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ORTHOGONAL SPLINE COLLOCATION FOR NONLINEAR
DIRICHLET PROBLEMS*

RAKHIM AITBAYEV! AND BERNARD BIALECKIT

Abstract. We study the orthogonal spline collocation (OSC) solution of a homogeneous Dirich-
let boundary value problem in a rectangle for a general nonlinear elliptic partial differential equation.
The approximate solution is sought in the space of Hermite bicubic splines. We prove local existence
and uniqueness of the OSC solution, obtain optimal order H! and H? error estimates, and prove the
quadratic convergence of Newton’s method for solving the OSC problem.
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1. Introduction. The orthogonal spline collocation (OSC) method for the so-
lution of nonlinear one-dimensional boundary value problems (BVPs) was introduced
by de Boor and Swartz [6]. An extensive survey of spline collocation methods for
solving partial differential equations is given in [5]. In comparison to finite element
Galerkin methods, collocation methods do not involve integral approximations in the
computation of the coefficients of the resulting algebraic equations. Moreover, the
OSC solution has the superconvergence property at the partition nodes [3], [6], [9].

Analyses of the OSC solution of two-dimensional linear BVPs with optimal H?
and optimal order L? and H' error estimates were given in [2], [4], [20], [21]. An OSC
method with Hermite bicubic splines for the nonlinear equation Au+ F(z,u) = 0 was
studied in [12], where existence and uniqueness of the OSC solution were proved and
an optimal order H' error estimate obtained under the assumption that the exact
solution is in H%(£2). Finite element Galerkin methods for BVPs with nonlinear ellip-
tic equations in divergence form were studied in [10], [11], [19]. Douglas and Dupont
[10] considered a mildly nonlinear equation and obtained optimal L? and H! error
estimates. Frehse and Rannacher [11] considered linear finite element approximations
for general nonlinear equations and derived “an almost optimal” convergence rate in
L*>°. Park [19] used mixed finite element methods and obtained LP error estimates
for 2 < p < o0.

In this paper, we consider the OSC solution of

(1.1) Lu(z) = f(z), x€Q=(0,1)x(0,1), wulona = 0,

where 0f2 is the boundary of 2, the nonlinear differential operator

2
(1.2) Lu(z) = Z aij(z, u, VU) Ug, o, + a(z, u, Vu),

i, 5=1
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x = (x1,22), and Vu = (ug,,Uz,). The OSC scheme consists of finding a Hermite
bicubic spline uy, that vanishes on 9 and satisfies the differential equation of (1.1) at
the collocation points. In our analysis, we first obtain the following three basic results:
1) the consistency of the OSC scheme in a discrete norm using the approximation
properties of the Hermite bicubic spline interpolant @y of w [4]; 2) the Lipschitz
continuity of the Fréchet derivative of the OSC operator; 3) the uniform boundedness
of the inverse of the Fréchet derivative using Bernstein’s transformation [16], a trick
similar to that of Nitsche [17], and the Bramble-Hilbert lemma [7]. Then, using
the contraction operator principle [15], in a way similar to that in [14], we prove
existence and uniqueness of the OSC solution in the ball with center at j; and radius
p = O(|In h|~3+9), where ¢ > 0 is the exponent in the growth conditions and h is
the partition parameter. We obtain H! and H? error estimates using a generalization
of Banach’s theorem [13]. The quadratic convergence of Newton’s method for the
solution of the OSC problem is proved in a way similar to that in [22].

An outline of the paper is as follows. In section 2, we give assumptions on L,
introduce the notation, and state basic results. In section 3, we formulate the OSC
problem and prove a general result concerning this problem. The consistency of
the OSC operator is established in section 4. In section 5, we prove the Lipschitz
continuity of a Fréchet derivative of the OSC operator. In section 6, we obtain a bound
on the inverse of the Fréchet derivative of the OSC operator. The main existence,
uniqueness, and error estimate result for the OSC solution is presented in section 7.
In section 8, we study the convergence of Newton’s method for the iterative solution
of the OSC problem.

2. Preliminaries. Concerning the BVP (1.1), we assume that the functions
aij(z, s) and a(z, s), where s = (sg, s1, s2), are defined on  x R3,

(2.1) aia(z, 8) = agi(z, s), (x,s) € QA x R3,

and f(x) is continuous on Q. In the following, the operator L is uniformly elliptic,
that is, there is v > 0 such that

2
(22) Z aij(xv S) CZ Cj > v (ClQ + C22) ) (C17C2) € R2a (Iv S) € ﬁ X Rs
ij=1

Also, for m and 8 = (o, 81, B2) to be specified later, the functions a;;(z, s) and
a(z, s) will have continuous on Q x R3 partial derivatives 0" +1P! a;; /027 9s” and
ol a/0x™ 9sP, respectively, where |3| = [y + 81 + B2 and 9s° = 85630 asfl 0s5°.
Moreover, we assume that there exists a function fi(tg, t1, t2) defined for tg, t1, to >
0, which is continuous and nondecreasing in each variable, and such that, for any
(r, 8) € Q x R3,

23 |2 )| <atll sl sl 1<is<2
oz 9P
om+I8l ¢ ~
(2:30) S ()| <l sl ), 1<1<2
We set

(2.4) at) = flt, t,t), t>0.
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For convenience, we use the notation dv/dz¢ = v, = v. For sufficiently smooth
functions y, w, and z defined on €, and for x € €2, we introduce

2
(2.5) Lyw(x)= aij(z, Y, VY) Wz, + Z A’; () wy,

M

i, 7=1 k=0
2 Oa;; Oa
2. AF (z) = —Y ez + —(, ., k=0,1,2.
(2.6) b (x) Z-;l Fa @ U V) Yo, + 5,9, V) 0

The differential operator L, can be viewed as a formal first derivative of L at y. If
the functions y and w are twice differentiable at x € €2, then

1
(2.7) L+ 0) @) =Ly @) = [ Lyww(o)d

(see [1, Lemma 4.1]).

For positive integers N; and Ny, let m; = {xf}i\zw 1 = 1,2, be a nonuniform
partition of the interval [0,1]. We set h¥ = ¥ — 2!k =1,...,N;, i = 1,2, and
introduce h; = miny hf, h; = maxp hf, and A = max {El, Eg}. Let 7, be the
partition of £ associated with the grid m; x m5. We consider a regular collection of
partitions mp, that is, we assume that there exist positive constants o1, g2, and os,
all independent of h, such that oy < hy/he < 09 and h,/h; > o3 for i = 1,2. Let 7T,
be the set of all open rectangles generated by the partition 7, that is,

T = {r= (M7 2y x (@bt 2k 1<k <Ny i =1, 2).
The set of Gauss points in ) corresponding to the partition 7, is defined by
gh = {( 177/1’ ?2): 1§mz§2Nza 7/:172}7

where 52»2]“71 =gk 4 hfim, fzzk =gk 4 hfim, 1<k; <N;;i=1,2 and

(2.8) m = (3-v3)/6, m = (3+V3)/6.

For any v defined on Gy, let

Yo=Y mestr) Y w©, Il = Yo
h h

T€Th £egnnt

For E C R?, let || || .2y, || |t (my» @and || - ||t (s, for integer I > 0 denote the standard
norms in the indicated spaces.
We introduce the “broken” CZ-space

C*(T) = {v e L*(Q): v|, € C*(1), T €T}

and set [|v]|c2(7,, = maxseq, [|v]c2., for any v € C*(T;). Let Pj be the set of
all piecewise bicubic polynomial functions defined on 7y, that is, P, = {v : v|, €
P; ® P3, 7 € T}, where Pz is the set of all polynomials of degree < 3, and the
symbol ® denotes the tensor product. For the partition 7, let M% be the space of
Hermite bicubic splines vanishing on 9. We note that || - ||, is a norm in M} since
any element of M9 is uniquely determined by its values on Gj, [20, Lemma 5.1].
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Throughout this paper, C' denotes a generic positive constant independent of
h; the value of C' may be different each time it is written. For a = (aq,as), let
la| = a1 + ag and 9% = 9*1+°2 /(9 §z5?). For any v € C%(Q) and partition mp,,
Uy, € M}, denotes the Hermite bicubic spline interpolant of v.

LEMMA 2.1. Forv € H*(Q) and [ =0,1,2,

(2.9) 10n]lc2(z,) < Cllvllat @),
(2.10) 1o = Tnll ey < CRT 0l 20y
(2.11) D 110%w =)y, < C T [o]l s

|| =1

and, for v € H%(Q),

(2.12) Do 0% w =), < OB o5 e

|| =2

Proof. From [8, Theorem 3.1.6], we have |[v — Up||c2(r) < Chllv||gacr), T € Th.

Hence (2.9) follows from the triangle inequality for || - ||c2(-) and the inequality
HUHcZ(ﬁ) < Cllv|l g2 (). Inequalities (2.10) and (2.11), (2.12) are proved in [8, Theo-
rem 3.2.1] and [4, Lemma 4.2], respectively. 0

If a function G(z,t) defined on G, x [0, 1] is continuous in ¢ for all € Gy, then

t) dtH / IG(-, )| dt
(see [18, Lemma 3.2.11)).

3. The OSC problem and a general result. We define the OSC operator L,
from MY into M9 and f;, € M9 by

(2.13)

(3.1) Lyvp, (x) = Loy, (), = € G,

(3.2) fu(z) = f(z), x€Gp.

The OSC problem is formulated as follows: find uj, € M such that
(33) Lhuh = fh'

Hereafter, Ly, is viewed as an operator from MY with the H?-norm into M9 with the
norm || - ||, and Ly, denotes the Fréchet derivative of Ly, at y € M. Also, ||Lpy |
and ||L,;z|| are the corresponding operator norms of Ly, ,, and Lf:j/’ respectively.

For z € M9 and p > 0, let By(z,p) = {w € M) : [[w — 2|/ 420, < p}. We prove
the following general existence, uniqueness, and error estimate result for the OSC
problem (3.3) (cf. [14, Theorems 2.6 and 3.6)).

THEOREM 3.1. Let u € C?(2) be a solution of problem (1.1), and suppose that,
for some h and some p >0, Ly, , exists for all y € By (ap, p), L;’%h ezists, and

1L 5,1l < K1,
ILn,> = Loyl < K2 ||z = ylluz), 4,2 € Br(an, p),
[ Lu — Lptp|[n < K3 h?,
p KKy <1/2,
K1 K3h? < p/2,

~ o~~~
0 N Otk
LJesZ e
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where positive K1 and nonnegative Ko, K3, and p are constants. Then (3.3) has a
unique solution up € By (tn, p), and

(39) ||7.Lh 77.~Lh||H2(Q) S 2K1 Kg hP.

Proof. First we prove existence and uniqueness of the OSC solution. Since
By, (up, p) is a convex set, it follows that

(3.10) y+t(z—y) € Bu(tn,p), tel0,1], y,z€ By(in,p).

Using (3.10) and the existence of Ly, ,, y € By(tn, p), we conclude that Ly, 4y () is
defined for all ¢ € [0, 1] and for all y, z € By(ap, p). By (3.5), for any y, z € By (i, p),
we obtain

||Lh7y+t1 (z—y) — Ly ytt, (Z,y)” < Ksllz - ?J||H2<m t1 — o, ty, ta € [0,1],

which implies continuity of the mapping that assigns Ly, ;4 (.—y) to each ¢t € [0,1].
Hence, for any y, z € B, (ip, p) and any w € MY, Ly 14 (2—y) W is continuous as a
mapping of ¢ € [0, 1] into M.

Using (2.13), (3.5), and (3.10), for any y, z € By(ip, p) and any w € M), we
obtain

1
. < /0 H [Lhﬂlh = Lh gyt (Z*y)] w“h dt

1
(311) H/ [Lh7ﬁh — Lh,ert (Z*y)jl U)dt
0
1

= /0 Hthﬂh _Lh,y+t(zfy)H [wll 2@ dt < p Ka [|w] 42 0)-

It follows from a result in [13, Chapter XVII, section 1.7] that
1
(3.12) Lyz—Lpy = / Lyytt (z—y) (2 —y)dt, y, 2 € Bp(in, p)-
0

Let G, be an operator from MY into M9 defined by
(3.13) Ghv = v—Ly5 (Lo —fn), veM).

Using (3.13) and (3.12), for any y, z € B, (i, p), we get

z—y— L5 (Lnz— Lhy)‘

Thus (3.4), (3.11) with w = z — y, and (3.7) give

|Grz— G y||H2(Q) =

H2(Q)

—1
< HLhﬂ?h

1
/ [Lhay, — Lhytt (s—y)] (z—y)dt
0

h

B14)  |Ghz=Grylwre < (1/2) 1z = ylli2@, ¥ 2 € Bul(tn, p).

Using (3.13), (3.4), (3.2), (1.1), (3.6), and (3.8), we obtain

- i

h,ap

(315) i~ Cn il = |[Lick, (L — )|, \Luiin — il
S K1 HLhﬂh—LuHh S K1 thp S p/2.
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From (3.14), (3.15), and the contraction operator principle [15, Theorem 1.2], we
conclude that there is a unique wp € Bp(ap,p) such that Gpup = up, which, by
(3.13), shows that (3.3) has a unique solution uy € By (tp, p).

We now prove the estimate (3.9). We fix y, z € Bp(ap,p) and view Ly(y, 2),
defined by

1
(3.16) L a)w = [ Lngreepwdt we M),

0
as a linear operator from M9 with the H%-norm into M9 with the norm || - ||.

Using (3.16) and (3.11), we obtain

< pKo Hw||H2(Q)

1
/ (L, — Lyt (z—yp ] wt
0 h

Ly — Ln(ys 2wl = \

for any w € MY, which implies
(3.17) ILn(y: 2) = Ln,an || < pKa.
From (3.17), (3.7), and (3.4), we have
ILn(y, 2) = Ll < pKi Ko Kyt < (2K0)7" < ||Lyg, |7

h,ap

Hence, using the existence of L;%h, (3.4), and the generalization of Banach’s theorem
on the existence of an inverse operator [13, Chapter V, section 4, Theorem 4], we
conclude that Ly (y, z) has an inverse and, by (3.4), (3.17), and (3.7),

(318) La(y. 27 < WLk | (1= 120, 120y ) — Lo, ) < 2o
Inequality (3.18) is equivalent to

(3.19) [l < 2K ILa(y 2wl w e M.

Setting w = z — y in (3.19) and using (3.16) and (3.12), we obtain

(3.20) 1z = ylluzey < 2K0[Lnz = Lnyllns Y, 2 € Bu(tn, p).

Finally, setting y = @, and z = uy, in (3.20), and using (3.3), (3.2), (1.1), and (3.6),
we obtain (3.9). O

Inequality (3.5) is called the Lipschitz continuity of a Fréchet derivative of Lj, in
By, (i, p) with the Lipschitz constant K. If p and K3 are independent of h, then the
inequality (3.6) is called the consistency of the OSC operator L; at u.

4. Consistency. In this section, we prove the consistency of the operator Ly,.
LEMMA 4.1. Suppose that (2.3a) and (2.3b) hold for all 5 with |B] < 1 and
|8| = 1, respectively, and for m = 0. Then

(4.1) |Lv — Lytn|ln < Ksh*™2,  ve H¥Q), k=4,5,

where K3 is independent of h but depends on ||v]| zr g, -
Proof. 1f v € H*(Q), then v € C%*(Q). Using (3.1) and (2.7) with y = 9, and
w = v — Uy, we have

(42) Lo (2)—Luon () = Lv (2)—Lip (z) = /O Ly (v—n) () dt, @€ G,
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where yp, (t) = Op+t (v—"70p,). Using (2.5), (2.6) and the smoothness of a;;, 1 < 4,5 < 2,
and a, it is easy to verify that, for any x € Gy, Ly, ) (v — 0p) (2) is continuous for
t € 0,1]. Hence, (4.2) and (2.13) imply that

1

(4.3) 1Lv — Lytnlls < / [ Ly, (v = Dw)]], dt-
0

With z defined by (2.4), the inequality

Ly, 1y (v = 0n)(2)| < o (Ilyh(t)llcl@) (L + llyn ()l o2en, )
x Y 10w —)(x), zE€T

<2

(see [1, Lemma 4.2, (ii)]), and the triangle inequality for || - || give

(4 Ly @ =)l < 7 (lnOlea)) 0+ ln®llezen,) W, L€ 10,1]
where W =37, | o5 |0%(v — Op) | Using (2.11), we have
(4.5) W < Ch?[|v]| g4y

Since v, ¥, € C*(7,), on applying the triangle inequality for || ||c2(x, ,, the inequality
lv]lc2@) < Cllv]|aacay, and (2.9), we have

(4.6) Iy (Ollc2z,) < Cllvllise), ¢ €[0,1].
Hence, from (4.4), (4.5), and (4.6), we obtain

||Lyh(t) (v— f’h)Hh <C ||UHH4(9) p(C ||UHH4<Q)) (1+ ||UHH4(0)) hzv t €0, 1],
which, along with (4.3), gives (4.1) for k = 4.

If v € H5(2), then (2.11) for [ = 0, 1, and (2.12) imply W < Ch3||v| 5o, which
gives (4.1) for k = 5. D

5. Lipschitz continuity of a Fréchet derivative. Let L, w (z) be given by
(2.5) and (2.6), and let

(5.1) Ayz = Wllaz@) + 122, ¥, 2 € H?(Q).

LEMMA 5.1. Suppose that h € (0,e~2] and that (2.3a) and (2.3b) hold for all 8
with |8] = 1,2 and | 8| = 2, respectively, and m = 0. Then Ly, has a Fréchet derivative
Ly, for each y € MY, and

(5.2) Lyyw(z) = Lyw(z), x€G, weM).
Moreover, for any v € H*(Q) and any po > 0,

(5.3) |Ln,> — Lny

| < K3 (h,po,v) ||z = Ylluzy, ¥, 2 € Br(n,po),

where

(5.4) K3 (h,po,v) = (In* h) (C+7) fu (v, [0 hl7y, [In hlv),
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and v = C(|[v][ s + po)-
Proof. We take any y and w # 0 in M. Using (2.7), we have

1
(5.5) IL(y + w) — Ly — Ly wly = H A
0 h

Since the functions a;; and a are sufficiently smooth, L, ¢,w (z) is continuous in
t € [0,1] for all x € Gp,. Using (2.13) with G(z,t) = (Ly4tw w — Ly w) (z), we obtain

1 1
(5.6) H | - tpwd < [ 1y - Ll @
h

In [1, Lemma 6.1], we proved that, for h € (0,e~2],
(5.7) I(Ly+z — Ly wlln < Cnly, 2] [2llnzee lwllnze), 2 € M,
where
(5:8)  Wnly. 2l = CU*R)a(C Ay, Cl Al Ay s, Ol bl Ay) (14 Ay.2),
and A, . is given by (5.1). Applying (5.7) with z = t w and the inequality ¥}, [y, t w] <
Uy, [y, w], t € [0,1], we get

1 1
(59 L 1=zl @t < [ ewty. vl ol @
< (1/2) Un [y, w] [lwll3e -

From (5.5), (5.6), and (5.9), it follows that
(5.10) IL(y +w) = Ly = Ly wlln < (1/2) Oy [y, w] [[w][ %2 g,

We define the linear operator L, j, from MY into M) by
(5.11) Lypz(z) = Lyz(z), &G
Using (5.10), (3.1), and (5.11), we obtain
(5:12)  [[Ln(y +w) = Lny = Lyp wlln/wlaz), < (1/2) Un [y, wl{[w]l iz )

Since fi is nondecreasing, it follows from (5.8) and (5.1) that ¥y, [y, w] |w] g2 — 0
as ||w| 42y — 0. The operator L, ) is bounded since it is linear and M9 is finite
dimensional. Therefore, (5.12) implies that L, ; is a Fréchet derivative of Lj at y.
Hence (5.2) follows from (5.11).

To prove (5.3), we take any v € H*(Q), any po > 0, and any y, z € By, (0, po)-
Using (5.7) with z replaced by z — y, we have

(5.13) Lz =Ly wlln < nly, 2 = ylllz = yllwze [0lln2e), w € Mp.
Since y, z € By (0, po), using the triangle inequality and (2.9), we have

(5.14) ||3JHH2(Q) < ||17hHH2<Q) + [ly — f’h”H?(m <C ||1~’h||cz('rh> +po<C ||UHH4<Q) + po
and

(5.15) llz — yHH2(m <|z— 77h||H2<Q> + [ly — 5h||H2<m < 2po.
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Using (5.1), (5.14), (5.15), and the definition of -, we obtain A, ,_, <. Therefore,
from (5.8), we have

(5.16) Uy, z—y] < (In*A)(C+7) (v, |In Aly, |In h|v).

From (5.13) and (5.16), we get (5.3) and (5.4). O
The Lipschitz constant K5 (h, pg,v) in (5.4) is independent of h if the coefficients
a;; of the differential operator L do not depend on Vu (see [1, Lemma 6.4]).

6. Bound on the inverse of the Fréchet derivative. In this section, we
prove that, if v € H*(Q), then Lh 3, €xists and its norm is uniformly bounded for h
sufﬁmently small. This result follows from the two auxiliary inequalities obtained in
the following two subsections. Throughout this section, A, = ||v|| 4o, for v € H*(£).

6.1. First auxiliary inequality. The first auxiliary inequality is given in the
following lemma.

LEMMA 6.1. Suppose that (2.3a) holds for m = 0 and all B such that |3| < 1,
and that (2.3b) holds for m = 0 and all 3 such that |3| = 1. If v € H*(Q), then, for
any w € MY,

(6.1) ||w||H2(Q) < Ccv? A (CAy) ”Lh,@h wlp + cvt ﬂ4 (CAy) (1 + >‘v)2 ||w||L2(Q)'

Proof. The proof is similar to that of Lemma 3.1 in [2], and it involves the
application of Bernstein’s transformation [16, p. 452]. For = € G, we introduce

(6.2) bij(z) = ai;(z, op(x), Vop(x)), 4,j=1,2,
(6.3) be(z) = AE (2), k=0,1,2,

where Agh is given by (2.6). For any w € M9 and = € Gy, (2.5), (6.2), and (6.3)
imply that

2

2
(6.4) > bijwea, = Low—Y brws, = O,

i,j=1 k=0

where b;;, by, ®, w and its derivatives are evaluated at x.
First, using (6.4), we bound

_ 1/2
(6-5) |w|27h = (”wrlml ”%z +2 sz1z2||l21 + ||wrzr2 H%L)

in terms of ||®|s. Inequality (2.2) with (¢1,¢2) = (1,0) and (¢1,¢2) = (0,1) implies
that b;; > v > 0, i = 1,2. Therefore, multiplying (6.4) by byy wa,z, + 011 Waywy, We
obtain

2
(66) I= Z me Zj b22 Wgy 2, + bll wIQCDQ) = (I)(x) (b521wI1I1 + b;llwmzmz) .

Since (6.2) and (2.1) imply b3 = ba1, (6.6) gives

_ 2 —1 2 2
I1=2 (w11$1 Wyoxs — wmlmz) + b22 (b11 wxlxl -+ 2b12 Wyyzq Wryzs -+ b22 wm1m2)

(67) + b;ll (bll wz’lmz +2 b12 Wy xp Warozsy + b22 wizmz) :
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It follows easily from (6.2) and (2.2) that

2
(6.8) D biGG = v+ EG),  (.G) € R

ij=1
Equations (6.7) and (6.8) applied twice give
(6’9) I Z Vb521 (wilzl + w92312?2) +Vb;11 (w?clxg + wiQIQ) +2 (wxlmleEQ:Ez - wilmz) .
Using (6.2), (2.3a) with m =0 and |5] =0, (2.4), and (2.9), we obtain
(6.10) bii < fu (|on(@)], [(Bn)ay (@)], [(Oh)as ()]) < A(I0nllcrm) < bo i=1,2,
where p, = i(C\,). Therefore, from (6.9) and (6.10), we have

2

(6.11) I > vp,? +2wl L+ wl o) +2 (Weyey Wegay — W24, ) -

- ( ZL’15L’1

Using (6.11), (6.6), and b;; > v, we have

(612) V71 |(I)| (|w$1$1| + ‘w932932|) 2 l/:uzjl ( 1,11,1 +2w11L2 +’U)2 x )

XroIo

+2 (wxlxl Weoxy — w?leg)) .

Multiplying (6.12) by the Gaussian quadrature weights and summing over all z € G,
we obtain

(6'13) Vu;l |w|%,h+22 (wﬂilﬂil wmzﬂﬂz - w3201w2) S V_l Z |(I)| (|w$1w1| + |w302902|) ’
h h

where |w|z , is defined in (6.5). It easily follows from (6.5) that
(614) ”wIlIl HiQL + mem”i S |w|§,h'
The Cauchy—Schwarz inequality in R? and (6.14) give
1/2
(6.15) ||wx1w1 lln + ||wI2I2Hh < \/§(||w-L1-L1 ”i =+ ||w£2£2H}2L) < \[2|w‘27h-

The Cauchy-Schwarz inequality in M9 and (6.15) imply

(6.16) Do 1@ (waya | + |waseal) < V2]|@]nfw]2n:

h

Using (6.13), the inequality
Z Z:El:El ZIQIQ - Z Z§1I2 2 0, z 6 M(’)IJ
h h

which is (2.5) in [2], and (6.16), we obtain
(6.17) wWan € VIV~ 1y @]

Next we bound ||®||,. Using (6.4) and the triangle inequality, we obtain

(6.18) 1Bl < l1Z, wla+ ( max max (b (a )Z o
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Since MY C C?(Ty), (6.3), (2.4), and the inequality

45, @) < A (lonlora) (U4 Inllezen,) s @€ Gr k=0,1,2

(see [1, Lemma 4.2, (i)]) give

max [be(2) < i (Ilonllor ) ) (1 Dnlleziny) s F=0,1,2,
€@

Hence, from (2.9), we have

. < C v) .
(6.19) Jmax, max |b(z)] < Cpo (1+ )

Using Cauchy-Schwarz’s inequality in R?, the inequality

lza I + lzeall < =D (A2) 2, z€ M,
h

which is (2.6) in [2], and the Cauchy—Schwarz inequality in MY, we obtain

1/2 1/2 1/2
e lln A lway - < V2 (lway 7+ llws, 7)< V2] Aw];? ]l
Hence, the Cauchy inequality ab < ea® + (4¢)~1b?, € > 0, gives

lwa, [l + lwe, I < ellAwlln + (2€)7" [lw]a.
Applying the triangle inequality to bound ||Aw]|; and using (6.15), we obtain
(6.20) lwar ln + weslln < V2elwlan + (2€) 7wl
Thus, from (6.18), (6.19), and (6.20), we have

(6.21) ([ @l < [[Ls, wln+C po (14 Ao) [e|wlon + (€7 +1) [lwlln] -
Multiplying (6.21) by v2v~2 y1,, and setting e = 2 (2v/2C p2 (1 + )\v))_l, we obtain
(6:22)  V2u%p, @l < V2072 g ||Lg, wlln + (1/2) [wlop + M [w]|,
where
(6.23) M = V20u 22 (14, [2vV2C0 2 (14 0) +1].

Combining (6.17) and (6.22), we get
(6.24) (1/2) |wlan < V2072 iy || Lay, wlin + M [|w]]p.-

It follows from (2.2) with ¢, = 1, (2 = 0, s = (t, ¢, t), and (2.3a) for i = j = 1
and m + |8] = 0 that v < ay1(z,t,t,t) < a(t,t,t) for any x € Q and ¢ > 0 which,
along with (2.4), implies fi(t) > v for all ¢ > 0. Therefore, by (6.10) and b;; > v, we

have v < p,, and hence (6.23) gives

(6.25) M < Cv 2 (12 +v3) 1+ 1) < Cvipt(1+0,)%
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Using the inequality
2
HZH?H(Q) < C Z ”Zﬂ%zz”i? z € M%,
i=1

which is (2.7) in [2], (6.14), (6.24), and (6.25), we obtain
(6.26) lwlluze, < Cv™2 py |1Ls, wlin + C v g (14 X0)? ]l

Finally, (6.1) follows from (6.26), (5.2), and the inequality ||w||;, < C||w||L2xq, (see [1,
Lemma B.2]). D

6.2. Second auxiliary inequality. To obtain the second auxiliary inequality,
we introduce a formal adjoint of the linear differential operator L, given by (2.5) and
(2.6). For sufficiently smooth v defined on €, let

2 2
(6.27) Lyp(a) = ) lay@)¢l, . - > [AT(@)e], , e,
i,j=1 k=0
where
(6.28) aij(r) = aij(z, v(z), Vo(z)), 4,j=1,2,

and AF is given by (2.6). Assume that v € H*(Q) and that a;; and a are twice
continuously differentiable on Q x R3. Then a;; € C1(Q) N H(Q) and A% € C(Q) N
H(Q). Hence, using (2.1), L} can be written in the form

2 2
L;k) P (l‘) = Z a‘lj(x) Paiz; T de(x) Py z €1,
k=0

=1

for some @ € C(Q), k = 1,2, and do € L?(Q2). It follows from (6.28) and (2.2) that
L7 is uniformly elliptic. Introducing the normed space

H270(Q) = {’U c HQ(Q) : U|3Q = 0}

with the || - || y2(q)-norm, we see that L} is a linear operator from H*((2) into L?(2).
Moreover, LY is a formal adjoint of L,, that is,

(6.29) /(L: p)wdr = /@vadz, o, we H*(Q).
Q Q

Indeed, for any ¢ and w € H>°(Q), the traces of ¢,,, wy,, i = 1,2, on IQ are in
L?(09). Hence, using Green’s formula (see [8, equation (1.2.4)]) and w = ¢ = 0 on
09, we obtain

030 [ las@l,,,, wie = [ pay@ v, i 1<ij<2
Q 7 Q

Similarly,

(6.31) —/ [AF (2) @]mk wdx = / o A¥ (2)w,, dz, k=1,2.
Q Q
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Therefore, using (6.27), (6.30), (6.31), (6.28), and (2.5), we have (6.29).
The proof of the second auxiliary inequality is based on the following result.
LEMMA 6.2 (see [1, Lemma C.3]). Forl a positive integer, suppose that g(z,s)
is l-times continuously differentiable on  x R and

omtiBlg

< 5(|sols|s1ls182]), m~+I8] <1, i=1,2, (x,s) € OxR3,

where G (to,t1,t2), to,t1,t2 > 0, is continuous and nondecreasing in each variable.
Then, for g, (z) = g(x,w(z), Vw(x)), x € Q, we have

' gu .
ng < Ch o (JJwllery) (14 wlle,), i=1,2, we Py, 7 €T,
Ty

c?(r)

@%)H

C(7)

where (t) = 6(t,t,t), t >0, and C is independent of g and w.
In the proof of the second auxiliary inequality, we also use the following inverse
inequalities: for 7 € T, z € Py, and i = 1,2,
(6.34) 22| L2y < Ch%”zHLQm:
(6.35) Izl < ChH2lloe

(see [8, Theorem 3.2.6, equation (3.2.33)]).

The second auxiliary inequality is formulated in the following lemma.

LEMMA 6.3. Suppose that (2.3a) holds for 0 < m < 4 and all B such that
m+ || <5, and that (2.3b) holds for 0 < m < 4 and all B such that m+ |8 <5 and
|8| > 1. Suppose that v € H*(Q) and that the operator L} of (6.27) is from H*°(Q)
onto L*(Q), has a bounded inverse, and C,, = ||(L:)~L||. Then, for any h € (0, e72],
(6.36) |w|l 2@y < CCy||Lps, wlln + hCCyi(CAy) (14 X)) [|wl]|n2y, w € M.

Proof. We adapt the approach used in the proof of Lemma 3.2 of [2]. First, we
observe that L} is well defined since v € H*(Q2). Next we take any w € M9. Since
MY C L?(Q2) and L} has a bounded inverse, there is unique ¢ € H*%(Q2) such that

(6.37) Lyo=w,

(6.38) [olla2@) < Cu wll2q)-

Let ©;, be the piecewise constant interpolant of ¢ such that
(6.39) ||<)0_¢h||L2(Q) < Ch”@”lﬂmy
Using (6.39) and (6.38), we obtain

(6.40) e =@nll2@ < CCh|wlL2q)-

Also, using the exactness property of Gauss quadrature for a piecewise constant func-
tion, the triangle inequality, (6.40), and (6.38), we have

(6-41) ||¢h”h = ||¢hHL2(Q) < ”‘P _EhHLZ(Q) + Hg0||L2(Q) < CGC, ||wHL2(Q)'
As in Nitsche’s trick [17], using (6.37) and (6.29), we obtain

4
(6.42)  Jlw|?>, = /w2da: = /(Lf)(p)wdx = /(vawdx = Z Ji,
Q Q Q i1
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where
Jl E/((pfﬁh)vad;’L‘, J2 = /@h (va*Lf)h w) dl’,
Q Q
J3E/¢hLﬁh’de*Z¢hLﬁhwv Ju = Z@thhw.
Q h h

The Cauchy—Schwarz inequality, (6.40), and the estimate
[Lowllrzey < CR(CA) (1 + Ao) [[w][ 5200

(see [1, Lemma 7.2]) give

(6.43) Ji <

/(@‘@h)Ldem < e = Prllze 1 Lowllz2q),
Q
< CCh(CAy) (14 Ao) [[wlz2@) w22

The Cauchy—Schwarz inequality, (6.41), and the inequality
[(Ly = L, ) w2y < Chip(CAv) Ao (1+X0) [[w] 2o

(see [1, Lemma 7.2]) give

(6.44)  Jy <

[ o (B =Ly w) do| < [l I(Eo = Lan) vl
S CC R (CA) Ao (1 +X0) [[wll g2 0] 12 (0)-
The Cauchy-Schwarz inequality in M9, (6.41), and (5.2) give
(6.45) Ju < [1@nlln 1o, wlln < CCy [[w]| 20| Ly, wlln < CCy [|Ln g, wlinlwllL2q)-

Suppose that

(6.46) Js < CCLR(CA) (14 A7) [wllnz oy 1wl 2 -
Then, using (6.42)—(6.46) and

(6.47) tP < t1+1, t>0, 0<p<yq,

we obtain (6.36).
It remains to prove (6.46). Using the triangle inequality and setting g(z) =
@n(x) Ly, w (), we get

/ @y, Ly, wdx — Z@h Ly, w
@ h

J3 <

5

T€T

/g(x) dx — i mes (7) Z g(z)].

zE€TNGp

(6.48)
We fix 7 = (271 %) x (25271, 252) € 7. For 7, and 7y given in (2.8) and
¢ = ({1, ¢2) € Q, we introduce the linear functional

2

FG) = [ #0dc—7 Y smom) =€ H®.

l1,l2=1
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Making a change of variables, we obtain

1 -
(6.49) RO S O )

zETNG)

where §(C) = g(ay' ' +h" 1, @577 +hy? ). Since § € HY(Q), [F(2)| < Cllzllmy o),
z € H}(Q), and F(p) = 0, p € P3 ® P, it follows from the Bramble-Hilbert lemma
[7, Theorem 2] that

)«

(6.50) F (@)l C/ (‘6@9 ack

Using (6.48)—(6.50), making a change of variables, and taking into account the fact
that @, |- is a constant for any 7 € 7j,, we have

Js < Ch4z Z/|<ph(“)kLvhw| dz,

k=1 7€T)

where 9! = ' /0x!. Applying the Cauchy—Schwarz inequality in L?(7) and in RN1/V2
and using (6.41), we get

2
(6.51) T3 <CR YN @ullze |10k Loy w2,
k=11€T,
2
2
<CC,h* [wll L2 q) Z Z 105 L, wHLQ(T)'
k=1 Y\ 7€7}

Using (2.5), (2.6), and the triangle inequality, we obtain

2 2 2 2
(6.52) |08 Lo,w] . < S0 P+ 33 QU0 4+ Rk,
v=0

i,j=1 v=0i,j=1

where, for 7 € 73, 4,5,k =1,2,and 0 < v < 2

(6.53) P = |04 [ai (5 Ony Vi) wara, |2 -
i daij , - N
(654) Q(y kj)q— = |:8 ! ( y Uh, vvh) (Uh)zq:zj wz,,:| )
v L2(7)
(6.55) Rypr = ‘ o [aaa (-, o, Vah)w%}
Sv L2(r)

Next we estimate the terms in (6.53)—(6.55). We fix i,5,k = 1,2, 7 € T; and
bound P,Si). Using Leibniz’s formula, for any x € 7, we have

4
(6.56) Oy [aij(z, Tn, Vi) Waya,] Z C% [0 aij(z, Dy, Vin)] Op~ lwmiwj,
1=0

where C7" = n!/(m! (n—m)!). Since w is a bicubic polynomial on 7, the term in (6.56)
corresponding to [ = 0 is 0. Using (6.53), (6.56), and the triangle inequality, we get

c(r) |813_l wﬂ@iﬂ@j ||L2(7) :

4
(6.57) P < €3 ||0ka(, o, Vi)
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We apply Lemma 6.2 with g = a;;, 1 <1 <4, 6 = [i, and w = U;. We note that
(6.32) follows from condition (2.3a) for all m and 3 such that m +|5| < 4. Therefore,
using (6.33) and (2.4), we have

10k @i (-, oy VOu)|[ ., < CRT E(ITRllcr) [L+ 108llbe, ] s 1T<T<4

o
Applying (2.9) and (6.47), we obtain

(6.58) |0k ai; (-, T, Vin)|| < Ch'E(CA) (T+A)), 1<i<4

o
Using (6.34) (4 — I)-times, we get

(6.59) 103" wa,a | < Ch " wpw, o2y,  1<1<4

L2(r) —

Thus, from (6.57)—(6.59), we have
(6.60) PP < ChPA(CA) (1+AY) [wllweey,  djik=1,2, T€T

We fixi, 5,k =1,2,0<v <2, 7€ 7, and bound Q(m given by (6.54). Applying

vk,
Leibniz’s formula twice and taking into account the fact that w and v, are bicubic

polynomials on 7, we have

(6.61) O} (a L (x, Ty VOR) (08) 2,2, wx)

4
e zes (a,i % . vm)) 100 (5h)ava, ] O g,

3
n Da; ~ ~ n (-~ -n
+ Z Cy CS 835 (z, O, V) [0 (On)z;a;) 8: Wy, -

Using (6.54), (6.61), and the triangle inequality, we obtain

(6.62) QU < (T + T,
where
4 n (90/‘
=YY" |lo 5 Th Vin) 1087 @) s | o 108" was || 2y
n=1 (=1 v C(7)
— & aaij ~ ~ n [~ 4—n
T2 = Z Os (" Uhs vvh) ||8k (Uh)xi%‘ HC(T) Hak wﬂ”ﬂ”zﬂ(ﬂ :
v c(n)

n=1

First we bound Ti. We apply Lemma 6.2 with 1 <1 < 4, g = 0a;;/0s,, 6 = i,
and w = . We note that (6.32) follows from condition (2.3a) for all m and 8 such
that m + |3] <5, 0 <m < 4, and |5] > 1. Therefore, using (6.33), (2.4), (2.9), and
(6.47), we have

8aij

6‘,@ Js

(6.63) \ () 5y Vi)

< CRPRON) (T+2), 1<i<4.

C(7)

For 1 <n<4and1<!<mn,using (6.35) (n — [)-times and (2.9), we get

(6.64) Halrclil (f}h)xlm’]H < CR" ||(’Dh)93i$j||c('r) < Chi~" Av-

c(r) —
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We note that (6.64) also holds for [ = 0. For 1 < n < 4, using (6.34) (4 — n)-times,
we obtain

(6.65) ||813_nwxu” < Cht lwa, |22y < cht 1wl 1.7

L2(T) —
Inequalities (6.63)—(6.65) imply that
(6.66) Ty < Ch 2R (CA) A (L4 AY) [[w] g1y

Next we estimate T5. Using (2.3a) for m = 0 and |5] = 1, (2.9), and (2.4), we get

< lonllee 1@zl [(@n)es ller) < ACA).

C(7)

For 1 <n < 3, using (6.34) (3 — n)-times, we have

(6.68) [|0p " wa, | < Ch"7? | wg |

L2(r) — L%(r) "

Using (6.67), (6.68), and (6.64) for I =0 and 1 < n < 3, we obtain
(6.69) Ty < Ch3a(C M) Ny |0l 2,y -
Thus, from (6.62), (6.66), and (6.69), we have, for any 7 € 7y,

6.70) QW) < ChBE(CA) A (14 AY) [[wlluzey, Gk =1,2, v =0,1,2.

vk,

Bounding R, . of (6.55) in a way similar to that of P,Ei;j), for any 7 € Tj, we
obtain

(6.71) Rypr < Ch2A(CA) 1+ ) Wiy, k=12 v=0,1,2
Thus, from (6.52), (6.60), (6.70), and (6.71), we get

(6.72) 10 Lo,w|| o < Ch72A(CA) (14 Ay) (14 A7) l[wllscr)-

L2(7)

Finally, (6.46) follows from (6.51), (6.72), (6.47), and M9 C H?(Q). 0

6.3. Bound on the inverse of the Fréchet derivative. Using the first and
the second auxiliary inequalities, we obtain a bound on ||L,;%h || for v e HA(Q).

LEMMA 6.4. Under the conditions of Lemma 6.3, there exist positive constants
ho < e? and K, both depending on ||v| g4, such that, for any h € (0, hol, L;}”L
exists, and HL;%hH < K.

Proof. Substituting (6.36) into (6.1), we obtain

(6.73) iz < (K1/2) | Lng, wlln + A M [lw]ly2q), w e Mg,

for some positive constants K7 and M which depend on A, and v but are independent
of h. Setting hg = min{e2, (2M)~'}, we have

Hw||H2(Q> < K HL}L;'Dh thv w e M%, h e (O,ho],

which implies that the linear operator Ly, 3, has an inverse, and ||L;%h | < K. O
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7. Existence, uniqueness, and error estimates. Let L be given by (1.2),
and L7 be given by (6.27), (6.28), and (2.6). Let u be a solution of (1.1).

THEOREM 7.1. Suppose that (2.3a) holds for 0 < m < 4 and all 8 such that
m+ |8 < 5, that (2.3b) holds for 0 < m < 4 and all 8 such that m + |38] < 5 and
|8 > 1, and that

(7.1) fi(to, t1, t2) = p(to) (1 +t§ +13), ¢>0,

where i is a continuous, positive, and nondecreasing function. Let u € HF(Q),
k = 4,5, and suppose that operator L is from H?°(Q) onto L?(Q) and has a
bounded inverse. Then there exist positive constants h., C1, Ca, and M that depend
on |[ul rq, such that, for any h € (0, h.] and

(7.2) p = |Inh|72(Cy + Co|Inh|?)1,
the OSC problem (3.3) has a unique solution up, € By (U, p), and

(7.3) u—upllgo—r@ < MHF2

Proof. Lemma 4.1 with v = u implies
(7.4) |Lu — Lyan|n < Ksh*™2,

where K3 > 0 is independent of h but depends on |[u|| ;. From Lemma 5.1 with
v=wand pg = 1 and (7.1), it follows that, for h € (0, e~2], operator Ly, has a Fréchet
derivative Ly, , for any y € M9, and

(75) ||Lh,z - Lh,y” S KZ (h) ||Z - y||H2(Q)a Y,z € Bh(ﬂha 1)7
where
(7.6) Ky (h) = Ky (h,1,u) = (C+7)p(y) (In® h)(1+2(v|In h|)?),

and v = C (||lu|| g4 + 1). We conclude from Lemma 6.4 with v = u that there exist
positive constants hy < e~? and K7, both depending on ||u| 44 q,, such that, for any
h € (0, hol, L;Lilh exists, and (3.4) holds.

Since p(y) > 0 and g > 0, it follows from (7.6) that K3(h) — oo as h — 0. Hence,
there exists hy € (0, e7?] such that

(7.7) 2K, Ky(h)]™' <1, he(0,h).
Next we prove that there exists hy € (0, e~2] such that
(7.8) K1 K3h*=2 < [AK, Ko(h)]™Y,  h € (0,hy].

We take any h € (0, e=2] and set t = «|In h|. Using h*=2 = e~ *+=2t/7 (7.6), and
In® h = (t/7)?, we see that the inequality in (7.8) is equivalent to

(79) 420 < 92 (AT Ko (C+ () B0,

Clearly there exists ¢, > 0 such that (7.9) holds for all ¢ > t,. Therefore we conclude
that (7.8) holds with hy = min{e~*/7, e=2}.
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We set h, = min {hg, hi, ho} and
(7.10) p = REKiKx(h)]™Y,  he(0,hl.

Using (7.10) and (7.6), for h € (0, h.], it is easy to obtain (7.2) with Cy = 2K;(C +
Yp(y) and Cy = 294C,.

We fix any h € (0, h.] and consider p given by (7.10). We have proved that the
operator Ly, has a Fréchet derivative Ly, , for any y € M9, L,;}lh exists and (3.4) holds.
It follows from (7.10) and (7.7) that p < 1. Hence, (7.5) implies (3.5), and (7.4) implies
(3.6) with p = k — 2. Finally, (7.10) and (7.8) imply (3.7) and (3.8) with p = k — 2.
Thus it follows from Theorem 3.1 that (3.3) has a unique solution up € By (Up, p).
Moreover, using the triangle inequality, (2.10) and (3.9) with p = k — 2, we obtain
Hu - uhHHG_k(Q) < ||u - ﬂh”HG_k(Q) + ||ﬂh - uh||H2(Q) < (C ||u||H4(Q) + 2I(lf(iﬁ) hk727

which gives (7.3) with M depending on ||u||zx q)- D

In (7.3), the H? error estimate is optimal, whereas the H! error estimate has
optimal order.

COROLLARY 7.1. Under the conditions of Theorem 7.1, there exists hyy > 0 such
that, for any h € (0, ], L;}Lh exists and (3.4) holds with K1 > 0 independent of h,
Ly, has a Fréchet derivative Ly, , for anyy € MY, (3.5) holds with p = [2 K1 Ka(h)]™*
and Ko = Ky(h) given by (7.6), and the OSC problem (3.3) has a unique solution
up € Bh(ﬁh,p/Z).

8. Newton’s method. Newton’s method for the iterative solution of (3.3) is
formulated as follows. Given ug € M%, compute ug41 from

(81) Lh,uk (uk+1 — uk) = —(Lhuk — fh); k = O, 1, e

THEOREM 8.1. Suppose that the conditions of Theorem 7.1 hold, and let h.., K1,
Ky (h), p, and up, be as in Corollary 7.1. If h € (0, hw] and ug € Bp(un, p/2), then
Newton’s method (8.1) generates a sequence {up}3>  C Bp(un, p/2) and

k_
(8.2) luk — unllmz@ < 0(1/2)2 17 k=1,2,....

Proof. We set r = p/2, k1 = 2K7, ke = Ks(h), and take any y € By (up,r).
According to Corollary 7.1, there exists L};}lh, and (3.4) holds. Using (3.5), the
triangle inequality, up, € Bp(@n, p/2), y € Bp(un,p/2), and p = [2 K1 K2(h)]7!, we
obtain

(8.3) Ly — Lyl < Ka(hR)(l[an = unll iz o) + llun = yllaz@)
< Ky(h)p = 1/(2K1),

which implies ||Lp.a, — Lnyl| < HL,:;% |=% by (3.4). Applying the generalization of
Banach’s theorem [13, Ch. V, section 4, Theorem 4], we conclude that there exists
L; ! and

Y

15yl < 1, 1/ = L5 5, N Ly — Liin ),

which, along with (3.4) and (8.3), implies HL,:;H < k; for all y € By (up, ).
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Since uyp, € Bp(tn, p/2), we have By, (upn, p/2) C Bp(tn, p). By Corollary 7.1, Ly,
has a Fréchet derivative Ly, , at any y € M9, (3.5) holds, and

HLh,z - Lh,y” < Kg HZ - y”H?(ma Y, 2 € Bh(uhﬂ”)-

Using p = [2K1K2(h)]7! = (k1 k2)"!, we obtain r = p/2 < (k1 k2)~!. Thus,
using Theorem 9.1 in [1] which is a modification of Theorem 4 in [22, p. 359], we
conclude that Newton’s method (8.1) generates the sequence {uy}72, C By (un, p/2),
and (8.2) holds. 0

It follows from (7.10) and the statement following the proof of Lemma 5.1 that p
is independent of h if the coefficients a;; of the differential operator L do not depend
on Vu.

9. Conclusions. We have shown that the nonlinear OSC problem (3.3) locally
has a unique solution u; with the same convergence properties as the solution of the
corresponding linear OSC problem considered in [2]. That is, for both the linear and
the nonlinear OSC solutions, we have an optimal H? error estimate, and an optimal
order H' error estimate if u € H?(Q2). We have also shown that Newton’s method
converges quadratically provided that the initial approximation lies sufficiently close
to the OSC solution.

Acknowledgment. The authors wish to thank Graeme Fairweather for his as-
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