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A PRECONDITIONED CONJUGATE GRADIENT METHOD FOR
NONSELFADJOINT OR INDEFINITE ORTHOGONAL SPLINE
COLLOCATION PROBLEMS*

RAKHIM AITBAYEV! AND BERNARD BIALECKI#

Abstract. We study the computation of the orthogonal spline collocation solution of a linear
Dirichlet boundary value problem with a nonselfadjoint or an indefinite operator of the form Lu =
> aij (@) uz;z; + > bi(®)uz; + c(z)u. We apply a preconditioned conjugate gradient method to the
normal system of collocation equations with a preconditioner associated with a separable operator,
and prove that the resulting algorithm has a convergence rate independent of the partition step size.
We solve a problem with the preconditioner using an efficient direct matrix decomposition algorithm.
On a uniform N x N partition, the cost of the algorithm for computing the collocation solution within
a tolerance € is O(N?In N|Inel).
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1. Introduction. On Q = (0,1) x (0,1) with boundary 92, we consider the
Dirichlet boundary value problem (BVP)

(1.1) Lu= f(z), v €Q, wu(r)=0, ze€0dQ,

where x = (z1, 22) and

2 2
(1.2) Lu = Z ;i () Ug,z; + sz(x) Uy, + c(T) u.
ij=1 i=1

We assume that a;j, ¢;, b, and f are sufficiently smooth, a12(z) = a21(x), z € Q, and
the a;; satisfy the uniform ellipticity condition

2

2
(1.3) Z/ZU? < Z aij(x)mn;, x€Q, m,meR, v>0.
i=1 ij=1

In general, the operator L of (1.2) is nonselfadjoint and could be indefinite with

respect to the L? inner product. The principal part of L is given in nondivergence

form rather than the divergence form Zf =1 (aij(z) uw)lj While the divergence

form is natural for the standard finite element Galerkin method, the nondivergence
form is more appropriate for the orthogonal spline collocation (OSC) method since, in
this case, the implementation of the OSC method requires neither partial derivatives
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of the equation coeflicients nor their approximations. Also, in comparison with finite
element methods, the OSC method requires no integrals or their approximations to
set up the corresponding linear system.

An analysis of OSC for the BVP (1.1)—(1.3) was given in [7], where optimal
order L? and H'! error estimates and an optimal H? error estimate were obtained.
The solution of the resulting linear system by banded Gaussian elimination requires
O(N*) operations on N x N partition [24, 25, 34]. The application of iterative methods
reduces this cost. Classical iterative methods, such as Jacobi, Gauss—Seidel, or SOR,
for the OSC solution of Poisson’s equation on a uniform partition were studied in
[23, 29, 37]. ADI methods for solving OSC problems with separable operators were
investigated in [5, 13, 19].

Since the operator in the BVP is nonseparable, nonselfadjoint, or indefinite, one
can attempt to solve the corresponding linear system by preconditioned BICGSTAB,
QMR, CGS, and GMRES methods described in [35]. On the other hand, the precon-
ditioned conjugate gradient (PCG) method is an effective method for solving a linear
system with a symmetric and positive-definite matrix. We solve the OSC problem by
a PCG method applied to a linear system of normal equations. This method is called
PCGNR (see section 5.2 in [4] and section 9.5 in [35]).

Preconditioning of a selfadjoint positive-definite operator by a spectrally equiva-
lent operator was suggested by Kantorovich [26]. This idea, used first by D’yakonov
[17, 18] for the finite difference solution of a BVP by Richardson’s method, was later
extended to the PCG method for the finite element and finite difference solutions of
nonselfadjoint or indefinite BVPs [10, 11, 20, 31]. Preconditioning for some nonsepa-
rable OSC problems was studied in [6, 27, 28, 38].

Before describing our approach to solving the OSC problem, let us discuss some
common techniques used in other discretization methods. Let Ly, be a finite difference
or a finite element operator associated with a nonselfadjoint or indefinite BVP, and let
Lj be the adjoint of Lj, with respect to an appropriate inner product (-, ). Two well-
known approaches for solving the equation Lpu, = fj are based on preconditioned
normal equations:

(1.4) Ly M, ?Lyuy, = LM, fn,
(1.5) M, Ly My Lyuy, = My Ly My fo,

where a selfadjoint and positive-definite operator Mj, is a preconditioner for Lj [10, 11,
20, 30, 31]. The operators LZMh_th and Mh_lL;‘th_th are selfadjoint with respect
to (-, -)p-inner product and Mp,-inner product, respectively. Therefore, the equations
(1.4) and (1.5) can be solved by the CG method with the corresponding inner products.
Analyses of the CG solution of (1.4) and (1.5) are, respectively, related to L?-norm and
H'-norm analyses of a finite difference or a finite element discretization. The finite
element equation Lpup = fj can also be solved by modern preconditioned domain
decomposition and multilevel methods (see, for example, [33, 36]). However, since
these methods are not well developed for OSC, in this article we consider the solution
of the OSC problem Ljuy, = f;, approximating BVP (1.1)—(1.2) based on the normal
equation

(1.6) (MjMy) YLy Lyun, = (Mj M) L, fi,

where a nonselfadjoint or indefinite OSC operator M), is associated with a separable
operator L which is “close” to L. Following an H?-norm analysis of [7], we show
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that M} M), and L} L), are spectrally equivalent with respect to (-, -)p-inner product.
Since the operator (MM h)’lLZLh is selfadjoint and positive-definite with respect to
M Mp,-inner product, we solve (1.6) by the corresponding CG method. This method
is equivalent to solving the equation LjLpu, = Lj fi, by PCG with MM, as a
preconditioner. At each iteration of PCG, a new matrix decomposition algorithm
allows us to solve the equation M Myw = r in one step rather than in two separate
steps Myz = r and Mpw = z. On a uniform N x N partition, the total cost of our
PCG algorithm with a tolerance € is O(N?In N|Ine|). The approach presented in this
paper was used in [1] for the solution of a nonlinear OSC Dirichlet BVP by Newton’s
method.

An outline of this paper is as follows. Notation and auxiliary results are intro-
duced in section 2. We prove spectral equivalence of the OSC operators in section 3
and discuss the matrix-vector form of the OSC problem in section 4. In section 5,
we prove convergence of the PCG algorithm, and in section 6, we formulate matrix
decomposition algorithms for the solution of an equation with the preconditioner.
The implementation and the cost are discussed in section 7. In section 8, we present
results of our numerical tests, and finally, section 9 is devoted to our conclusions.

2. Preliminaries. For k = 1,2, let m, = {x};} %, be a partition of the interval
[0, 1] such that

0=ap0 < Tp,1 < - < Tp,N, = 1,
and let hy; = 2 ; — zpi—1 for i =1,..., Ni. Let
hy, = min hy , hy = maxhy;, h=max(hy,hs).
1 (3

Throughout we assume that the partitions 7, = m; X me are regular; that is, there
exist positive constants o1, o2, and o3, all independent of h, such that o1hy < hy,
o1hs < hy, and 03 < hy/hs < 3.

For an integer r > 3, let P, be the set of all polynomials of degree < r. For
k=12, let

VkZ{UECd[O,l]:’Uh ]EPT,i=1,...,Nk}

Th,i—1,Thk,i

be the space of Hermite splines of degree r associated with the partition 7, and let
VO ={veVy: v0) =uv(l) =0}. It is easy to verify that the dimension of V7 is
Kj = (r —1)Nj. Let V° = V{ ® V9, where ® denotes the tensor product of vector
spaces. Note that V° is the set of all functions that are finite linear combinations
of products vy (x1)va(z2), where v; € V9 and vy € V9. The dimension of V is
K = K1 K>.

Let {n};=] and {w;}] =} be, respectively, the nodes and the weights of the (r —1)-
point Gauss quadrature rule on (0,1). For k = 1,2, let G, consist of the points

(21) gk,i,l = xk’i,l—l—hk’ml, i=1,....,Ng, [=1,...,r—1.

Then G = G; x Go is the set of Gauss points in 2 associated with the partition 7.
Corollary 5.3 of [32] implies that any v € VY is uniquely defined by its values on G.
For v and z defined on G, let

Ny

r—1 N» r—1
(2.2) (0,2)h = h1i Y we Y haj Yy wi(v2)(€rik E25)
k=1 =1

i=1 j=1
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and let ||v]|, = \/(v,v)n. Let p(x) be a continuous positive function on Q, and let
Pmin = Min_ g p(z) and ppax = max, g p(z). We shall also use

(2.3) (v, 2)np = (pv,2)n

and [|v]|n,, = /(v,v)n,,- We note that (-,-)n, and || - |5, are, respectively, an inner
product and a norm in V°. It is easy to see that

(2.4) Pminlv]ln < vl

h,p S pmax”UHh

for any v defined on G.

Throughout, H'(2) denotes the Sobolev space with the standard norm | - || ()
[12]. We write 8}, = 8'/z, and 8 = 97 /(9 dx}). In the following, C' denotes
a generic positive constant independent of h.

The OSC problem for (1.1)-(1.2) consists of finding u;, € V? such that

(2.5) Lup(§) = f(§), €&€G.

The following result was proved in [7, Theorem 3.3].

THEOREM 2.1. Let operator L of (1.2) be one-to-one from {v € H*(Q) : v =
0 on 02} to L*(Q), and let h be sufficiently small. Then the OSC problem (2.5) has
a unique solution u, € V°. Moreover, if u € H™T(Q) is the solution of (1.1), then

lu—unlln2@ < Ch" " ullyrsr -

3. Spectral equivalence of the OSC operators. The following is the key
result of this paper.

THEOREM 3.1. Let the assumptions of Theorem 2.1 be satisfied. Then there are
positive constants 71 and v independent of h such that

(3.1) Nlvllze < Lol < vellvllnze, veVe
Proof. We note that the inequality
Cloluze < ILvlln + vl2@, ©veV?,
was proved in [7, (3.20)]. Also, it follows from Lemma 3.2 and (3.21) of [7] that
Clollezey < hlvlluze + ILolln, v e Ve

Thus, for h sufficiently small, we have C||v|| 2y < ||Lv||n, v € V?, which, along with
the first inequality in (2.4), gives the first inequality in (3.1).
Using (1.2) and the boundedness of the coefficients of L, we obtain

(3.2) Lol < ¢ Y Ha“’j)th, ve V.

0<itj<2

Applying the inverse inequality of Theorem 3.2.6 in [12], we have

(3.3) Ha“’j)vH <C Ha(i%H veV® 0<itj<2

h L2(Q)’

Using the second inequality in (2.4), (3.2), (3.3), and the Cauchy—Schwarz inequality,
we obtain the second inequality in (3.1). |
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We also consider the separable differential operator
(3.4) L = Ly + Lo,
where, for k =1, 2,
(3.5) Liv = ar(or) vapay, + bi(r) vy + G (z1) v,
ag, l~)k, and ¢, are sufficiently smooth, and
ag(z) >v >0, z€Q, k=12

_ LemmMA 3.1. Let the assumptions of Theorem 2.1 be satisfied and let the operator
L be one-to-one from {v € H*(Q): v =0 on 9Q} to L*(Q). Then there are positive
constants o and 3, independent of h, such that

(3.6) val|lLolln, < Lol < VB Lollne v e VP

Proof. Since L is a special case of L, Theorem 3.1 implies that

(3.7) vl < ”iv‘ he < A2 lvlla2@, (S V07

where the positive constants 4; and 7, are independent of h. Using (3.1) and (3.7),
we obtain (3.6) with /o = v1/7 and /B =v2/71. O

If Ly, and Mj, are OSC operators from V° to V associated with L of (1.2) and
L of (3.4)—(3.5), respectively, then (3.6) shows that L} L; and M; M, are spectrally
equivalent with respect to the inner product (-, -)s,,. This is equivalent to L;, and Mj
being uniformly L?-norm equivalent (see (1.15) in [30]). Consequently, our Lemma 3.1
is the OSC counterpart of Lemma 3.1 in [30] for continuous operators.

4. Matrix-vector form of the OSC problem. For k = 1,2, let {¢k,j}sz’“1 be
a basis for V. Then {¢;(x)}X,, where

Jj=1
(41) ¢K2(j1—1)+j2 ((L’) = d)l’jl ($1)¢27j2($2), Jk = 17 .. 'aKka k= 1a27

is a basis for V°. Thus, for any v € VO, there exists a unique vector [v], =
[v1,...,vK]" € RE such that

K
(4.2) v() = Y vigi(x), zel.
j=1
Let G = {& 1K, where
(43) f(ilfl)K2+i2 = (gl,ilagliz)a ip=1,..., Kkn k= 1,2,
(44) gk,(ifl)('rfl}l»l :gk,i,la 1= 17"'7Nk?7 I= 17...,7"— 17

and & ;; are given by (2.1). For any v defined on G, we introduce the vector [v]; =

[(&1),...,v(ék)]™ € RE.
For a matrix A, its (¢, j) entry is denoted by (A);;. Let My, be the matrix defined
by

(4.5) (Mp)ij = (Lo;)(&), 4,j=1,...,K.
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Then using (4.2) and (4.5), we have
(4.6) [Lv]g = Mp[v), veV°
Let p(z) be a continuous positive function on 2. We introduce

(47) D = diag(p(fl)w'wp(fK))?

(4.8) W = W1 @ W,
where ® denotes the matrix tensor product and, for k = 1,2,
(4.9) Wy = diag (hg1,--., i) @ diag (w1, ..., wr—1).
From (2.3), (2.2), (4.3), (4.4), and (4.7)—(4.9), we have
(4.10) (0, )y = [IEWD[o.
Using (4.6), the OSC problem (2.5) can be rewritten in the matrix-vector form
(4.11) Mylunle = [fle-

Multiplying this equation by M7 W D on the left, we obtain

(4.12) Aii =,
where
(4.13) A= MIWDMy, @=luply, and f=MIWDIf],.

5. PCG algorithm. Let the operator L be as in (3.4)(3.5), and let
(5.1) A = MIWDM;,
where M; is defined by
(5.2) (Mp)iy = (Lo))(&), i,j=1,....K.

It follows easily from (4.13) and (5.1) that A and A are symmetric.
LEMMA 5.1. Let the assumptions of Lemma 3.1 be satisfied. Then the matrices
A of (4.13) and A of (5.1) are positive-definite. Moreover,

(5.3) aTTAT < UTAT < BUTAU, ¥e RE,

where the positive constants o and 3 are the same as in (3.6).
Proof. Using (4.10), (4.6), and (4.13), we obtain, for v € V°,

(5.4) || Lvll} , = (Lv, L), = [Lo]gWD[Lvlg = [v];, MW DMy [v]s = [v]5,Alv]s-

Hence the first inequality in (3.1) and 7, > 0 imply that A is positive-definite. Sim-
ilarly, we have HLUH%W = [v]L Alv]y. Therefore, (5.3) follows from (3.6) and (5.4).

H
The second inequality in (5.3) and 8 > 0 imply that A is also positive-definite. [
We solve (4.12) by the PCG method (see Algorithm 9.4.14 in [22]) with A as a
preconditioner.
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THEOREM b5.1. Let the assumptions of Lemma 3.1 be satisfied. For an iterate iy
generated by the PCG method, let up i € VO be such that [uh k]n = Ui. Then

(55) ||f - Luh,k”h,p S 2(Sk”f - Luh,o”h,py k= 07 17 27 RS

where 6 = (v/B/a—1)/(\/B/a+1) and « and 3 are the same as in (3.6).

Proof. Since A and A are symmetric positive-definite, (5.5) follows from (5.3),
Theorem 9.4.14 in [22], (5.4), and (2.5). O

COROLLARY 5.1. With 6 of Theorem 5.1, we have

(5.6) ||uh _uh,k||H2(Q) < C(SkHuh —uh70||H2(Q), k=0,1,2,....

Proof. Inequality (5.6) follows from (5.5), (2.5), and (3.1). 0

Let 7, = [f]¢ — Mpuy, k=0,1,.... Then (2.5), (5.4), and (4.11) give ||7x|lwp =
If — Lun g|ln,p. Hence, if 7 is required at each iteration and the iterations are
terminated when

(5.7) If = Lunklln, < €llf — Lunolln,p,
then the PCG method can be rewritten in the following form (cf. Algorithm 9.7 in
[35]).

ALGORITHM 5.1. ~
select ﬁ(), FO = [f]g — ML’E:(), Fo = MZW.DF(J, SOIVQ Aﬁo = T_"(), po = Fgﬁm
for k=0,1, 2, ... (as long as ||Fx|lwp > €||Follwp):
Wy, = Mppk, . = pr/ (W W Dibiy), k41 = Uk, + Pk,
7’~k-+1 =~fk — Oéklﬁk, Fk—i—l = MgWka,
solve AZy i1 = Thit1, Pry1 = Thp12k+1, Pht1 = 2kt + (Pha1/Pk) Dk
6. Preconditioning. At each iteration of Algorithm 5.1, a linear system
(6.1) Aw =7

must be solved, where A is defined by (5.1)~(5.2). If by = 0 or by = 0, then (6.1) can

be solved by matrix decomposition algorithms which we describe assuming b; = 0.
For k = 1,2, let I be the identity matrix of order K}, and let the matrices Ay
and By be defined by

(6.2) (A)ij = (Liong) i)y (Br)ij = Ony (i) 65 =1,2,... Ky,
where Ly, is given by (3.5). It follows from (5.2), (3.4), (4.1), (4.3), and (6.2) that
(6.3) M; = A1 ®@ By + B ® As.
With a; of (3.5) for k =1, let
(6.4) D, =diag(1/ai(&11),--.,1/a1(&,k,))-

We introduce the K7 x K7 matrices
(6.5) G =B'W,D\A,, F=BTW,D\B,

where W is given by (4.9). It was proved in [8, Lemma 3.1] that F' is symmetric
positive-definite and G is symmetric. Therefore, it follows from [21, Corollary 8.7.2]
that there exists a real diagonal matrix

(66) A= diag()\l, ey )\Kl)
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and a real nonsingular matrix Z such that
(6.7) ZTGZ =N, Z"FZ=1.

Now we discuss two approaches to solving (6.1). In the first, we take p = 1 in
(,-)n,p of (2.3) and obtain D = I by (4.7). Hence, by (5.1), the linear system (6.1)
becomes

MIWM; & = 7,

where the diagonal matrix W is defined by (4.8)—(4.9). Thus, the system in (6.1) can
be solved as follows.

ALGORITHM 6.1.

Step 1. Determine A and Z satisfying (6.7).

Step 2. Solve M7 7 = 7" by a modification of Algorithm I in [8] (see below).

Step 3. Solve the diagonal system Wv = Z.

Step 4. Solve M;w = ¢ by Algorithm I in [8].

We note that the matrix decomposition Algorithm I of [8] is based on the decom-
position

(Z"BIW1D1 @ I, )M (Z @ I5) = A® By + I ® Ay,

which follows easily from (6.3), (6.5), and (6.7). By taking the transpose of both
sides, we also have

(Z" @ L)M;(WiD1B1Z® 1) = A® By + 1, ® Aj.

Therefore, Step 2 is implemented in a way similar to Step 4 (see [8] for details).
_ In the second approach to solving (6.1), we take p (z1,72) = 1/a1(z1), (v1,72) €
Q, which, by (4.7), gives

(68) D = D1®I27

where D, is given by (6.4). Then the system in (6.1) can be solved in one step by a
matrix decomposition algorithm which we describe in the following. Since Z ® I is
nonsingular, the system in (6.1) is equivalent to

-

(6.9) Sy =d,

where 7 = (Z © L)', d = (Z7 © I,)7, and

(6.10) S = (Z"® L)A(Z® ).

LEMMA 6.1. Assume that L satisfies the assumptions in Lemma 3.1 and that h
is sufficiently small. Then S of (6.10) is a real block diagonal matriz with Ko X Ko
symmetric positive-definite diagonal blocks

(611) Sz = (A2+)\ZB2)T W2 (A2+)\ZBQ)7 L= ].,,Kl
Proof. Using (5.1), (6.3), (4.8), (6.8), (6.5), and G = G", we obtain

(612) A= (Af ® Bg + BT ® A;)(WlDl ® WQ)(Al ® By + B1 ® AQ)
= ATW1D1 Ay @ ByW2Bs + G ® B3 WA
+G® ATW,By + F @ ATW Ay,



PCG FOR NONSELFADJOINT OR INDEFINITE OSC PROBLEMS 597

The second equations in (6.5) and (6.7) give

(6.13) B\ZZTBTW\D; = I,.
Using (6.13), the first equations in (6.7) and (6.5), and G = G, we obtain
(6.14) ZTATW D1 A Z = ZTATW, Dy By ZZT BXW, D1 A, Z = A2,

Thus, (6.10), (6.12), (6.14), and (6.7) give
(6.15) S = A’® BIWyBsy + A ® BIWaAs + A ® ASWoBy + I @ AW, As.

It follows from (6.15) and (6.6) that S is real block diagonal with the diagonal blocks
given by (6.11).

We see from (6.11) that each matrix S; is symmetric and ¢7S;0 > 0 for any
¥ € R%2. Since Z is nonsingular and A is positive-definite (see Lemma 5.1), it follows
from (6.10) that S is nonsingular. This implies that S; is nonsingular and hence
positive-definite. O

For © € RE, let [0]; = [V(i—1) K415 - - > ViKs]" € R¥z §=1,...,K;. Based on
(6.9) and Lemma 6.1, we can formulate the following matrix decomposition algorithm
for the solution of (6.1).

ALGORITHM 6.2.

Step 1. Determine A and Z satisfying (6.7).

Step 2. Compute d = (Z7 ® I,)7.

Step 3. Solve S;[7]; = [d]; fori=1,... K.

Step 4. Compute @ = (Z ® I1)7.

7. Implementation and cost. To discuss the implementation and cost, we
assume that the basis functions {¢y ;} JK:’H for V9, k = 1,2, are B-splines or Hermite-
type functions ordered in the standard way. Then matrices Ay and By, k = 1,2, in
(6.2) are almost block diagonal and have the structure described in [3], depending on
the type of basis functions.

Step 1 of Algorithms 6.1 and 6.2 involves solving the symmetric generalized eigen-
problem (6.7). This can be done by one of the following three algorithms.

ALGORITHM 7.1.

Step 1. Compute G and F of (6.5).

Step 2. Compute band Cholesky factorization F' = LL™.

Step 3. Compute full symmetric C = L~'GL™".

Step 4. Use QR algorithm to compute the diagonal A and an orthogonal @

such that QTCQ = A.

Step 5. Compute Z = L™7Q.

ALGORITHM 7.2.

Step 1. Compute G and F of (6.5).

Step 2. Compute band Cholesky factorization F' = LL”.

Step 3. Use Crawford’s algorithm to compute C' and X.

Step 4. Use band QR algorithm to compute the diagonal A and

an orthogonal @) such that Q"CQ = A.

Step 4. Compute Z = X Q.

ALGORITHM 7.3.

Step 1. Compute full symmetric C' = (W; D)2 A, By (WD)~ 1/2.

Step 2. Use QR algorithm to compute the diagonal A and an orthogonal @

such that QTCQ = A.
Step 3. Compute Z = By (W, D;)~/%Q.
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TABLE 7.1
Costs of Algorithms 7.1-7.3.

RAKHIM AITBAYEV AND BERNARD BIALECKI

Compute Algorithm 7.1 | Algorithm 7.2 | Algorithm 7.3
F G O(K1) O(K1) -

L O(K1) O(K1) -

C (X for Alg. 7.2) | O(K?) O(K?) O(K1)

A, Q 9K 6K 9K?

z OKT) 2K’ oKT)

total cost 9K3? + O(K?) | 8K + O(K?) [ 9K3 + O(K?)

Algorithm 7.1 is the standard Wilkinson’s algorithm (see Algorithm 8.7.1 in [21]).
Algorithm 7.2 is based on Crawford’s algorithm (see [2] and [14] for details). If
F = LL" is the band Cholesky factorization of F', Crawford’s algorithm computes
band symmetric C' and X = L~ P, with P orthogonal, such that C = X"GX and C
is orthogonally similar to A. Algorithm 7.3 is based on Step 1 of Algorithm II of [8].
The algorithm uses the factorization F = LLT with L = Bf (W;D;)"/2. The costs of
Algorithms 7.1-7.3 are given in Table 7.1.

The implementation of Step 4 of Algorithm 6.1 and its cost of 4K? K5 are discussed
in [8]. The implementation of Step 2 of Algorithm 6.1 is similar and its cost is also
4K2K,.

Step 2 and Step 4 of Algorithm 6.2 involve K5 multiplications by K3 x K7 matrices
ZT and Z, respectively, and hence each step requires 2K7 K, operations. Each Kox Ko
matrix S; in (6.11) is symmetric, positive-definite, and block tridiagonal with r — 1
by 7 — 1 blocks. A linear system with .S; can be solved by a direct block tridiagonal
solver (for example, by the routine BLKTRI from the package FISHPACK described
in [39]) at the cost O(K32). Therefore, the cost of Step 3 of Algorithm 6.2 is O(K1 K3).
Since As and By are almost block diagonal, so is S;. Hence a linear system with .S;
can also be solved by two calls to the routine COLROW (15, 16].

Of course, when Algorithms 6.1 and 6.2 are used in Algorithm 5.1 to solve a linear
system with the coefficient matrix A, the matrices A and Z are precomputed first. For
Algorithm 6.1, the remaining cost is 8 K7 K5 since this is the cost of all multiplications
by Z* and Z. For Algorithm 6.2, the remaining cost is half of that of Algorithm 6.1.

In a special case of r = 3, a uniform partition w1, constant coefficients ai, ¢;
of L in (3.5), and b; = 0, the matrices A and Z in (6.7) are known in a closed
form. Moreover, it follows from Theorem 2.3 in [9] that matrix Z is given in terms
of sines and cosines. Therefore, all multiplications by Z” and Z in Algorithm 6.1
can be performed using FFTs with the cost O(K; Kz log K7). Thus, the total cost of
Algorithm 6.1 is O(K; Ky log K7). In this case, it follows from (5.6) that the cost of
our PCG Algorithm 5.1 with a tolerance € on an N x N partition is O(N?1n N|In€]).

8. Numerical tests. Before considering our numerical tests, we present an ad-
ditional result which was used in the tests. Let a1(z), d2(z), and é(x) be sufficiently
smooth functions on , and for i = 1,2, let a;(x) > v > 0, x € Q. Let

(8'1) Lv = (dl(x)vil)wl + (&2(3})1}9:2)3:2 + 6(37)1}
The operator Lis selfadjoint with respect to the standard L2?-inner product, and it is
negative-definite if é(x) < 0, z € Q. We prove that L is indefinite if

(8.2) min{é(x)} > 272 r;l&g{{dﬂx), as(z)}.

zeQ
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Using Green’s formula and (8.2), we have, for v # 0,

/ Lo(z)v(z) de = — / (@102, + asv2,) dx +/ év? da
Q Q Q
> —max{in (2), o ()} Vol3a 0 + min{e(@)} o] 320

(33) > ma{in (x), a2(0)} (2720 e() ~ 19003000
where HVUHzLQ(Q) = [o(W2 +v2 )dz. It is easy to see that, for

vpa(x) = 2sin(knzy)sin(lnzs), = €Q,
with integers k and [, we have
(8.4) IVoeallZa @) = 76 + 1) |klli2 ) -

Thus, from (8.3) and (8.4), we obtain [, Ly 1 (z) vy 1 () dz > 0.
On the other hand, by (8.4), we have

/ Lok () vi(z) da < —v||Vor 1720y + max{é(@) vk .ill72 o)
Q zeN

— 5 o 2(12 4 g2 2
— (maeleto)} = v 4 2) ) o
Hence, fﬂ ivk,l(x) vgi(x)dr < 0 for sufficiently large k% or /2. Thus, under the
condition (8.2), L is indefinite.

Now we describe our numerical tests. The operator L in (1.2) was taken with the
coefficients

all(aj) = 6Z1I27 al?(x) = O[/(l +x1 + l’g), CLQQ(JZ) = eiIlIz’
(8.5) by(x) = x2€™%2 + By cos[m(x1 + x2)], ba(z) = —x167 %2 + By sin(2mzy22),
clx) =v[1+1/(1 + z1 + x2)],

where a, 81, B2, and v are parameters. In BVP (1.1), we set f(z) = Lu(x) for
u(z) = e®1 2129 (1 — 21) (1 — 22).

We note that, for the coefficients given by (8.5) with o = 81 = 2 = 0, we have
b1 = (a11)z, and by = (a22)s,. Therefore, in this case, the operator L in (1.2) can be
written in the form of (8.1) with a;(x) = ay(x), i = 1,2, and é(z) = ¢(z). Tt follows
from (8.5) with v > 0 that

211615121{0(50)} = (4/3)~, glélé({all(x), az(z)} =e.

Hence, if v > (3/2)72e &~ 40.243, then the operator L is indefinite by (8.2).

In our numerical tests, we considered the case of r = 3, that is, V° is the space of
Hermite bicubic splines on a uniform N x N partition of Q with the step size h = 1/N
(hence, K1 = Ky = 2N and K = 4N?). In this case, the standard basis for Vo
is defined as follows. For k = 1,2, let vy j,5k; € Vi, j = 0,..., N, be the “value
function” and the “scaled slope function” associated with the node zj ; and defined
respectively by

v (ki) = i, k) (#es) = 0, i=0,...,N,
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TABLE 8.1
Tteration numbers for Algorithm 5.1. € = 10710 in the stopping condition (5.7). LP = Laplace
preconditioner, VCP = vartable coefficient preconditioner. 1 = selfadjoint negative-definite L, 2 =
selfadjoint indefinite L, 3 = nonselfadjoint L, 4 = general L.

1 2 3 4
N | LP | VCP | LP | VCP | LP | VCP | LP | VCP
8 | 37 22 136 43 133 31 103 59
16 | 50 26 165 46 163 34 116 68
32 | 61 30 185 51 173 38 128 75
64 | 68 33 196 54 178 40 137 81
128 | 72 34 203 55 184 42 143 84

and
sk’j(sck,i) =0, [Sk,j]/(xk,i) = 6¢j/h7 i=0,...,N,
where 6;; is the Kronecker delta. Then

{¢k,17 s ¢k,Kk} = {Sk,o,vk,h Sk1y- -5 Uk,Np—15Sk,N—1; Sk,Nk}

is a basis for V9, k = 1,2, and basis functions for V° are given by (4.1).

The OSC problem (2.5) was solved by Algorithm 5.1 with the initial approxima-
tion @y = 0 and the stopping condition (5.7) with e = 10719, A linear system with a
preconditioner was solved by Algorithm 6.2. Since the partition is uniform, Step 1 of
Algorithm 6.2 need not be performed, and we used FFTs to implement Steps 2 and
4.

We tested convergence properties of Algorithm 5.1 with two choices of the pre-
conditioner A of (5.1)~(5.2), the first corresponding to L = 82/8x3 + §%/0x3 and the
second to the variable coefficient operator L of (3.4)(3.5) with

&1 (1‘1) = a11(0.5, 0.5)7 l:)1(x1) = 0, 61(.131) = 0,
(86) az(w2) = a22(0.5,z2), ba(wa) = b2(0.5,22), Ez(x2) = c(0.5,22).

We refer to these two preconditioners as the Laplacian preconditioner and the variable
coeflicient preconditioner, respectively. The following cases were tested:

1. selfadjoint negative-definite L (o = 31 = B2 = v = 0);

2. selfadjoint indefinite L (o = 81 = B2 = 0 and v = 100);

3. nonselfadjoint L (83 = 100 and « = §; = v = 0);

4. general L (a = 0.5, f; = 10, B2 = v = 50).
The numerical results are shown in Table 8.1. We see that PCG with the variable
coeflicient preconditioner requires fewer iterations than PCG with the Laplacian pre-
conditioner. Moreover, as N increases, the number of PCG iterations grows much
slower with the variable coefficient preconditioner than with the Laplacian precondi-
tioner.

In Figure 8.1, we present logarithmic plots of the relative residual curves. The

vertical axis represents the values of

logyo (Ilf — Lun,kllne/l 1) -

For both the Laplacian and the variable coefficient preconditioners, we observe mono-
tone convergence. Curve LP1 shows that the Laplacian preconditioner works quite
well for the selfadjoint negative-definite problem, but the Laplacian preconditioner
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log of relative residual error

la

1 1 1
140 160 180 200

_10 . 1 1 1
0 20 40 60 80 100 120

iteration number

Fi1G. 8.1. Logarithmic plots of relative residual curves for Algorithm 5.1 (N = 128). LP# =
Laplacian preconditioner, VCP# = wvariable coefficient preconditioner. LP1, VCP1 = selfadjoint
negative-definite L; LP2, VCP2 = selfadjoint indefinite L; LP3, VCP3 = nonselfadjoint L; LP4,
VCP4 = general L.

is not so good for the indefinite, the nonselfadjoint, and the general problems (see
the plateaus of curves LP2-1LP4). The variable coefficient preconditioner does well in
all cases (see curves VCP1-VCP4), although, for the general operator L, the curve
VCP4 has a plateau as well. We see that curves VCP1-VCP3 are nearly parallel for
large iteration numbers, which indicates that the convergence rates of the PCG with
the variable coefficient preconditioner are about the same for different types of L. We
observe the same behavior for the Laplacian preconditioner for the selfadjoint and the
general problems (see curves LP1, LP2, and LP4). We see from curves LP1 and VCP1
that the convergence of PCG for the selfadjoint negative-definite problem is almost
linear. We note that, for the first few iterations, the Laplacian preconditioner works
well in all cases; for the general problem, even better than the variable coefficient
preconditioner. However, for the larger iteration numbers, curve LP4 has a longer
plateau and a smaller slope than curve VCP4.

Next we tested convergence properties of OSC for the general L. Let u; be the
computed OSC solution, and let e, = u — up. For any v defined on the partition 7y,
let ||v]|x, = Mmax,eq, [v(z)]. We computed the maximal nodal errors [|0()ey, ||, for
i,j = 0,1 and the Sobolev norms ||ep,|| i, for i = 0, 1,2, and determined approximate
convergence orders using

tog, (0% enl/ 00D er 1)
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TABLE 8.2
Mazimal nodal errors and convergence orders.

N €h (en)s (en)z (en)ey s
4 | 4.64E-04 5.79E-03 1.34E-02 5.14E-02

8 | 9.51E-05 | 2.29 | 9.13E-04 | 2.67 | 2.26E-03 | 2.57 | 9.10E-03 | 2.50
16 | 7.63E-07 | 6.96 | 6.38E-06 | 7.16 | 4.69E-05 | 5.59 | 3.79E-04 | 4.58
32 | 3.99E-08 | 4.26 | 4.47E-07 | 3.83 | 3.09E-06 | 3.92 | 3.50E-05 | 3.44
64 | 2.48E-09 | 4.01 | 2.73E-08 | 4.04 | 1.93E-07 | 4.00 | 3.17TE-06 | 3.46
128 | 1.55E-10 | 4.00 | 1.68E-09 | 4.02 | 1.21E-08 | 4.00 | 3.21E-07 | 3.30

TABLE 8.3
Sobolev norm errors and convergence orders.

N L2 HT H?
4 | 2.11E-04 2.19E-03 4.63E-02

8 | 3.56E-04 | 2.56 | 3.34E-04 | 2.72 | 9.31E-03 | 2.31
16 | 2.98E-07 | 6.90 | 1.63E-05 | 4.36 | 1.72E-03 | 2.44
32 | 1.83E-08 | 4.02 | 1.88E-06 | 3.11 | 3.94E-04 | 2.12
64 | 1.13E-09 | 4.02 | 2.31E-07 | 3.03 | 9.60E-05 | 2.04
128 | 7.01E-11 | 4.01 | 2.87TE-08 | 3.01 | 2.38E-05 | 2.01

where ||-|[is || - [|x, or || - || #i(q- From the results presented in Table 8.2, we observe the
expected order 4 for ||ep ||, and the orders 4, 4, and 3 for ||(en)a ||y s |(€R)2s |7y, and
[[(en)zyas ||y, » respectively. The last three orders indicate a superconvergence property
of OSC. The results in Table 8.3 demonstrate the expected optimal convergence orders
for the Sobolev norms.

9. Conclusions. We have shown that PCG is an efficient algorithm for solving
the OSC problem (2.5). The convergence analysis of this algorithm is carried out
using an H? norm analysis of OSC. The convergence rate of PCG is independent of
the partition step size h. The approach allows us to use a preconditioner associated
with a nonselfadjoint or an indefinite separable operator L. A linear system with the
preconditioner can be solved very efficiently using a matrix decomposition algorithm.
On a uniform N x N partition, PCG with a tolerance e requires O(N?In N|Ine|)
operations to obtain the Hermite bicubic spline solution of the OSC problem.

Our future work will involve the construction of nonselfadjoint or indefinite OSC
domain decomposition and multilevel preconditioners for the OSC problem (2.5).
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