Math 132 Complex Numbers and Functions
by Art Bukowski

Many engineering problems can be treated and solved by using complex numbers and complex functions.
We will look at complex numbers, complex functions and complex differentiation and integration.

Part 1. Complex Numbers

In algebra we discovered that many equations are not satisfied by any real numbers. Examples are:

x2=-2 or 22 —10x+40=0

We must introduce the concept of complex numbers.
Definition: A complex number is an ordered pair (x,y) of real numbers x and y. We write

z = (z,9).
We call x the real part of z and y the imaginary part. and we write

Re z =x, Im z=y .
Example 1 Re (4,—-3) =4 and Im (4,—-3) = —3.

We define for two complex numbers z; = (z1,y1) and 2o = (z2, y2),
z1 = 29 if and only if 1 = x5 and y; = yo
Addition and subtraction of complex numbers For two complex numbers z; = (z1,y1) and 2z, =
(z2,y2), Addition is defined by
21+ 22 = (x1 + T2, y1 + Y2)
and subtraction by z1 — 20 = (21 — X2, ,y1 — y2)

Multiplication of complex numbers: For two complex numbers z; = (z1,y1) and 2o = (x2,y2), multi-
plication is defined by

212 = (X122 — Y1Y2, T1Y2 + Tay1)

Example 2 Let z; = (2,3) and 22 = (5, —4) then
z1+22=02+53+(-4)=(7,-1)

and
zzo=(2-5—-3-(—-4),2-(-4)+3-5=(22,7)

We need to represent complex numbers in a manner that will make addition and multiplication easier to do.

Complex numbers represented as z = x + iy

A complex number whose imaginary part is 0 is of the form (x,0) and we have

(21,0) + (22,0) = (21 + 22,0) and  (21,0)(x2,0) = (z122,0)
which is just addition and multiplication of real numbers. So we identify (x,0) with the real numbers x. We
can now consider the real numbers as a subset of the complex numbers.

We let the letter i = (0,1) and we calli = (0,1) the purely imaginary number.

Now consider 2 = i-i = (0,1) - (0,1) = (—1,0) and so we can consider the complex number i? the real
number —1. We also get yi = y(0,1) = (0,y). And so we have
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(z,y) = (z,0)+ (0,y) =z +1i y.

Now we can write addition and multiplication as follows:

zitze= @1ty i)+ (T2 +y2 1) = (21 +22) + (Y1 +y1) i
and
2122 = (21 + Y1 9) (72 + Y2 1)
= 2122 + y1y1 i + (21y2 + T2y1) @
= x122 — y1y1 + (T1y2 + Toy1)

Example 3. Let 21 = (2,3) =2+ 34 and 29 = (5, —4) =5 — 4 ¢ then
2+ z=02+30)+B-40)=7—1
and

2120 =(2+4+34)-(5—-4i)=10—12 4+ (-8i+15i) =22+ 7

The Complex plane
The geometric representation of complex numbers is to represent the complex number (x,y) as the point

(x,y)-

So the real numbers (x,0) are the points on the horizontal x-axis, the purely imaginary numbers y i = (0,y)
are on the vertical y-axis. The real numbers = of the complex number z = x + y i is called the real part of
z and and y is called the imaginary part.

Example 4 Locate 2-3i on the graph above.

How do we divide complex numbers? Lets introduce the conjugate of a complex number then go to division.
Let z = x +y i. We define the conjugate Z =z +yi=x—y i
We can divide by using the following:

a_mtyi (et )@~y i)

z Totys i (w4 yo i)(wa —y2 i)

_ TiT2 Y2 | T2l — Tile
= 2 2 2 2 !
T3 +Ys 5 + Y3

2+3i (2+39)3+4i) 6+122+9i—8i 6 1.
Example 5 - = g = - - — 4+ —
3—41 (3—4140)(34+419) 9—16 2 25 25

Problem Set I

Find



1. 42 2. 43 3. i*
4. 2t 5. it 6.52
7473 8. 4 9. j=2

Let 21 =5461,20=3—21¢,and 23 =1+ 3 4. Find

10. 21+ 29 11. Z1 — 23 12. Z1
13. 2122 14. 2 15. i

Graph the following:

16. 3+4+ 17. 4 18. 2 — 3 ¢ and the conjugate of 2 — 3 ¢
Evaluate
19. (344 1)° 20. 5755

Complex Numbers in Polar Form

It is possible to express complex number is polar form. These
equations are defined by the following;:
x = r cosf, and y = rcosb

We get
z=x+yi=rcosf+rsinfi =r(cosd+i sinbh)

called the polar form of z. r is called the absolute value or modulus
of z and written |z|.

lz| =r=Va2+y>=Vz2Z

|z| is the distance from the origin to the point (z,y). € is called
the argument of z and is given by 6 = arctan £. Geometrically, 6
is the directed angle from the positive x-axis to line segment from
the origin through the point (z,y). Note that when z = 0 the angle
0 is undefined and 6 has the property —m < 6 < . This is the
principal value of the argument of 6.

Example 6. For z = 1+1, we get r = v/2 and § = 4+ The principal

value of 6 is § but 6 = 97“ would work also.

Multiplication and Division in Polar Form
Let 21 = r1(cos by +i sinfy) and zo = ro(cosfs + i sinfs) then we
have
2129 = rira(cos(01 + 02) + i sin(fy + 02))
and
Z1 T

= —L(cos(6; — 0,) +i sin(6; —65))
22 T2

Example 7: Let 2y = 1+i = \/i(cosg +1 sinf) = \/i(cosg +
i sinZ) and 2z, = /3 —i =2(cos T — i sinX)

4 z x
Then
(1+i)(V3—i) = Zﬁ(cos(ng%)Jri sin(%Jr%)) = Qﬁ(cos(?—gpri Sm(%))l
Ko v 5
31 2 T T, . . T T 2 T o .
1+: 7(008(6*1)+2 s1n(gfz)) = 7(005(—E)+Z Sm(ﬁ))l



We can use

2129 = rira(cos(01 + 02) + i sin(fy + 02))

when z; = z; to get

22 = r%(cos(6 + 0) +i sin(6 + 0)) = r?(cos 20 + i sin 26)

and

2" =r"(cosnfh + i sinnf)

Example 8: Compute (1 + )°.
(1+1)% = (v/2(cos Z4isinZ)°
= (v2)%(cos & + i sin &)

= 8(cos 3F + i sin 3F)

2

= —8i

We can use z" = r"(cosnf + i sinnf) when r = 1 to get (De
Moivre’s Theorem)

(cosf 41 sinf)™ = (cosnd + i sinnb)



Consider z = r(cosf + i sinf) = w"™ = R"(cosn¢ + ¢ sinne)
where w = R(cos ¢ + ¢ sin ¢)

Then R = WandnG:(i)soQ:%.

However nf = ¢ + 27 implies 6 = ‘H%

And nf = ¢ + 4w implies 0 = %.

However nf = ¢ + 67 implies 0 = J'H;Lﬂ.

And continuing nf = ¢ + 2kw implies 0 = % for k any integer
up to n.

We get

Yz = Yr(eos

0+2kr .. 04+ 2krw
418

Example 9: Compute +/—41.

Solution: +/—4i = </4(cos 3% 4 isin 38) = \/2(cos § + isinb),
where § = 37£2kT,

_ 3w _ 5w _ Tn _ 9w
Sof==For §=7=For §="Tor ==

VE = £Y2 £+,

Example 10: Compute /1.
Solution: ¥/1 = /cos0 + isin 0

= cos( HE2ET) + jsin (22K )

=cos0+¢sin0 or cos%“ +isin%” or cos%’ +isin%“.
SoV/1=1 or *\/TEJF% or 7@7%‘

Problem Set II:

Write in polar form

1. 3i 2,242

Write in rectangular form

4. /32(cos 3 +isin 2) 5. 3(cosT + isin)

7. Find (2 + 2i)*
8. Find /16 + 167

3. V2+3i

6. v/2(cos z

R
+zsm4

)



Part II Functions

We consider the concept of a function of a complex number. For
y = f(x) = 2%, where x and y are real numbers, we know about
limits, continuity and derivatives. Let the complex number w = 22
where z = x +iy and w = (v +iy)? = 22 — y*> +i22vy. Here x and y
are independent variables and w = u + iv where u = 2% — 2 and
v = 2xy. This is an example of a complex valued function, w, of a
complex variable z. In general, let

w=u+ iv where u=u(z,y) and v=v(z,y)

We can think of this in terms of the following figure

In the complex plane let z; = x1 +1y; and 29 = 9 + iyp then

|21 — 20] = V/(x1 — 20)2 + (Y1 — ¥o)?

is the distance between the complex numbers z; and zg.

Definition A neighborhood N(zg, ) of the point zy in the com-
plex plane is the set of points z where r > 0 and

{zl |z =2l <7}

Definition A function w = f(z) is said to have a limit L as
z approaches zp (and written lim,_,,, f(z)=L) iff is defined in a
neighborhood N(zp,7), 7 > 0 except at zq itself and the values of f
are close to L for all z close to zp. Mathematically: for every e > 0,
we can find 6 > 0 such that for all z # 2y in the neighborhood
N(zg,r), l.e. 0 < |z — 29| < 8, we have |f(z) — L| <e
Notice that this definition of a limit is similar to the definition in
calculus. The difference here is that z can approach zy from any
direction in the complex plane.

A function w = f(z) is continuous at z = zg if f(2p) is defined
and

lim. ., f(2) = f(z0)

By definition a complex function that is continuous at zg is defined
in a neighborhood of zp. f(z) is continuous in a domain D if it is
continuous at each point in the domain D.

The derivative of a function f(z) at a point z is defined as
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provided that limit exists.

Example 11. Let f(z) = 22. To compute f’(z) we consider

I\ T (Z+h)27227 : —
fz)fillli%—h 7;1&%(22+h)722

The rules for derivatives are the same for calculus:

(fy =cf' (fra) = F'+d  (fo) = f'grfd (g) _f9—J1d

92
Now consider the function f(z) = e*, and the derivative f'(z) = e*.
We use the Taylor series e* =1+ x + §+ g—?Jr

Let f(z):ez:1+z+§+§_?+_” and so we have f/(z) = e* =
4245 +5+...

We can now see that eiy:1+iy+%+(i§3 +...

:(lf}§+}§f...)+i(yf}£+}§+...):coserlsiny
So we use

e =cosy+isiny

We now have

e T = e*(cosy + isiny)

which is called Euler’s Formula.
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Note that |e®| = |cosy +isiny| = /cos?2y +siny = 1. And so

we have

le*] = |e®(cosy + isiny)| = ||| cosy + isiny| = |e”|

Example 12. 375 = e3 and |e 175 = e71|.

Change y to —y in e®¥ = cosy + isiny to get e” = cos—y +
1sin —y = cosy — ¢siny.

and solving for cosy and siny to get

e + e~ e — e W

cosy = 5 Sil’ly =

So now we can define

e 4 7% ] elz _ o=z
COS 2 = —— smz = ———

2 2

Facts:
1. For z = x +i0 we get e = €% (cos0 +isin0) = e”.

2. The derivative of e* is e*.

3. ef1t72 = e71e?2
4. For z = iy we get €'V = cosy +isiny
5. In polar form z = r(cosf + isin @) we get 2z = re'”.

6. It now follows that e*+27™ = ¢*

7. It now follows that ¢?™ = 0 = 1. Also e™ = —1

Problem Set IT1

Sketch the point sets defined by the following

1 |z—1]<2 2. |2 +2/ <3 3.z —1+i <2
Show that
4. sin(—z) = —sinz 5. cosh(—z) = cosh z 6. (€2)? =e?*

Evaluate each of the following

7. et 8. et 9. sin(3 + 1)
10. T 11. cos(mi)
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Logarithmic Functions If z = ¢“ then we write w = In z, called
the natural logarithm of z. Thus the natural logarithm function is
the inverse of the exponential function and can be defined by

w=Inz=Inr+1i(0+ 2km) k=0,£1,4+2,...

where z = re? = relf+2km

So we have that Inz is multiple-valued, and in fact is infinitely
many-valued. If we let & = 0 then w = Inz = Inr + () where
0 < 0 < 27 is called the principal value or principal branch of In z.

To find the values of In(1—1), let z = e* where z = r(cos §+isin )
and w = u + iv, and so z = e¥ = "7 = e%(cosv + isinv). We
equate the real and imaginary parts:

(1) e cosv =rcosf (2) e“cosv=rsinf

Squaring (1) and (2) and adding, we find e?u = r? or e* = r. Thus,
from (1) and (2),

7 oSV = rcosf, rsinv = rsinf

from which we see v = 4 2k7. Hence w = u+iv = lnr+i(6+2kn)

Since 1—i = /2e™ T +2+7 ve have In(1—i) = In v/2+ (L +2kmi) =
1In2+ I 4 2kmi. The principle value is 2In2 + 22 (let k = 0).



