 1< Y [ A" = ———
“ ZO A=Al

appliedfunanal.tex; May 24, 2005; 13:58; p. 5



1.1. EXISTENSE THEOREMS 7

Corollary 1.1.1 1. Let A be a bounded linear operator in a Bandch
space H, ¢ H anda € C be a complex number such that

o] < ——

AT

. Then the equation
X—aAxX=y

has a unique solution given by

|

Theorem 1.1.5 (Fredholm Alternative) Let H be a Hilbert space an
A be a self-adjoint compact operator on H. Then the following |are
equivalent statements:

1. The non-homogeneous equation
f-Af=g
has a unique solution for everygH.
2. The homogeneous equation
f-Af=0
has only the trivial solution.

Moreover, if the non-homogeneous equaiibn A)u = g has a solution
u, then every solution v of the homogeneous equatichA)v = 0, is
orthogonal to g.

Proof:

1. Leta, € C andv, € H be the spectral resolution &f

2. Let N
g:Z:cnvn and f :Zanvn_

n=1 n=1

appliedfunanal.tex; May 24, 2005; 13:58; p. 6



8 CHAPTER 1. INTEGRAL OPERATORS

3. Then foranyn e N, if 2, # 1, then

4. So, if the non-homogeneous equation has a solution then it is unique
and has the form

5. The convergence of the series follows from the fact ihat> O.

6. If the homogeneous equation has a non-trivial solution, then the non-
homogeneous equation has infinitely many solutions.

7. The orthogonality of the solutions follows from the equations.

1.1.3 Homework
e Exercises: 5.12[1,2,3]

appliedfunanal.tex; May 24, 2005; 13:58; p. 7



1.2. FREDHOLM INTEGRAL EQUATIONS 9

1.2 Fredholm Integral Equations

1.2.1 Hilbert-Schmidt and Trace -Class Operators

e LetH be a Hilbert space ané/) be an orthonormal basis . An operator
AonH is called arace-class operatorif the series

TrA= > (Ae, &) <

n=1

converges.
e For every trace-class operatdthe operatoA” is trace-class and

TrA = TrA.

e If Ais a compact self-adjoint operator with the eigenvalagsthenA is
trace-class if and only if
D Ml < oo,
n=1

where each eigenvalue is taken with its multiplicity, and

TrA= i/ln.
n=1

This is also true for non-self-adjoint operators.

e It Ais a trace-class operator aBds a bounded operator, thé&xB andBA
are trace-class operators and

Tr (AB) = Tr(BA).
e For a bounded operatérthe operatofA| is defined by

|Al = VA*A.

e An operatorAis trace-class if and only |B is trace-class.
e The trace-norm of a trace-class operaias

Il Alle=TrlAl.

appliedfunanal.tex; May 24, 2005; 13:58; p. 8
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CHAPTER 1. INTEGRAL OPERATORS

For any trace-class operatar
A" Tl =11 Al

I ATI<Il Al

and
[Tr Al <[l Allee

Let Abe a bounded operator on a Hilbert speicandA* be its adjoint. The
Hilbert-Schmidt norm of Ais defined by

| Allus= (Tr AA")Y2.

An operatorA is called aHilbert-Schmidt operator if its Hilbert-Schmidt
norm is finite.

There holds
Il A" llns=Il Allns -

The operator norm of the operataris related to the Hilbert-Schmidt norm

by
I AI Allus -

An operatorA is Hilbert-Schmidt if and only ifA] is Hilbert-Schmidt.

The productsAB and BA of two Hilbert-Schmidt operatoré and B are
Hilbert-Schmidt operators and

Tr (AB) = Tr (BA).

Every trace-class opertator is Hilbert-Schmidit.
For any trace-class operatar
I A< Allus<Il Allr -
Let H = L2(M, i) be a Hilbert space whefd is a space with a measuue

The operatoA in H is Hilbert-Schmidt if and only if there exists a function
K € L?(M x M, i x ) such that the operatdxis defined by

(AH)(X) = fM du(y) K(x y)f(y).

appliedfunanal.tex; May 24, 2005; 13:58; p. 9



1.2. FREDHOLM INTEGRAL EQUATIONS 11

The functionK, called theSchwartz kernel of the operato, is defined
uniquely up to a its values on a set @f X u) measure zero. The Hilbert-
Schmidt norm of the operatais

1/2
| A = ( fM du(x) fM du(y) |K(x,y)|2) |

1.2.2 Linear Fredholm Equations

Definition 1.2.1 Let | = [a, b], K be a function on k |I. The operator
A on L2(1) defined by

b
(AD(X) = f dy K(x.y)f )

is calledFredholm integral operator with the kernel K.

Lemma 1.2.1 Let | = [a, b], K be a continuous function ond |, such
that

b b 1/2
k= (f dxf dy|K(x,y)|2) < .
i a a

Then A is Hilbert-Schmidt operator with the norm

Il Allus= K.

Proof:

1. We have (Schwartz inequality)
b

(AN < [ K 1P
a

2. Thus
| AfP< K| f|IP< 0.

3. So,Ais a bounded operator drf(l).

appliedfunanal.tex; May 24, 2005; 13:58; p. 10



12 CHAPTER 1. INTEGRAL OPERATORS

Theorem 1.2.1Let | = [a,b], K be a continuous function ond I, and
A be the Fredholm integral operator with the kernel K. Let

K=l Allus
and leta € C be a complex number such that
lalk < 1.

Then for any ge L?(1) there is a unique & L?(1) such that

(I —aAf =g.

Proof:

1. LetT be an operator oh?(1) defined by

T(f) = eAf +g.

2. ThenT is a contraction iflalk < 1 and the equatioil f = f has a
unique solution.

e Example.

appliedfunanal.tex; May 24, 2005; 13:58; p. 11



1.2. FREDHOLM INTEGRAL EQUATIONS 13

1.2.3 Nonlinear Fredholm Equations

Theorem 1.2.2Let | = [a,b] and K be a function on k| x C and A
be a mapping on (1) defined by

b
A)(X) = f dy K(x.y. f(¥)).

Suppose there exists a function N ax I and constants M and k such
that

1. forall f e L2(I)
A I MIFIL,

2. forallxyel, z,z€C

IK(X,Y,z1) — K(X, Y, )| < N(X,Y)|z1 — 7,

b b
f dxf AyINGx Y)P = K < oo
a a

Let ge L%(1) anda € C be such that
lalk < 1.

Then there is a unique ¢ L?(1) such that

f = aA(f) +g.

Proof:
1. LetT be an operator oh?(l) defined by

T(f) = aA(f) + 9.

2. ThenT is a contraction ifalk < 1 and the equatioi f = f has a
unique solution.

appliedfunanal.tex; May 24, 2005; 13:58; p. 12



14 CHAPTER 1. INTEGRAL OPERATORS

1.2.4 Method of Successive Approximations

e Let Abe alinear integral operator
b
(AN = [ dyKx10).
a
e ThenA" is also an integral operator

b
(AMF)(X) = f dy Ka(xy)F(3).

where the kerneK (X, y) is defined by the recursion

b
Kn(x.Y) = f dz K(x, 2K 1(2.Y)

and is equal to
b b
Kaley) = [ [ dza K(x 2 K@),
a a
e The resolvenR; = (A - A1)t is an operator

b
RN = 9= 7 [ dyTia(x)ie).

where -
CL(xy) = Z a"Kq(X,y).
n=1

e The solution of the Fredholm integral equation

b
f(x) = a f dy K(x. ) F(y) + 9%

b
F() = g0 + f dy T (% Y)g0)

e Example.

appliedfunanal.tex; May 24, 2005; 13:58; p. 13



1.2. FREDHOLM INTEGRAL EQUATIONS 15

1.2.5 Separable Kernel

e Let M, andN,, wherek = 1, ...,n, be some functions frorh?([a, b]). The
kernelK of an integral operatod is separable(or degeneratg if it has the
form

n
KOGy = > MOINK(Y)
k=1
e Letge L?([a, b]). The Fredholm equation of the second kind

= [ "dy KO 1) + 909
for a separable kernel isfmite-dimensional problem.
e Let Abe an x n matrix, andB andC ben column vectors defined by
G = (N, ), b = (N, 9), amk = (Nm, My)
Then the integral equation is equivalent to the matrix equations
(I - aAC = B.
The solution of this equation is
C=(l-aA) !B,
if det(l — aA) # 0. Otherwise, there are infinitely many solutions.

e The solution of the integral equation is

n
f:g+a’ZCkMk-

k=1

e Example.

appliedfunanal.tex; May 24, 2005; 13:58; p. 14



16 CHAPTER 1. INTEGRAL OPERATORS

1.2.6 Convolution Kernel

e Let K be integrable functions R from L'(R). An integral operatoA on
L1(R) with the kernel of the form

K(xy) = K(x-Y)

is called theconvolution operator and the kerneK(x —y) is called the
convolution kernel.

e Letge LY(R). Fredholm equation with convolution kernel is the equation

f(% :afdy K- ) £5) + (%)

or

wheresx is the convolution.
e Applying the Fourier transform we get
f=a@r)?Kf+§.

The formal solution is given by the inverse Fourier transform
g
e
1-aV2rK

P o 9(w) )
f(x) = dw €
) 1; (1—awER@»

1.2.7 Hilbert Transform

¢ We consider smooth functions with compact supporRdrom C3’(R).

or

e The Cauchy principal value integral is defined by

o [“avtor =ty ([ [ o 1.

appliedfunanal.tex; May 24, 2005; 13:58; p. 15




1.2. FREDHOLM INTEGRAL EQUATIONS 17
e TheHilbert transform is the operato#{ on this space by
< f
(HT)(X) = PIOO dyx(—_y)y.
e Proposition. The Hilbert transform is an anti-involution
H?=-1d .
That is the inverse Hilbert tranform is given by
Ht=-H.
Proof: Use Fourier transform.

1.2.8 Homework

e Exercises: 5.12[4,6,7,8,11,12,13,14,15,32]. In each exercise that has many
subproblems, a,b,c, ..., do only one problem of your choice.

appliedfunanal.tex; May 24, 2005; 13:58; p. 16



18 CHAPTER 1. INTEGRAL OPERATORS

1.3 \Volterra Integral Equations

Definition 1.3.1 Let | = [a,b], K be a function on k |I. The operator
A on L2(l) defined by

(ADX) = f dy K(x.y)fy)

is calledVolterra integral operator with the kernel K.

1.3.1 \olterra Equations of the Second Kind

Theorem 1.3.1Let | = [a, b], K be a function on k I with the Hilbert-
Schmidt norm k, and A be the Volterra integral operator with the ke

K. Then for any ge L?(1) and for anya € C there exists a unique
f € L2(l) such that

f=aAf+g.
The solution f of this equation has the form

rnel

f=g+ Z a"A'g,
n=1

where A is the Volterra integral operator with the kernel

Kn(%,y) = f Az f dzK (% 201) - - K(z,Y)
a a

Proof:

1. LetT be a mapping oih?(l) defined by

T(f) = aAf +g.
2. Then

n-1

T"(f) = o"A'f + )~ o*A'g.
k=0
3. Then for anyn > 2 we have

N N |a,|2nkn
IT°(0) = T(8) IP< oy

(R PY [

appliedfunanal.tex; May 24, 2005; 13:58; p. 17



1.3. VOLTERRA INTEGRAL EQUATIONS 19
4. There exists am € N such thafT™ is a contraction.
5. ThusT(f) = f has a unique solution given by

f = lim T(f).

nN—oo

Corollary 1.3.1 (Homogeneous Volterra Equation.)Let | = [a,b], K
be a function on Kk | with the finite Hilbert-Schmidt norm k and A be
the Volterra intergal operator on4(l) with the kernel K. Then for any
a € C the equation

® f = aAf

has only the trivial solution & 0. Thus, the operator A does not have
any eigenvalues, the resolvent R a bounded operator for any € C,
and the spectrura(A) is empty.

Proof: Follows from the previous theorem.

1.3.2 \olterra Equations of the First Kind

e Letl =[a,b] andg € L%(1), K be a function ol x I, andA be the \Volterra
integral operator o.2(l) with the kernelK and a finite Hilbert-Schmidt
norm. TheVolterra equation of the first kind has the form

Af =g.
e Suppose thag andK are diferentiable andK(x, x) # 0. Then

K(x 9 F(3) + f dy 6,K(x V) 1) = g'(¥).

and, therefore, we get a Volterra equation of the second kind

f(x) + f dy N(x.y)F(y) = h(x).

where
OxK(X,Y)

N(xy) = K(X, X)

appliedfunanal.tex; May 24, 2005; 13:58; p. 18



20 CHAPTER 1. INTEGRAL OPERATORS

and g0
h(x) = :
) K(x, x)
Let B be the \Wolterra integral operator with the kerivel Then we have the
equation
f =Bf+h.

Then, if B is Hilbert-Schmidt operator arfile L?(1), then this equation has
a unique solution.

1.3.3 Abel’s Integral Equation

e Let0< a < 1, and letA, be the Volterra integral operator with the kernel
(x—y)™® on the interval [01].

e Letgbe acontinuous function on,[0] such thag(0) = 0. Abel’'s equation
is the equation of the form

Ry
Lﬂdy@_wa—mw.

or
A.f=g.

e Fora = 0 this equation is

(RN = [ dyie) = .
So, ifgis differentiable, then the solution of this equation is
f=g.
Thus, the operatody is invertible and the inverse
A51 = dx
Is the diferential operator.

e The composition of two operators, andA; is the operator

_TA-o(1-p)
Achy = Ir2-a-p)

Aa+ﬁ—1

appliedfunanal.tex; May 24, 2005; 13:58; p. 19



1.3. VOLTERRA INTEGRAL EQUATIONS 21

e Letp=1-a. Then

T
A
Aoty sin(ra)
Thus )
Sin(ra
Aal_ Ju AalAl—a/

e Therefore, the solution of the Abel’'s equation is

_ sin(ra)

f Aa 1Al—(l/g

or

f9 = =%, [y 0

e Let h be a positive dterentiable strictly increasing function on,[J and
g is a diferentiable function on [@]. Then the solution of the integral

equation
. ()
fo Y- e - 9

_ sin(ra) X h (y)
109 = S50 [ 9 iy o)

1.3.4 Riemann-Liouville Transform

Let E be the space of smooth functions ond®) with compact support whose
all derivatives vanish at 0£®(0) = 0. LetR be the integral operator defined by

(RA(X) = fo dyf(y).

We have
OxRH(X) = f(X), (RAf)(X) = f(X).
Therefore
R)=0R=1d,
so that
R=0o7"1.

appliedfunanal.tex; May 24, 2005; 13:58; p. 20



22 CHAPTER 1. INTEGRAL OPERATORS

Foranyn > 1 R"

X Y2
(Wm©=ﬁdwy~odwﬂw

is equal to

ROW = = [ ay -y,

Now, we generalize this for any complexwith Rea > 0

(Rﬁxm:f%yﬁcwu—w%Hwy

One can show that

R(lRﬁ = Ra+ﬁ
and
Ry=1d.
So,R, is a complex power of the operatBr(or 9)
R, =R =)™
By analytic continuation we obtain an operator for anyn particular,
R,=4d".

Similar transforms, say on smooth functions of compact support, can be de-
fined as follows

(B.)(X) = deXW“ﬂw

r()

W, )(%) = —— fdwyw“ﬂw

I()

COW =y [ v 10),

which are related to each other.

1.3.5 Homework
e Exercises: 5.12[9,16]

appliedfunanal.tex; May 24, 2005; 13:58; p. 21



Chapter 2

Ordinary Di fferential Operators

2.1 Ordinary Differential Operators

e Let| = (a,b), wherea can be—-co andb can be+co. Leta, € C?(1) be a
positive twice-diferentiable functiona; € C(1) be a diferentiable function
andag € C(1) be a continuous function.

For simplicity we can just assume that all d&ents are smooth, that is are
functions fromC*(l) and

a(x) #0, foranyxel.

A second-order ordinary differential operator L is an operator acting on
twice differentiable functions by

L = @02 + ay0y + ag.

Again, we could restrict first only to smooth functions, that is, restrict first
the domain oL to C*(l), or, even, to smooth functions of compact support

c(l).

e Theboundary data of a functionf are the values of the functiohand its
derivativef’ at the pointsa andb.

e Let (v;) and @), wherei, ] = 1,2, be two constant matrices ani)(
be a constant 2-vector. Assume that the 4-vectoers, ¢1,, 811, 812) and
(21, @22, B21, B22) are linearly independent.

23
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CHAPTER 2. ORDINARY DIFFERENTIAL OPERATORS

Theboundary conditions are

Bi(f) = cy, Bx(f) = c2.

Thehomogeneous boundary conditionsire

Bi(f)=0,  By(f)=0.

Theboundary operators are defined by
Bi(f) = a11f (@) + a12f'(a) + B11f(b) + B2’ (D),
Bo(f) = a21f(a) + aaaf'(Q) + Bo1f (D) + B2’ (D).
LetT be theboundary data map defined by

en@=( {3 ). ono=({H)

Let A(a) be the matrix ¢i;) andA(b) be the matrixg;;). Then the boundary
conditions are
(Arf)(a) + (Arf)(b) =C,

whereC is the column vecto€ = (g).
Theseparated (or local) boundary operatorshave the form
Bi(f) = @11f(a) + 121" (a),
Ba(f) = B21f(D) + B221'(b).
Theperiodic boundary conditions have the form
Bi(f) = f(a) — f(b) =0,
B,(f) = f'(a) — f'(b) = 0.

Definition 2.1.1 Let | = [a,b] and L be a djferential operator of order
nin L2(1). The domain QL) of the dfferential operator L is the set of a
functions whose k-th derivative is square integrable, that issLLf(1),
and which satisfy the homogeneous boundary conditiq(f) B= 0,
wherei=1,...,n-1.

appliedfunanal.tex; May 24, 2005; 13:58; p. 22



2.1. ORDINARY DIFFERENTIAL OPERATORS 25

Definition 2.1.2 Let | = [a, b] and L be a dfferential operator of order
nin L%(1). An operator I is the adjoint of the operator L if for any
e | f e D(L) and any ge D(L*)

(Lf.9) = (f.L'g).

e Let L2(I) have the standard inner product with the weight function equal to
1. Theadjoint of the operator

L = a,0% + aydy + ag.
is given by

L* = 0%a, — dxay + &
202 + (28, — a1)0x + (8 — &) + ag).

e Let f andg be diferentiable ond, b]. The bilinear concomitant of f and
gis
J(f,9) = a[(0xf)g - o] + (an — &) fQ.

e Foraf e D(L) and anyg € L%(l) we have
(Lf,g) = (f.L"g) + I(f.9)a.

e The domainD(L*) of the adjointL* of the operatot is the set of all twice-
differentiable functiong in L2(l) such that)(f, g)[2 = 0 for any f = D(L).
That is the functions that satisfy tlagljoint homogeneous boundary con-
ditions

Bi(9) = By(9) = 0.

e The operator

L = @02 + ay0y + ag.
is formally self-adjoint if
a=a.
It can be written in the form

L = 0ya04 + ag.

e The operatot is self-adjoint if it is formally self-adjoint an®(L) = D(L*).
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e For a formally self-adjoint operatdrthe concomitant has the form
J(f,g) = az[(axf)g - faxg] .

e Any operator of the form
L = @02 + ay0y + ag.

can be made formally self-adjoint by multiplying it by theegrating fac-
tor

1 a
= —ex dx—
p=a p[ N

e Letw be aweight function that is positive except possibly at isolated points
wherew(x) = 0.

¢ We define the Hilbert spadef(l, w) by the inner product
b
(1.9)= [ dxa(910o809.
a

¢ The adjoint of the operator
L = @02 + a10y + Qg
with respect to the weighted inner product is

L = a)_lﬁ)z(a)az - wtoway + ay

202 + (Za’2 —a + 2azci) Oy
w

’ ’7

w w
ay—aj+ap+ (28, —a)— + &
w w

+ w.

e So, the operatak is formally self-adjoint if
g =a,+a—.
1 b + & o

¢ A formally self-adjoint operator can be written in the form

1
L = _axwpax+ q.
w
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e The spectrum of the operatbris determined by the equations

I—fn = An fna Bl(fn) = BZ(fn) = Oa ” fn ||: 1.

e Examples.

1. The operator
L =i0y

acting on smooth functions of compact supporfRrCy’(R), is sym-
metric and essentially self-adjoint @3(R). That isL* is self-adjoint
andL c L*.

2. The operator
L =idy

acting on smooth functions of compact supporfanCg’ (R, ), where
R, = (0, =), is symmetric but does not have any self-adjoint exten-
sions toL2(R,).

3. The operator
L =i0y

acting on smooth functions of compact support ari]J@s symmetric.
It has a self-adjoint extension 1?([0, 1]) defined by the boundary

conditions

f(0)=f(1)=0.
The general self-adjoint extension is defined by the boundary condi-
tions

f(1) = €°(0),
whereyp is an angle.
4. Letl =0, 1] anday(x) # 0 onl. The operator

L = @02 + a10y + g
acting on smooth functions on,[0] with the boundary conditions
f(0) =0, f'(1) =0,

is self-adjoint.
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5. The operator

L=-0%
acting on smooth functions on,[0] with the boundary conditions
f(0)=0, f’(0) =0,

is not self-adjoint.

. The operator

L = -63

acting on smooth functions dt, with compact support is symmetric.
It has a symmetric extension defined by the boundary conditions

£(0) =0,

which is essentially self-adjoint dr?(R.).
The most general self-adjoint extension of the operatsrdefined by
the boundary conditions

cosy f(0) + sing f'(0) = 0,

wherey is an arbitrary angle.

. Legendre, Associated Legendre, Chebyshev, Jacobi, Laguerre, Asso-

ciated Laguerre, Bessel, Hermite, operators.

2.1.1 Homework

e Exercises: 5.12[17,19,21,]

¢ Find the spectrum (eigenvalues and the eigenfunctions) of the opedrators
—d2 on the interval & b] with the following boundary conditions

1. Dirichlet

f(a)=f(b) =0,
2. Neumann

f'(@) = f'(b) =0,
3. Zaremba

f(a) = f'(b) =0,
4. Periodic

f(a) = f(b).
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2.2

Sturm-Liouville Systems

Letl = [a, b] be an intervalw be a smooth real-valued positive function on
[,i.e.w(x) > 0 foranyx e I, be a smooth real-valued positive function on
I,i.e. p(X) > 0 foranyx € I, andqg be a smooth real-valued function on

Let L be a diferential operator acting on smooth functiofhs; C*(1), onl
defined by
L = —w tdwwpdy + Q.

Let B be the boundary operator defined by
Bf = (Uf +Vf’)|a|,

whereu andv are some real-valued functions of the boundary, @onsist-
ing of two points,dl = {a, b}, which are not simultaneously zero, that is
u?>+v2>0.

Let L%(1, w) be the Hilbert space with the weight functiarand|| - || be the
corresponding norm. Aegular Sturm-Lioville system is the boundary
value problem

Lf =Af, | fl=1,

with the homogeneous boundary conditions

Bf =0.

If the function p is positive only on an open intervad, () but vanishes at
one or both endpoints of the interval p], then the boundary conditioB f

at that point is replaced by the condition thlamust be bounded at that
point. Such a boundary value problem is calleslrayular Sturm-Lioville
system

If the functionsp, w, andq are periodic, that ip(a) = p(b), w(a) = w(b)
andq(a) = q(b), and the boundary conditions are periodic, that is,

f@=1(),  f'(a=1f'(b),

then the boundary value problem is callegdexiodic Sturm-Lioville sys-
tem.
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e Examples
e The domain oL
D(L) = {f € L?(1, w)|f” € L¥(1, w), Bf|y = 0}

is the space of all complex valued functiohen| for which " isin L?(l, w)
and which satisfy the boundary conditions.

Theorem 2.2.1 (Lagrange Indentity). For any f,g € D(L) there
e | holds

fLg—(L)g = —w ™ d[wp(fdxg - (3xF)9)] -
Proof: Computation.

Theorem 2.2.2 (Abel's Formula) . Let f and g be two eigenfunctions
of the operator L corresponding to the same eigenvalue

Lf = Af, Lg = A1g.

® | Then
pW(f, g) = const,

where(f, g) is the Wronskian defined by

W(f’ g) = faxg - (6xf)g-

Proof: Integrate Lagrange identity fromto x and use the boundary condi-
tions.

Theorem 2.2.3 The eigenvalues of a regular Sturm-Lioville system [are
simple, that is, have multiplicity one.

Proof: Use Abel formula and the boundary conditions.

e | Theorem 2.2.4 L is a self-adjoint operator on(l, w).

Proof: Integrate Lagrange identity froanto b and use the boundary condi-

tions.
n
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e | Theorem 2.2.5 The eigenvalues of a Sturm-Lioville system are real.

Proof: Easy.

e Remark. The eigenvalues of a regular Sturm-Liouville system form an

infinite sequencel,, such thatl, — c. (Will prove later).

Theorem 2.2.6 The eigenfunctions corresponding to distinct eigen
ues of a Sturm-Lioville system are orthogonal fflLw).

Proof: Easy.

2.2.1 Homework
e Exercises: 5.12[18,19,21,22,23,24,25]

al-
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2.3 Green Functions

e Let L be a diferential operator acting on functions én= [a, b] satisfy-
ing given boundary conditions. Then the solution of the boundary value
problem

Ly = f, Bp=0

has the form
o =L71f,

or, in integral form,

b
o) = f dy Gx.y)F(¥).

whereG(x, y) is theGreen function of the operatot.. It is the kernel of the
operator_t.

Theorem 2.3.1Let | = [a,b] and pg € C*(I) be smooth real-valued
functions on | such that(g) > O for any xe |. Let L be an operator
acting on smooth functions on | defined by

L=-0pd+q.
Let B be the boundary operator defined by
By = (g + vg')la
where u and v are real-valued functions &nh= {a, b} such that
u?+v2> 0.
Lety; and g, be the non-zero solutions of the equation
Lp=0
with the boundary conditions at one point, that is
u(@ea(a) + v(a)ei(a) = 0,

u(b)2(b) + v(b)gs(b) = 0.
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Theorem 2.3.2 Suppose that the operator L with the boundary con-
ditions By = 0 does not have zero eigenvalue. Le{pVy,) be the
Wronskian of the solutions,, ¢,,

W(p1, ¥2) = o105 — 2
and C be the constant defined by

C = —pW(e1, ¢2) -

Let f € C(I) be a continuous function on I. Then the Sturm-Liouville
boundary value problem

Lp=f, By =0,
has a unique solution
b
o9 = [ dy Gxyety).
a

where the Green function(®, y) is defined by

1

E€01(X)€02(Y), forx <y
G(xy) =

E€02(X)S01(Y), forx>y.

e Remark. Let 6 be a function ol defined by

0, forx<y

o(x,y) =
(ey) {1, forx>vy.
Then the Green functioB(x, y) can be written in the form

G(Y) = 200X Yea(eals) + S0y, ea(er().

e Proof: Use the method of variation of parameters.
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Theorem 2.3.3 Let L be as described above. The operator
. L=t L2() - C(1)

is a self-adjoint compact operator.

e Proof:

1. Lt is compact because it is an integral operator with a continuous
kernel.

2. L7tis self-adjoint because its kernel is self-adjoint
G(x.y) = G(y. ).

3. The range of the operatbr? is C(l) since the Green functioB(x, y)
is continuous in the first argument.
|

Remark. If the operatolL has smooth cdicients, then the operatar? is
asmoothing operator

L~1: L2(1) » C=(1I).

Theorem 2.3.4 Let L be the operator with the boundary conditions de-
fined above. Then the operatoriidoes not have a zero eigenvalue.

Proof: Calculation.

Theorem 2.3.5 Let L be the operator with the boundary conditions de-
fined above. Lef(1,, ¢n)} be the eigenvalues and the eigenfunctions of
the operator L and(un, ¥n)} be the eigenvalues and the eigenfunctions
e | of the operator E£X. Then

1
,Un:/l_na Yn = ¢n.

Proof: Obvious.

Properties of the spectrum LetL be as described above. Then:
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The operatot is self-adjoint.

The spectrum of the operatbiis real.

The spectrum of the operatbiis bounded below.

The spectrum is discrete.

All eigenvalues are simple, that is, have multiplicity one.

The eigenvalues form an unbounded monotonically increasing sequence.
There are at most finitely many negative eigenvalues.

The eigenfunctions form an orthonormal basi&it{a, b]).

© 0N o g brwNPR

The resolvent of the operatbiis a Hilbert-Schmidt operator.

e The spectrumi, of the operatot is defined by
Lon = Angn, Il onll=1.

e Then
(QOna Som) = Onm
and

D en(¥@n(X) = 6(x - X),
n=1
wheres(x—x’) is the kernel of the identity operator (the Dirac delta-function).

e Let 2 € C be in the resolvent set of the operatgrthat is the operator
(L — A1)~ be a bounded operator.

e The resolvent satisfies the equation
(Ly — 2ADG(1; x, X)) = 6(x — X)),
the self-adjointness condition
G X, X) = G(4; X'x) ,
and the boundary conditions in both variables.

e The resolvent is given by

(o)

G(1; x,X) = Z

n=1

A — /l‘Pn(X)SEn(X,) .
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e Let C be a contour in the complex plane going around the spectrum in the
counterclockwise direction fronw + ie to co — ie. Then a functionf (L)
of the operatolL can be defined in terms of the resolvent by the Cauchy

formula
f(L) = —Zﬂi fcd/l f(DG().

The kernel of this operator is

FL)(x X)

1 Yy
5 fc da f()G(4; x, X)

[0e]

D H)en()en(x).

n=1
¢ In some cases, depending on the functicone can define thi?-trace by

Tre2 (L)

fb dx f(L)(x, X)

Z f(A,).

n=1

e In particular, fort > 0 we define the heat kernel

U x,x) = —%fcd/l e "G(1; x, X)
= Y e (9 (x)
n=1
and its trace
O(f) = TrezexptL)

b
f dx U(t; x, X)

(o]
2
n=1
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e LetuecRbea real number such thak 1; ands € C be a complex number
suchthat Re > 3 1 Then we define the kernel of the zeta-function

G(u; x, X) = —%fcdﬂ( ! )SG(/I X, X)
00 1 .
= ;mmx)%(x),
and the zeta-function

{(sp) = Tria(b—pl)™

= IDdx G(; X, X)
> 1

) ;un—ms

e Determinant of the diierential operator
Det2(L — ul) = exp[-ds{(0, )] -

e Expression of the resolvent and the zeta function in terms of the heat kernel
G(A; x, X) = f dt é*U(t; x, X)
0

and

GS(,u;x,x’)—r()f dt t5 16U (t; x, X) .

e Asymptotics of the resolvent and the heat kertnel.
As X — X andl — —o0
00 n
G X X) ~ Ix=x1) > bPO) =) (x=x)"

n=0 k=0

(S N e

H)2Y A OO ) x- X)),

n=0 k=0

Ast — 0Oandx — X

U(t; x, X') ~ (4nt)~Y/2 exp[ ] i i t"ald(x)(x — X)X.
0 k=0

n=
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2.3.1 Operators with Constant Co#ficients

o Letus consider the spaC®’(R) of all smooth functions of compact support
(which is dense il2(R)). Letd be the operator of dlierentiation.

¢ A differential operator of orden with constant coicients is a polynomial
in the operatop of degream with constant cofficients, that is,

L = Pu() = > a(d)",
k=0

wherea, are some constants ang # 0.

o Let

oo

e The Green function of the operatbiis
G(x,y) = K(x-y).
e Let f € L?(R). Then the solution of the equation
Lo="1,
Is given by
p=Kxf

that is .
o(%) = (20 f dy K(x - y)f(y).

2.3.2 Examples
e LetL be the operator
L = -6

onl C R with different boundary conditions. Late C andG(4; x,y) be
the resolvent kernel of the operatbry that is, the kernel of the operator
(L - A1)t Let Red < 0 andu = V-4 such that Re > 0.
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1. Dirichlet operator. Let| = [a, b] with the boundary conditions

p(@) = ¢(b) = 0.

Eigenfunctions

Eigenvalues

The lowest eigenvalue

Resolvent

Gl xy) - %{—e(x—y) sinh[u(x - y)]

sinh[u(b - y)] sinh[u(x — a)]
" sinh[u(b - a)] }

3 1
- Z{exp[—w )
 coshu(x— )] expl—(b - )]
sinh[u(b — a)]

coshju(x+y—-b-a)]
~ sinh[u(b - a)] }

2. Neumann operator. Let| = [a, b] with the boundary conditions
¢'(@) = ¢'(b) = 0.

Eigenfunctions

2 X—a
(’Dn(x)_’/ﬁcos(b—am)’ n=0,12,....
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Eigenvalues
T\,
b=(5g)
The lowest eigenvalue
Amin =0
Resolvent
1 .
Gl xy) = ;{—O(X —y) sinh[u(x - y)]

coshju(b — y)] coshju(x — a)]
" sinh[u(b - a)] }

-~ %{exp[—ulx -V

_ coshlu(x—y)] exp[—u(b - a)]
sinh[u(b — a)]
coshju(x+y—-b-a)]
sinh[u(b — a)] }

3. Zaremba operator. Let| = [a, b] with the boundary conditions

¢'(@) = ¢(b) = 0.

Eigenfunctions

2 X—a 1
%(X)_‘/b—acos[b—a(njLi)ﬂ]’ n=0,12,....

Eigenvalues
T o\2 1\?
An = (b—a) (n+ E)

The lowest eigenvalue

n )21

o =(575) 2

7
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Resolvent

GULxy) = 2{—e(x—y) sinhlu(x - y)]

sinh[u(b —y)] cosh[u(x — a)]
" coshju(b - a)] }

= Zi{exp[—ulx - Y]
u
_ coshlu(x— y)] exp[—u(b - a)]
coshju(b - a)]

sinh[u(x+y—-b—a)]
~ coshlu(b-a)] }

4. Laplacian on the real line. Let| = R with the boundedness condition
at+oco. Spectrum is [Deo) with no discrete eigenvalues.

Resolvent 1
G(A; x.y) = o exp[—ulx - yl]
"

5. Dirichlet operator on half-line. Let|l = R, with the boundedness
condition ateo and Dirichlet condition at zero

¢(0)=0.

Spectrum is [Qco) with no discrete eigenvalues.
Resolvent

Gk x,Y) = i (expl—slx — Y] — expl—u(x + Y]} -

6. Neumann operator on half-line Let| = R, with the boundedness
condition atco and Neumann condition at zero

¢'(0)= 0.

Spectrum is [Qco) with no discrete eigenvalues.
Resolvent

Gk x,Y) = i (expl—plx — Y] + expl—u(x + )]} -
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2.3.3 Homework

e Exercises:
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Chapter 3

Distributions and Partial
Differential Equations

3.1 Distributions

o Letx = (x) = (x4...,x") be Cartesian coordinatesi.
e We consider the spac&(R") of smooth functions oik".

e The operators

o Let
a=(ay,..., an), a; >0,

be a multiindex withy; be nonnegative integers and
o] = a1+ - ey
be the norm (length) of the multiindex

e We denote by

ol
DY = D%...D% =
1 n a(xl)afl .. .a(xn)afn

a partial diterential operator of ordex|.

43
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e Leta, = a,, ., be smooth functions oR". Then the operator

L= ) a(9D"

lal<m
is alinear partial di fferential operator of order m.

¢ Alternatively, any diferential operator of orden can be written in the form

m
L= Z aﬂlmﬂkaﬂl e a/ik >
k=0

wherea“-#« are smooth functions ové&" and a summation over repeated
indices is understood.

e Theformal adjoint of the operatot with respect to theé.? inner product
with unit weight is

L* = Z (_1)Ia| D%a, .

lal<m
o Leté = (&) = (é1,...,&n) be avector irR" and
gafzé;ill.__ ﬁn.
Thesymbol of the operatot is a function orR" x R" defined by

a(Lixé) = > a(e".

lal<m
e Theprincipal part of the operatoL is

L, = Z a,(X)D° .

lal=m
e Theprincipal symbol of the operatot. is a function orR" x R" defined by

Tl % €)= > au (e

lal=m

appliedfunanal.tex; May 24, 2005; 13:58; p. 41



3.1. DISTRIBUTIONS 45

¢ Idea of distributions. Letg be a given function. Consider thefidrential
equation
Lf=g.

Let us multiply it by a “nice” functionp. Then

(LT, 9) =(9,¢)

or
(f.L"0) = (9. ).
A function f may satisfy this equatiowithout being m times gferentiable!

e Notice that if f € C(R") is continuous ang € CF(R) is smooth with
compact support, then the equatidng) = 0 impliesf = 0.

Definition 3.1.1 (Test Functions.)A test function is a smooth func;
e | tion with compact support iiR". The space of the test functions
denoted byD(R"). ThatisD(R") = C7(R").

S

e Example. Let|x| = y/(x})2 +--- + (x")2. Then

1
expl ——|, if[x<1
o() = p(lxiz - 1) X
0, if [x>1

is a test function.

Theorem 3.1.1 The spaceD(R") is a vector space. Let,y € DR"),
f e C°(R") and A: R" — R" be an gine transformation (that is &
nondegenerate linear transformation). Then

1. fp € DR"), that isD(R") is a module over €(R"),

2. ¢ o A e D(R"), that isD(R") is invariant under the action of th
group of gfine transformations,

D

3. pxy € D(RM), that isD(R") is closed under the convolution.

Proof: Exercise.
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Definition 3.1.2 (Convergence of Test Functions.Lety € D(R") be
a test function andy,) be a sequence of test functions. Then the| se-
guenceggy) converges t in D(R") if:

1. there is a compact set BR" (independent of n) such that ai},
vanish outside B, that is

0 suppgn € B,

n=1

2. for anya
D%n — D%

uniformly onR".

¢ Notation. Convergence iD(R") is denoted by

$n @

e Examples.

Theorem 3.1.2 Let (¢,) and () be sequences iD(R") and ¢, psi €
D(R") be such that

D D
On—> @ and Un — .

leta,b e C, f € C*°(R"), A be an gine transformation oR", anda be
a multiindex. Then:

1. a,0n+bl//n2> ayp + by,
2. fon 3 fo,

3. (pnOAggDOA,

4. D¢y 5 D.

Proof: Exercise.
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Definition 3.1.3 A distribution (or a generalized function F on R"
is a continuous linear functional a®(R").

That is, a distribution F oR" is a mapping F. R" — C such that
1. F(ap + by) = aF(¢) + bF(y) for any ab € C ande, ¢ € D(R"),

2. F(¢n) — F(g) in C for any sequencép,) in D(R") converging to
0 € DR in DR, i.e. ¢n 2 .

e Notation. The space of all distributions is denoted DY(R").
The action of the distributiof on a test functiorp is denoted by

Flo) =(F¢).

e Every locally integrable functiori can be identified with a distributioR
by _
(Fo,)=(p, ).

Definition 3.1.4 (Regular and Singular Distributions.) A distribu-
tion F € 2Y(R") is called regular if there is a locally integrable
function f such that for any test functigne D(R"),

(Fo) = (¢, ).

A distribution which is not regular is callesingular.

e Heaviside distribution. Let Q c R" be an open set iR" and yq be the
characteristic function of2. The Heaviside distribution H is a regular
distribution defined by

(Fo) = (p.xa) = fso-
Q

If Q= (0,00) X ---x (0, ), then the distribution

<H,90>=foo-~-fwdx1-~dx”<p(x).
0 0

e Dirac distribution ¢ is a singular distribution defined by

(6, 0) = ¢(0).
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e Let Abe an operator defined on test functions, i.eZR"). We can extend
it to distributions, i.e. t&D’(R"),by

(AF, @) = (F, A"p).

Definition 3.1.5 (Derivative of Distributions) The derivative),F of a
distribution F e 2/(R") is defined by

<a/1 F’ S0> = <F’ (_a“)¢> .

® | More generally,
(DF,¢) = (F,(-1)"'D%),

and for any dfferential operator L

(LF, ¢y =(F, L)

Theorem 3.1.3 Let F be a distribution and L be agierential operator
with smooth cogcients. Then LF is a distribution.

Proof: Prove the linearity and continuity @“F.

Example.
(D6, ¢y = (-1)"'D"¢(0).

Definition 3.1.6 (Weak Distributional Convergence.)A sequence of
distributions (F,) in ©’(R") converges to a distribution Fe 2’'(R")
if for everyy € D(R")

(Fn,) = (F, ).

This convergence is called weak distributional convergence.

Examples
1. Letf, f, e C(R") and f, — f uniformly on any compact subset Rf.
Let F, F, be the corresponding regular distributions. Tlkgn- F.

2. Letf, f, e LY(R") andf, — f in LY(R"). LetF, F, be the correspond-
ing regular distributions. TheR, — F.
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e Terminology. If a sequence of regular distributioffg corresponding to a
sequence of functionf, converges to a distributioR, then we say that the
sequence of function§, converges in the distributional sense (or con-
verges distributionally) to the distributionF.

e Example. Sequences of functions converging distributionally to the Dirac
distribution. Letn € N.

1. 1
n
W) = e
2. N
fo(X) = ——e X
n(X) Nz
3. ()
sin(nX
fa(X) = )
X

Theorem 3.1.4 Let (F,) be a sequence i®’'(R") converging to Fe
’'(R"), thatis K, — F. Then for any multiindex

D*F, — D*F.

Proof: Note that

(D"Fn, ) = (-1)"KF, D%p) = (D°F, ¢).

Definition 3.1.7 (Antiderivative of Distributions.) Let FG € D'(R)
be distributions orR. Then G is aranti-derivative of F if G’ = F.

e | Theorem 3.1.5 Every distribution orR has an anti-derivative. \

Proof:

1. Letyo € D(R) be a test function such that

f‘,oo:l-

appliedfunanal.tex; May 24, 2005; 13:58; p. 46



S0CHAPTER 3. DISTRIBUTIONS AND PARTIAL DIFFERENTIAL EQUATIONS

<= [o.

Then there is a decomposition

2. Letyp € D(R) and

¢ = Ko+ ¢1,

f‘ﬁlzo-

X
o= [ dte®.
LetF,G € 2’(R) such that

where

3. Let

(G,p) = KCo —(F,y),
whereCy is a constant. Then
G =F.

Theorem 3.1.6Let F € '(R) be a distribution orR. If F* = 0, then F
is a constant function.

Proof:
1. Let
¢ = Kgo + ¢1 € DR),
where
f‘ﬁo - 1’ f‘Pl = O’
and
K= fgo.

Let

W) = f dt ea(t).
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2. Then
(F,o1) =<(Fy') = —(F",y)=0.

3. Therefore,

(Fo) = K<F,soo>=fC90,

whereC = (F, ¢o).
4. Thus,F is a regular distribution generated by the constant fund@ion
|

Definition 3.1.8 (The SpaceD(Q2)) . Test Functions on an Open Set
Q of R". LetQ c R" be an open set iiR". The spaceD(Q) of test
functions is the spacef&Q2) of smooth functions with compact support
contained inQ.

Definition 3.1.9 (Convergence imD(Q)) . Lety € D(Q) be a test
function and(¢,) be a sequence of test functions Qn Then the set
guencgy,) converges te in D(Q), denotedp, — ¢ in D(Q), if:

1. there is a compact set 8 Q (independent of n) such that &},
vanish outside B, that is

Jsppnce,

n=1

2. for anya
D%n — D%

uniformly onQ.

Definition 3.1.10 (The SpaceD’(Q2)) . Distributions on an Open Set
e | QOof R". The space&D’(Q) of distributions is the space of all continuous
linear functionals orD(Q).

3.1.1 Homework

e Exercises:
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3.2 Fundamental Solutions of Partial Diferential Equa-
tions

3.2.1 Boundary Value Problems

Definition 3.2.1 Let me N and let L: C*(R") — C*(R") be a dffer-
entiable operator of order m with smooth gi&ents acting on smooth
functions orR",

1. Let fe CM(R") be a m times dierentiable function ofR". Then
a function ue C™(R") such that

(Lu)(x) = f(x), forall xe R"
is theclassical solutionof the equation L= f.

b 2. Let f be a function or a distribution dR". Then a function u on
R" such that
(U, L) = (f,¢)

for every test functiop € D(R") is the weak solution of the
equation Lu= f.

3. Let f € DY(R") be a distribution orR". Then a distribution ue
2 (R") such that
Lu=f

is thedistributional solution of the equation Lu= f.

Examples

Definition 3.2.2 Let L be a dfferential operator. Aundamental solu-
tion G of L is a distributional solution of the equation

LG =9¢.

A fundamental solution is not unique.

Let f be a function,G be a fundamental solution of the operatoland
u = f = G. Thenu satisfies the equation

Lu=f.
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e The Heaviside distribution is the fundamental solution of the opetater
ax.

e LetQ c R"be a bounded open setik with a smooth boundagQ. LetN
be the outward pointing unit normal & andVy be the normal derivative.
Let f be a function orR". Thehomogeneous boundary value problerris
the equation

Lu=f inQ,

with the boundary conditions

Bu|aQ =0,
whereB is the boundary operator. One considers the following boundary
operators:
Dirichlet : B =1,
Neumann: B = V.,
Robin : B = Vy+0,

whereg is a smooth function oQ.

Definition 3.2.3 A Green function G of the boundary value problem
¢ | (L, B) is a fundamental solution of the operator L that satisfies the|ho-
mogeneous boundary conditions.

3.2.2 Equations of Mathematical Physics

e Let x € R" be the space coordinates andR be the time.

e Letg, be the components of the metric tensor in some local coordinates.
TheLaplace Operator (or Laplacian) is a second-order partialféirential
operator acting on smooth functions of the form

A = g—1/20'ug1/29uv8v )

In Cartesian coordinates K" the Laplacian has the form

n
A=6"9,0,= ) 2.

pu=1
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e The D’Alambert Operator (or D’Alambertian) is a second-order partial
differential operator

O=-02+A.
e Laplace Equation
Au=0.
e Poisson Equation
Au=f.

e Wave Equation
—ou=(?-Au=f.

Homogeneous wave equation
ou=(02-Au=0.

e Heat Equation
(Or—Au=f.

Homogeneous heat equation

(at—A)U =0.

e Telegrapher Equation
(02 + 20, - A+qu=0,
whereq is a constant.

e Helmholtz Equation
(K +Au=f,

Homogeneous Helmholtz equation
(K +A)u=0,
wherek is a constant.
e Biharmonic Wave Equation.

(07 + A)u = 0.
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e Biharmonic Equation.
A*u=0.

e Schrodinger Equation.
(iof—A+V)u=0,
whereV is a function ork".
e Stationary Schrodinger Equation.
(-A+V-E)u=0,
whereE is a constant.

¢ Klein-Gordon Equation.
(-o+nm)u= (07 -A+nf)u=0,

wheremis a constant.

3.2.3 Green’s Formulas

e LetQ be a bounded open setlitf with a smooth boundar§@Q. LetoQ be
parametrized by
X = X(X),
wherex, i =1,...,n— 1, are the parameters (local coordinate o).

e Let g,, be the metric inQ (equal tog,, in Cartesian coordinates). The
induced metri@;; onoQ is defined by

OXH OX”

9% 9% °

i (%) = g (X(X)
e The volume elements 2 andoQ are defined by

dvolx) = dxy/g(¥),  dvolX) = dx/a(%)

where
g= detguv > g = detgij .
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e The vectors
3 oxt

PR
are tangent toéQ and the vector

NV = gVﬂgﬂl“'Hn—lﬂé]l_l o« e ér:n_fil'
defines the normal t8Q2. The unit normal is defined by
N#

,gaﬁNQ NB )

e The normal derivative is defined by

=

Yy = MY,
e Let
) = fg XWX

denote thd_? inner product i and
(u,vy = f dvol(R)u(X)v(X)
0Q

be thelL? inner product odQ.
e Green’s First Identity .
(u, Av) = —(Vu, VV) + (U, V\V) .

In particular,
(u, Au) = —=(Vu, Vu) + (u, Vyuy .

¢ If the boundary conditions are such that the boundary contribution vanishes,
then
—(u, Au) = (Vu,Vu) > 0,

so that, £A) is a non-negative operator.
e Green’s Second Identity

(u, Av) — (Au, V) = (u, Vyv) — (VU V) .
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e More generally, let. be the operator
L=A+d&0,+D.

Then
(Lu,v) = (u, L*V) = (VU V) — (U, VW) + (anu, V) ,

whereay = &'n,,.

e In particular casea = 0, we obtain a self-adjoint operator (Sédmger
operator)
L=A+Db.

e For a self-adjoint operatdr = A + b we have
(Lu,v) + (Vu, Vv) — (bu,v) = (VU V) .
e The bilinear form
E(u,v) = (Vu, Vv) — (bu,v)

is called theDirichlet integral of the operatot (the energy functional). If
b > 0, then for anyu # 0
E(u,u) > 0.

L= ZaaD".

lal<m

o et

Then
(Lu,v) = (u,L*V) = (Ju, vy —(u, J*'Vv) ,

wherel is a diferential operator of orden— 1.

3.2.4 Green Functions

e The Green function of the Laplace operatorL = —A in R". It can be
obtained by the Fourier transform

G(x.y) = (2n)" f dp U =
RN Ipl

wherepx = p,x* and

|p| = V(S”vapu .
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Forn > 3 we compute

o2 n 2n—2
G(X, y) = (47'() T (é — )W .
Forn = 3 one obtains 11
G = — .
(xy) Xy

Forn = 2 one needs to use a regularization to get
1 2
G(xy) = ——=In|x-yI*.
A

e TheGreen function of the Helmholtz operatorL = —A + m?in R". It can
be obtained by the Fourier transform

; 1
G(xy)=(2r)™" | dp &N _———,
()= @)™ [ dp &t mes

Further, by using

1 * 2
s

and computing the Gaussian integral oper

2
(2n)™" f dp &PONSHE = (475) 2 exp[‘_lx : ]
RN 4s

we obtain

G(x,y):f0 ds(4rs)™?exp

X — yI?
s 4s ]

e TheGreen function of the Helmholtz operator L = A + k? in R® with the
radiation asymptotic condition

limr(o; +ik)u=0

r—oo
is obtained by the direct solution of the radial Laplace equation

2 1

2 2l —
((’)r + Fﬁr + k )G = mé(r)
It has the form _
1 ek

SO =~y
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e TheGreen function of the heat operatord;, — A in R". It can be obtained
by the Fourier transform

G, x;t',x) = (2n)™" dp @p(=x)=(t=t)Ip*
Rn
It has the form

X — yf?
Alt —t)

G(t, x;t', X) = (4n(t —t'))™? exp[—

[S——

The solution of the problem
(i -Au=q

with the initial condition
U0 = T,

is given by
t
u(t, x) = dx G(t, x; 0, X) f(X) +f dt’ f dx G(t, x;t', x)q(t’, X).
RN 0 RN

e TheGreen function of the wave operator—2+A in R". It can be obtained
by the Fourier transform

G(t, x; ', X) = (2r)™" f dp €t {A%Slp') + Bcosg| pl)} :
Rn

whereA andB are constants determined from the supplementary conditions.
The solution of the problem

(=02 + A)u=—p
with the initial conditions
Ul=o = 0, OiUli—0 = 0,
and the asymptotic condition

imu=0
|[x|—0

is given by

t
u(t,x):ﬁdt’ f dx G(t, x;t', xX)pt’, X).
Rn
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e The Green function of the Klein-Gordon operator —-§? + A — n? in R"
with the initial conditions
Ul=o = OtUl=0 = O,

and the boundary conditions

lim =0.

[X| =00

It can be obtained by the Fourier transform

G(t,xt,x) = o)™ f dp ) { Asin(t Ipl2 + MP)
R Ipl2 + m?

+Bcost|pl? + mz)} ,

whereA andB are constants determined from the supplementary conditions.
The solution of the problem

(- +A—mAu=—p
with the initial conditions
Ulo = T, Oilli=0 = 0,

can be written as
t
ult,x) = fdt’fd)( G(t, x; t', X)p(t’, X)
0 RN
+f dx [G(t, x; 0, X)g(X) — dvG(t, x; 0, X) f(X)] .
Rn

Retarded Green function
Advanced Green function
Symmetric Green function
Feynmann Green function
Schwinger function
Pauli-Jordan function
Hadamard function
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3.2.5 Homework
e Exercises: 6.6[27,28,29,32]
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3.3 Weak Solutions of Elliptic Boundary Value Prob-
lems
e LetQ c R" be a bounded open setlk? with a smooth boundar§Q. Let
L = —A be the Laplacian acting on smooth functiongbandf € C(Q) be a
continuous function. We consider tbarichlet boundary value problem:
Lu=f in Q

with the boundary condition

Ulse = 0.

e A classical solution of this boundary value problem is a functiGnC%(Q)
that satisfies the equation at every poira Q.

e Lety € D(Q). Then for any classical solution we have

(Vu,Ve) = (f,9).

e If f is not continuous then there is no classical solution.

e Let H}(Q) be the subspace of the Sobolev spEic€Q) consisting of func-
tions satisfying Dirichlet boundary conditions. The spaigéQ) is the clo-
sure ofD(Q) in HY(Q).

e For L? functions the derivatives are understood in the generalized sense.
Then for anyu € H(Qy), it follows Vu € L%(Q).

e Let f € L3(Q), then au € H3(Q) satisfying the equation

(Vu, Vo) = (f.¢),

for everyy € Hj(Q) is aweak solutionof the boundary value problem.

This is thevariational formulation (or weak formulation) of the boundary
value problem.
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Theorem 3.3.1LetQ c R" be a bounded open set with a boundasy.
Let H3(2) be the Sobolev space of functions u such thae L%(Q2) and
Use = 0. Let f e L%(Q) and J: Hj(Q) — R be a functional on F(Q)
defined by

J(v) = %(Vv, W) — (f,v).
Then:

1. For any ve H3(Q) there is a unique L= Hj(Q) satisfying the
equation
(Vu,Vv) = (f,v).

2. A function ue H}(Q) is a solution of the equatiotVu, Vv) =
(f,v), where ve H3(€Q), if and only if u is a function at which the
minimum of the functional J is attained.

Proof:
1. Letabe a bilinear form oH;(€2) defined by
a(u,v) = (Vu,wv).
2. Let
| ull?= (Vu, Vu) + (u,u).
3. We have the Friedrichs’ first inequality: there is constantsO, such
that for anyu € H3(Q)
(uu) <a(Vu,Vu) <a|lulf .
4. Therefore,
a(u,u) = (Vu,Vu) = K [[u|3,
whereK = min{1/2, 1/(2a)}.
5. We also have
a(u,u) <[lul .
6. Thus,ais a bounded symmetric and coercive (elliptic) bilinear form
on H(Q).

7. By the Lax-Milgram theorem there exists a solutiorH§(Q2) of the
equation
a(u,v) = (f,v).
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e Neumann Boundary Value Problem Letb > 0 be a positive constant and
L = —A + b. The Neumann boundary value problem is the problem

Lu=f in Q
with the boundary condition
VnUloe = 0.
Every classical solution € H(Q) satisfies the equation
(Vu, W) + (bu,v) = (f,Vv)
for everyv € HY(Q).

e Let f € L?(Q). A weak solution of the Neumann boundary value problem
is au € HY(Q) satisfying the equation

(Vu, W) + (bu,v) = (f,v)
for everyv € HY(Q).
¢ Leta be the bilinear form om(Q) defined by

a(u,v) = (Vu, W) + (buy,v).

o \We estimate
au,v)<Mulllivl,

whereM = max1, b}.
e So,ais continuous and coercive bilinear formhtt(Q).

e So, by Lax-Milgram theorem there exists a unique solutiecnH(Q) sat-
isfying the equation
a(u,v) = (f,v)

for all v e HY(Q).
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e The weak solution of the Neumann boundary value problem minimizes on
H(Q) the functional

J(v) = %(Vv, W) + (bv,v) — (f,v).

e Example.

e General Elliptic Boundary Value Problem. Leta"”,q e Cl(ﬁ) be bounded
differentiable functions such that

a = g

We will assume for simplicity that the matrex” is positive definite and
g > 0. LetL be a second-order operator of the form

L =-0,8", +q.
We consider the Dirichlet boundary value probldmg) for this operator
Lu=f in Q
with the boundary condition

Ulsge = 0.

e The operatot is calleduniformly elliptic if there is a constar@ such that
foranyxe Q,£eR", & # 0,

& (¥)&.8,] = CIEP,

wherejé| = /oW EE, .

e Letf € L?(Q). A weak solution of the boundary value problem is a function
u € H3(Q) satisfying the equation

@"9,u,9,v) + (qu,v) = (1, V)
for everyv € H3(Q).

e Every classical solution is a weak solution. Evertfisiently regular weak
solution is a classical solution.
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e Letabe a bilinear form oH}(Q2) defined by

a(u,v) = (&7a,u,0,v) + (qu, v)

We estimate

a(u,u) > (&"9,u,0,) > K(Vu, Vu).

Next, we show thaa is bounded irH3(€).

Then by Lax-Milgram theorem there exists a unique soluti@anHj(<2) of
the equation

a(u,v) = (f,v)
for all v e HJ(Q).

This solution minimizes the functional

JV) = %(a”vaﬂu, 0,) + %(qv, V) — (f,v)

on H3(Q).

3.3.1 Homework
e Exercises: 6.6[23,24,25]
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Wavelets and Optimization

4.1 Wavelets

4.1.1 Wavelet Transforms

4.1.2 Homework

e Exercises:
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4.2 Calculus of Variations

4.2.1 Gateaux and Fechet Differentials

4.2.2 Euler-Lagrange Equations

4.2.3 Homework

e Exercises:
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4.3. DYNAMICAL SYSTEMS
4.3 Dynamical Systems

4.3.1 Optimal Control

4.3.2 Stability

4.3.3 Bifurcations

4.3.4 Homework

o Exercises:

69
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Notation

Logic

A—B
A<B
iff

A< B
¥xe X
dxe X

AimpliesB

Ais implied byB

if and only if

AimpliesB and is implied byB
forall xin X

there exists am in X such that

Sets and Functions (Mappings)

xXe X
Xé¢ X
{xe X[ P(X)}
AcX
X\ A

A

XXY

f: X>Y
f(X)

XA

OFAFAONZS

xis an element of the s&t

xis notinX

the set of elements of the setX obeying the propert{?(x)
Ais a subset oK

complement ofA in X

closure of seA

Cartesian product of andY

mapping (function) fronX to Y

range off

characteristic function of the sét

empty set

set of natural numbers (positive integers)
set of integer numbers

set of rational numbers

set of real numbers

set of positive real numbers

set of complex numbers
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Vector Spaces

HeG
H*
Rn

cn

|2

|P

Notation

direct sum ofH andG

dual space

vector space ofi-tuples of real numbers
vector space ofi-tuples of complex numbers
space of square summable sequences
space of sequences summable vgith power

Normed Linear Spaces

|1l
Xy — X

W
Xn — X

norm of x
(strong) convergence

weak convergence

Function Spaces

suppf
HeG
Co(R")
C(Q)
CY)
O(9))
DR")
LY(Q)
L%(Q)
LP(Q)
H™(Q)
Co(V,RM)

C(V.Q)

C*(V.Q)

support off

tensor product oH andG

space of continuous functions with bounded suppoR"in
space of continuous functions én

space ok-times diferentiable functions o

space of smooth (infinitely dfrentiable) functions o
space of test functions (Schwartz class)

space of integrable functions én

space of square integrable functions(®n

space of functions integrable wifiith power onQ
Sobolev spaces

space of continuous vector valued functions with bounded
support inR"

space ok-times dfferentiable vector valued functions
onQ

space of smooth vector valued functions(®n
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D(V,R")
LYV, Q)

L2(V, Q)
LP(V, Q)

H™(V, Q)

75

space of vector valued test functions (Schwartz class)
space of integrable vector valued functions functions
onQ

space of square integrable vector valued functions
onQ

space of vector valued functions integrable watth
power onQ

Sobolev spaces of vector valued functions

Linear Operators

D(l’
L(H,G)
H* = L(H,C)

differential operator
space of bounded linear transformations frieinto G
space of bounded linear functionals (dual space)

appliedfunanal.tex; May 24, 2005; 13:58; p. 69



76

Notation
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